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PREFACE 

This Report, prepared in the form of a text, develops 

the relationships between the calculus of variations, a 

mathematical discipline concerning certain problems of 

optimization theory, and dynamic programming, a newer 

mathematical approach applicable to optimization problems, 

In addition to explicating and contrasting the two 

approaches, the author demonstrates that many results of 

the calculus of variations become simple and intuitively 

apparent when they are examined from the dynamic program- 

ming viewpoint, In emphasizing the geometrical and physical 

insight afforded by the dynamic programming approach, it 

is seen how these techniques can be applied, for instance, 

to stochastic and adaptive variational problems. 

The Report should be especially useful to students of 

dynamic programming and other new mathematical formalisms , 

as well as to those concerned directly with optimal control 

problems, such as are encountered with respect to the de- 

termination of rocket trajectories, the correction of launch 

errors and inflight disturbances of space craft, etc. 

Problems of optimal control are also found in economics, 

biology, and in various branches of the social sciences.
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SUMMARY 

One of the earliest aims and accomplishments of modern 

science was the mathematical expression of the laws governing 

the behavior of physical systems. More recently, scientists 

have sought and found underlying rules of behavior in 

economic, military, social, and biological processes. Once 

a law of causality has been determined--or, as is more often 

the case, approximated--for a given system, it is often seen 

that the behavior of the system can be influenced by the 

choice of certain parameters which man can control, For 

example, the direction and magnitude of the thrust of a 

rocket are parameters that can be controlled and used to 

influence the rocket's trajectory; similarly, the demand for 

an economic good is affected by its price and the price can 

be set by the entrepreneur. 

A question then arises as to how these controllable 

parameters can be chosen so as to attain some desired goal, 

Sometimes the goal may be merely that the behavior of the 

controlled system exhibit certain qualitative features, such 

as stability or convergence or growth. When this is the 

case, the goal can often be attained via any one of a large 

set of control parameter values. Finding one such configura- 

tion is a traditional problem in control theory.
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In recent years, interest has focused on optimizing 

the behavior of the system. Some output of the system, 

such as the range of a rocket or the profit produced by 

an economic enterprise, is to be either maximized or 

minimized, subject to the laws governing the behavior of 

the system, Usually, a unique control configuration 

achieves the goal. The search for the control that maximizes 

or minimizes a well-defined system criterion constitutes a 

fundamental problem of optimization theory. 

The calculus of variations is a mathematical discipline 

that treats certain problems in the area of optimization theory. 

A more recent mathematical formalism, dynamic programming, 

is also applicable to optimization problems. In this book, 

we develop the relationships between these two techniques, 

The different rules of causality of various systems 

are described by mathematical relationships having a great 

variety of forms and in which the control parameters appear 

in many ways. However, we shall investigate problems with 

rather special equations and types of control. Specifically, 

the mathematical model that we treat associates values with 

functions and seeks a function with minimum or maximum 

associated value. Though restrictive, this particular 

mathematical model is capable of describing a very large
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number of important processes, and has been the subject of 

continuous mathematical study for over 250 years. 

Many different rules can be formulated for associating 

a numerical value with each function in a given set of 

functions, Any such rule is called a functional. The 

calculus of variations, and this book, considers problems 

in which the rule relating values to functions is expressed 

(or can be expressed by a variable change) in a particular 

form involving a definite integral. Then, that function is 

sought which has associated with it, by the given rule, a 

numerical value less than that associated with any other 

function in the specified set of functions. The search for 

maximizing functions is also a problem in variational 

theory. For concreteness, the theory is usually developed 

in terms of minimization problems alone, since the results 

for maximization and minimization problems differ only in 

sign and not in form. 

The systematic study of the problems that we shall 

consider began in the late seventeenth century with the 

work of John and James Bernoulli. Early in the eighteenth 

century, Euler, a pupil of John Bernoulli, discovered a 

differential equation which a minimizing function must 

satisfy. Lagrange, later in the century, simplified and



-viii- 

generalized this work. The approach of these pioneers, 

naturally enough, was to examine functions (given a specifie 

rule for associating values with functions) that were 

candidates for the title of "function of minimum value" and 

to deduce properties that the minimizing function must 

possess. Usually, these properties followed from the 

principle that a minimizing function must yield, at the 

very least, a smaller value of the criterion functional 

than that associated with any neighboring function.” 

Neighboring functions were constructed by varying the 

candidate function; hence, the name calculus of varia- 

fiong. Attention was focused upon the function that 

yielded the minimum value of the functional rather than 

upon the actual numerical value of the minimized functional. 

This was reasonable, since the value of the functional 

follows easily, in theory, once an argument-function is 

specified, while the shape of the minimizing function 

cannot be deduced from the minimum value of the functional, 

Recently, a new approach to a wide variety of opti- 

mization problems, including as a special case those 

  

The term neighboring and other technical terms used 
in this Preface will be given precise mathematical meaning 
in the text.
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usually associated with the calculus of variations, has 

been developed. In this approach, a particular optimiza- 

tion problem is solved by studying a collection, or family, 

of problems which contains the particular problem as a 

member. (As an example, let us consider the problem of 

finding the curve of shortest length connecting two 

specified points A and B. The family of problems for 

this example might be the problems of finding the minimun- 

length curves connecting any given initial point and B.) 

Each member of the family of problems has its own solution 

curve (i.e., a minimum-value curve), and that curve has a 

value. (in our example, for any given initial point C, 

the solution curve is the straight line connecting C with 

B and the value of the curve is given by the formula for 

distance.) In this manner, an optimal value can be 

associated with each member of the family of problems and 

each member can be identified by its initial point. The 

rule associating an optimal value (i.e., a minimum distance 

to B in our example) with each initial point is called the 

optimal value function. Dynamic programming studies the 

optimal value function, rather than the solution curve 

yielding the value, All of this would appear rather
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academic and indirect were it not for one important fact: 

The optimal value function has certain intuitive local 

properties in the space of points on which it is defined 

that allow it to be mathematically characterized, usually 

as the solution of a partial differential equation, 

Knowledge of the optimal value associated with a particular 

problem that has particular initial and terminal points 

provides no way of determining the minimizing curve itself, 

However, knowledge of the more general optimal value func- 

tion associated with a family of problems having a variety 

of initial points does allow one to determine the minimizing 

curve for any particular member of the family of problems, 

To summarize, the dynamic programming viewpoint centers 

its attention upon a function--the optimal value function-- 

and upon its attributes, The classical variational theory, 

on the other hand, studies minimizing curves and their 

properties, 

As we have stated, the classical approach compares a 

potential solution function with neighboring functions. 

For a problem with definite integral eriterion, this 

naturally leads to the study of a definite integral in- 

volving the candidate function and its neighbors, Yet, 

results, if they are to be useful, should concern properties
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that are independent of the neighboring comparison functions 

and that hold at each point of a minimizing function, The 

classical theory successfully eliminates all explicit 

appearances of the neighboring comparison functions from 

its results and transforms statements about definite inte~ 

grals into conclusions concerning properties that hold at 

each point of the minimizing function; but, in doing so, 

it gives up much of its intuitive content. 

The existence of an intuitive geometric appreciation 

of almost every derivational step and conclusion justifies, 

we feel, the dynamic programming approach to variational 

problems. Actually, we have two aims in this volume. The 

first is to convey to the reader the simple and intuitive 

nature of many of the results of the calculus of variations 

that becomes apparent when these results are deduced from the 

dynamic programming viewpoint. A second goal of this book 

is to familiarize the reader with the application of dynamic 

programming methods to classical problems in order that he 

may appreciate how the same dynamic programming techniques 

apply to stochastic and adaptive variational problems. 

Although we do not present rigorous derivations of 

our results, we summarize and reference a paper, written
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jointly with L. D, Berkovitz, which, under certain 

specific assumptions, attains this end, Indeed, a 

completely rigorous presentation would necessarily be 

at odds with our primary goal of intuitive elarity. 

Similarly, the question is left open as to whether the 

dynamic programming approach to problems of the calculus 

of variations, if pursued for several hundred years 

(as has been the classical theory) and if rendered 

completely rigorous, might yield results that are either 

slightly sharper or slightly weaker than those of the 

classical theory, At this moment of its infancy, it is 

fairly safe to say that the dynamic programming results, 

at a rather subtle level, are weaker, 

In the initial chapter, we shall introduce the basic 

ideas of dynamic programming. Only discrete and finite 

problems are considered in this chapter, since for such 

problems the fundamental tenet of dynamic programming, 

called the principle of optimality, is easily justified 

and numerically illustrated. 

Having developed the concepts of dynamic programming, 

we turn in Chapter II to the calculus of variations. 

We define the domain of problems traditionally considered, 

outline the classical mathematical arguments used in 

their study, and discuss the more important results that
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have been obtained. We do not actually present the de- 

tails of any derivations since these derivations already 

fill a great many books. 

Chapter III applies the principles of dynamic pro- 

gramming to the simplest variational problem and produces 

new derivations and interpretations of many of the classical 

results stated in Chapter II. 

Dynamic programming is used in Chapter IV to study 

the Problem of Mayer, which is a somewhat different clas- 

sical formulation of a variational problem from that of 

Chapter III. The form of the problem and the results 

obtained are particularly suited to trajectory optimiza- 

tion and other modern engineering control problems. 

Chapter V modifies the problem of Chapter IV by intro- 

ducing inequality constraints on admissible functions. 

We first seek the minimizing function in a restricted set 

of functions whose derivatives satisfy certain inequalities. 

Dynamic programming is used to reproduce and re-interpret 

classical results for this problem. We then consider re- 

strictions upon the functions themselves and develop results 

for this more difficult problem, 

In Chapter VI, we touch upon some special problems to 

which the general theory of the earlier chapters is in- 

applicable, Some results are deduced, but in general we
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feel that these problems are more perplexing than they are 

practical and that the intensive study of such problems, 

while challenging, is not particularly rewarding, 

This completes the portion of the book in which we 

are primarily concerned with using dynamic programming for 

developing and interpreting known results of the classical 

variational theory. We emphasize that, with respect to 

the deterministic problems customarily considered by 

means of the calculus of variations, any result that 

follows from the dynamic programming approach is also 

obtainable by classical arguments. Conversely, we feel 

that any conclusion that can be derived classically can 

also be deduced, at least formally, using dynamic pro~ 

gramming. Only the nature of the derivations and the 

intuitive insight afforded by the results are at variance 

between the two theories, 

In Chapter VII, we introduce the concepts of stochastic 

and adaptive optimization problems and show the applica- 

bility of dynamic programming to this new and challenging 

area of application, It is the existence of this vast, 

important class of problems, and the apparent inapplica- 

bility of classical methods to these problems, that has 

motivated much of the research in the dynamic programming



method, We feel that it is in this exciting problem 

domain that the insights and interpretations afforded by 

dynamic programming, and developed in this book, will 

ultimately prove most useful. The text of this book 

terminates at the point where, we feel, the greatest 

potential contribution of dynamic programming begins, 

Nothing in mathematics is ever completely new nor 

is the independent work of different persons ever iden- 

tical. Indeed, "identical" and "distinct" are relative 

terms dependent upon the view and the viewer, Prior 

work in the calculus of variations which might be con- 

sidered most closely related to dynamic programming is 

probably that of Carathéodory.~ Bellman’ is responsible 

for the name "dynamic programming" and for most of the 

pioneering work in the area, Current approaches to opti- 

mization theory akin to dynamic programming and to the 

ideas of Carathéodory are being developed by Kalman, * 

  

* 

C, Carathéodory, Variationsrechnung und partielle 
Differentialgleichungen erster Ordnung, B. G. Teubner, 
Leipzig and Berlin, 1935, 

tR. E, Bellman, Dynamic Programming, Princeton 
University Press, Princeton, New Jersey, 1957; also, 
The RAND Corporation, R-295, September 1, 1956, 

RR, E. Kalman, "The Theory of Optimal Control and 
the Calculus of Variations," Chap. 16 in Mathematical 
Optimization Techniques, R. E, Bellman (ed.), University 
of California Press, Berkeley, 1963.
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Halkin, and Blaquiere and Leitmann.* 
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H. Halkin, "The Principle of Optimal Evolution," 

Nonlinear Differential Equations and Nonlinear Mechanics, 
Joseph P. LaSalle (ed.), Academic Press, New York, 1963. 

ta, Blaquiere and G, Leitmann, On the Geometry of 
Optimal Processes--Part I, Institute of Engineering Re- 
search, University of California, Berkeley, June 1964,
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Chapter I 

DISCRETE DYNAMIC PROGRAMMING ELL ERUG RAMMING 

1. INTRODUCTION 

  

In this chapter we treat certain decision problems 

from the point of view of dynamic programming, The prob- 

lems we treat have the property that at each of a finite 

set of times (ty, tys.--st)) a decision is to be chosen 

from a finite set of decisions. Such problems are ex- 

amples of discrete multistage decision process problems, 

If one out of, say, three possible decisions must be 

chosen at each decision time, and the process consists 

of, say, ten such decision times, there are 310 possible 

different sequences of ten decisions each, If a rule 

Somehow associates a value with each of these sequences, 

we might ask for the decision sequence with maximum, or 

minimum, value. We would then have a multistage optimiza- 

tion problem of discrete type and, if sufficient structure 

is present in the Process, the technique of dynamic pro- 

gramming is applicable, 

We shall develop the theory of dynamic programming 

with respect to certain finite multistage decision pro- 

cess problems in this initial chapter, We begin by



studying discrete processes of finite duration since 

there is no difficulty in the rigorous justification 

of the technique we employ and because, due to the finite 

set of possibilities, simple numerical examples can be 

easily and exactly solved by hand calculation. 

In later chapters we shall see that the ideas and 

interpretations developed in this chapter are easily ex- 

tended to problems involving continuous processes, What 

is not so easy is the rigorous mathematical justification 

of the steps and results. While some rigorous theory for 

continuous problems is presented in the literature and 

is discussed in §34 of Chapter TIL, rigor is not the primary 

aim of this book. Comforted by our ability to check our 

somewhat heuristic results against the rigorously supported 

conclusions of the 300-year-old classical variational theory, 

we;shall strive more for simplicity of deduction and for geo- 

metric or physical interpretation of results than for mathe- 

matical rigor. 

2, AN EXAMPLE OF A MULTISTAGE DECISION PROCESS PROBLEM 

Rather than speak abstractly of the particular type of 

process with which we are concerned, we present a simple 

illustrative example. Consider the network shown in Fig.



I.1. We use the name vertices for the points of intersec- 

tion of’ the straight lines shown in the figure, and we 

label them by letters; we designate the line segments shown 

connecting certain vertices as arcs. A continuous path is 

an ordered sequence of arcs, each adjacent pair having one 

vertex in common. For example, the sequence of arcs ae, @, 

5, Be, &, iy, ®, PB constitutes a continuous path con- 

necting vertices A and B, A path will be said to be 

monotonic-to-the-right if the non-common vertex of the 

second arc of each pair of adjacent ares lies to the right, 

in Fig. I,1, of the non-common vertex of the first arc. 

The path enumerated above is not monotonic-to-the-right 

since the vertex D is the non-common vertex of the second 

arc of the pair Ge, FD, and vertex D does not lie to the 

right of vertex C. 

By the above definitions, each monotonic-to-the-right 

continuous path connecting A and B consists of six arcs. 

One such path is the sequence of ares Re, e, F, SM, ww, 

PB. Shown on the figure is a number associated with each 

arc, which we shall call the value of the arc. The value 

of a path is taken to be the sum of the values of its com- 

ponent arcs. The value of the monotonic-to-the-right path 

connecting A and B that we enumerated in this paragraph is 18.



 



The first multistage decision process problem we con- 

sider seeks that monotonic-to-the-right continuous path, 

henceforth called admissible path (or merely path), con- 

necting A and B which has minimum value.” 

One could simply enumerate all 20 admissible paths and 

choose the one with minimum value, but we shall proceed 

otherwise, To lend the problem of choosing the minimum- 

value path a sequential or dynamic flavor, let us imagine 

that we begin to construct the path by first choosing an 

arc leading from the initial vertex A. We call this choice 

the first stage of the decision process. Then, at the 

second stage, an arc leading to the right from the terminal 

vertex of the first arc is selected. To make this selec- 

tion, we need to know which of the two vertices, C or D, is 

the terminal vertex at the end of stage one. We call the 

designation of the terminal vertex at the end of stage one 

the state at the beginning of stage two. At stage three, 

we can again pick an are if we know the state--i.e., the 

vertex from which the are should originate. From this 

viewpoint, we have a six-stage decision process problem, 

  

*cenerally, when discussing the solution of a problem, 
the exposition will refer to a unique optimal solution. If 
the optimal solution is not unique, the statements that are 
made concern any optimal solution unless otherwise noted.



with the decision at each stage depending on the state at 

that stage, 

3.__THE DYNAMIC PROGRAMMING SOLUTION OF THE EXAMPLE 

Having described a sequential choice procedure, how 

shall we generate the sequence of decisions which produces 

the path with minimum value? To answer this question within 

the framework of dynamic programming, we reason as follows: 

Suppose we somehow know the value of the minimum-value path 

associated with each of two shorter problems, one requiring 

the connection of C and B (see Fig. I.1), and one requiring 

the connection of D and B. Then we can easily evaluate the 

particular path from A to B that has AC as its initial arc, 

and of which the remaining five arcs constitute the path 

of minimum value from C to B, by adding the value of arc Ke 

to the value of the minimum-value path from C to B. Any 

other path with KC as initial are and any sequence of re- 

maining arcs will be inferior to the above one. Similarly, 

we can add the value of arc 4D to the value of the minimun- 

value path starting from D and going to B. This yields the 

value of the minimum-value path connecting A and B which has 

AD as its initial arc, Since there are only two decisions 

possible at A, these are the only two candidates for a path



of minimum value connecting A and B. The minimum-value 

path from A to B is that path, of the above-described two 

paths, with smaller value. So it is clear that we would 

have no trouble determining the initial are and the overall 

value of the minimum-value path from A to B if we knew the 

values of the minimum-value paths from both C and D to B. 

Note that it is not the optimal path, but the value of the 

optimal path, that is the vital information. 

Continuing, we could easily determine the values of 

the minimum-value paths from both C and D to B if we knew 

beforehand the values of the best paths from E, F, and G 

to B, Just as we reasoned that we could solve the original 

six-stage problem if we had already solved two five-stage 

problems, we now can relate the five-stage solution to 

four-stage processes. This recursive reasoning can be re- 

peated until we need only the values of the minimum-value 

paths from 0 and P, respectively, to B in order to calculate 

the values starting at L, M, and N, ete, But the value of 

the path of minimum value connecting either 0 or P with B 

is easily obtained since there is no free choice associated 

with picking an admissible path from either of these vertices 

to B. For each of these vertices, the value of the best 

and only admissible path is the value of the are connecting 

the vertex with the terminal point B.



Suppose we put these ideas into practice. We first 

compute the minimum path-value associated with connecting 

vertex 0 with B, which is 2; and with connecting vertex P 

with B, which is 1. We next solve the three relevant two~ 

stage problems in terms of the known one-stage solutions. 

The minimum (and only) value of an admissible path joining 

Lwith Bis 7. If we start at M, we can choose the arc to 

0 with a value 2 and continue optimally to B by a path of 

value 2 (this fact is indicated by the 2 we have already 

associated with vertex 0), for a total of 4, Or, we can 

choose arc initially for a total value of 8 +1, or 9. 

Since 4 is less than 9, we associate the value 4 with 

Starting at vertex M; with N, we associate the value 5, We 

complete the association of a value with each initial 

vertex by working backward, determining a minimum-path-to-B 

value that we associate with each vertex by comparing (at 

most) two different sums, each of two numbers, This 

generates Fig. I.2. From this calculation, we conclude 

that the value of the path of minimum value connecting A 

with B is 13. 

We would also know the particular path that has the 

value 13 if we had recorded, at each vertex, an arrow 

indicating which of the two possible arcs emanating from



  

FIGURE 1,2 

the vertex initiates the minimum-value path from that ver- 

tex to B, We determined that arc when we chose the minimum 

of two sums to obtain the value associated with the vertex. 

I£ we had recorded this information, we would have obtained 

Fig. 1.3. Now, to find the minimum-value path from A to B, 

we follow the arrow from A up to the vertex that was called 

C in Fig. 1.1, down to F, down to J, up to M, up to 0, and 

down to B.



  

FIGURE 1.3 

Before formalizing what we have done, let us demon- 

strate the efficiency of this algorithm for this problem. 

At each of the nine vertices where there was a real choice 

of the initial arc, we have performed two additions and one 

binary comparison; at six other vertices we performed one 

addition. Hence, we have performed 24 additions and nine 

binary comparisons. The direct evaluation by enumeration 

of all 20 admissible paths would involve five additions per 

path, yielding 100 additions, and a comparison of 20 results.
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The general formulas for the n-stage problem (n = 6 

in our example) better illustrate the computational savings, 

The dynamic programming algorithm above involves (07/2340 

additions, while the direct enumeration generates 

  

paths or 

additions, For n = 20, dynamic programming requires an 

easily manageable 220 additions, while enumeration would 

require more than 1,000,000 additions. 

In spite of the obvious superiority of the dynamic 

programming method of enumeration over direct enumeration 

of all possible paths, the aspect of dynamic programming 

with respect to continuous processes that will occupy us 

in later chapters is analytical rather than computational. 

This is because continuous Processes have a structure that 

discrete processes lack, and there are computational
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alternatives to direct enumeration which exploit this 

structure and are even more efficient than the dynamic 

programming algorithm illustrated above. 

Let us now express in mathematical notation the dynamic 

programming formulation of the above example of a discrete 

and finite multistage decision process problem. Then we 

shall consider several other examples which illustrate 

various properties of the dynamic programming procedure 

and several results that have analogs to continuous processes. 

4. THE DYNAMIC PROGRAMMING FORMALISM 

We have introduced the concepts of stage and state 

with respect to the above example. Briefly, if an optimal 

sequence of n decisions is sought, the stage is the position 

in the sequence of the particular decision being considered. 

The state is the specific information necessary to render 

that decision, given the stage. The stage may be identified 

by a single number; the state may be identified by a single 

number in some cases and by a set of numbers or a vector 

in others. For the example presented in Fig. 1.1, let us 

establish a coordinate system as shown in Fig. I.4. Then, 

the stage can be identified by the x-coordinate and the 

state by the y-coordinate.
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The solution of a multistage decision process problem 

can be viewed as a sequence of transformations. Each member 

of the sequence transforms a Stage and state into a new 

  
FIGURE 1.4
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stage and state. In the example at hand, a stage and state 

determine a vertex (for example, the vertex A can be 

identified as stage 0 and state 0, or simply as (0,0)}, 

and a sequence of vertices represents a path, The path of 

minimum value can be represented by the transformation of 

(0,0) into (1,1), then (1,1) into (2,0), (2,0) into (3,-1), 

(3,-1) into (4,0), (4,0) into (5,1), and (5,1) into (6,0). 

In order to use the recursive method developed in §3, the 

stage variable and its numbering system must be chosen so 

that the stage number evolves monotonically along all ad- 

missible paths. The state need not exhibit this property, 

and will not in general, If more than one variable is 

monotonic along all admissible paths, any such variable can 

be considered as the stage, If no such monotonic variable 

can be found or conveniently adjoined to the problem, the 

algorithm that we shall develop is inapplicable, although 

other dynamic programming techniques may still prove useful.” 

It was to assure the monotonicity of the Stage variable that 

we restricted our attention to only monotonic-to-the-right 

  

For an algorithm that yields the minimum-value path 
for our example, independent of the restriction to monotonic- 
to-the-right paths, see R. E. Bellman and S. E. Dreyfus, 
Applied Dynamic Programming, Princeton University Press, 
Princeton, New Jersey, 1962, pp. 229-230; also, The RAND 
Corporation, R=352-PR, May 1962, pp. 229-230.



paths in the artificial example we have been considering. 

We shall now state the basic principle of dynamic 

programming in terms of the concepts thus far developed. 

It has been called by Bellman "the principle of optimality,” 

and asserts: 

An optimal sequence of decisions in a 

multistage decision process problem has the 
property that whatever the initial stage, state, 

and decision are, the remaining decisions must 

constitute an optimal sequence of decisions’ for 

the remaining problem, with the stage and state 

resulting from the first decision considered as 
initial conditions.* 

This principle was used implicitly in solving the 

example in §3 when we observed that the optimal initial 

decision for an n-stage problem can be determined in terms 

of the optimal solution to all (n-1)-stage problems whose 

initial states result from initial decisions in the n-stage 

problem, 

Specifically, for the example of §3, adopting the 

coordinate system of Fig. 1.4, we can now write a mathe- 

matical description of the reasoning employed to solve the 

problem. We begin by introducing an auxiliary function 

S(x,y) of the integer variables x and y. The function 

  

“Ibid, , p. 15 (Princeton); p. 15 (RAND).
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S(x,y) is defined at the vertices (x,y) of the network 

under discussion by 

S(x,y) = the value of the minimum-value admis- 

sible path connecting the vertex (x,y) 

and the terminal vertex (6,0). 

We shall call the function S(x,y) the optimal value function. 

Let us now associate the symbol ai x,y) with the value 

of the arc connecting the vertices (x,y) and (xtl,y+l), the 

subscript u signifying the arc going diagonally up from 

(x,y); and let us associate the symbol agts.y) with the 

value of the arc connecting (x,y) with (x+1,y-1), the d 

indicating down. We let either a(x, y) or ayy) =o if 

there is no associated arc of the network. 

In terms of these symbols, the principle of optimality 

asserts the relation 

a(x, y) + S(xt+1,y+L) 
S(x,y) = min > (4,1) 

ag(s.y) + S(xt1,y-1) 

where the symbol 

“[e] min}. 
2
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1 and fy. 

Equation (4.1) is called a recurrence relation since it recurrence relation 

denotes the smaller of the two quantities ¢ 

relates the values of S associated with a given stage x 

to the values for the following stage, x+l, and allows the 

computation of S in an iterative fashion. 

The fact that the minimum-value path from the terminal 

point to the terminal point has zero value, since it contains 

no ares, yields the boundary condition on the function S(x,y) 

8(6,0) =o. (4.2) 

Equations (4.1) and (4.2) determine the value of S(x,y) | 

at each vertex of the network, The reader ean easily verify 

that the above recurrence relation characterizing S(x,y) is 

satisfied by the function tabulated in Fig. 1.2. 

Let us summarize the essence of the dynamic programming 

formalism. First, one thinks small, seeking to isolate a 

Property that an optimal decision sequence satisfies at each 

decision point. That local property, expressed by the 

principle of optimality, concerns the optimal value associated 

with starting the process in any state that can be reached 

in one stage from the initial State, This fact requires 

Several conceptual developments. One must think in terms
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of a more general problem than the original one--i.e., 

rather than analyze a particular problem with specific 

initial and terminal conditions, one must consider many 

problems, each with a different initial stage and state, 

This is termed imbedding the problem in a family of problems. 

Since each problem in this family has its own optimal 

sequence of decisions, one cannot seek the optimal sequence 

but must think of an optimal decision associated with each 

of the various possible initial stages and states of 

problems that belong to the family of problems. Hence, one 

seeks an optimal policy, the optimal decision for each 

possible initial stage and state, rather than an optimal 

sequence of decisions. Finally, to use the principle of 

optimality to determine the optimal policy, one needs to 

know the optimal value associated with all states that can 

immediately succeed each initial one. This results in the 

definition and use of the auxiliary optimal value function. 

Very briefly, then, the practitioner of discrete 

dynamic programming will imbed a specific given problem in 

a more general family of problems, will define the optimal 

value function which associates a value with each of the 

various possible initial conditions of problems in that 

family, will invoke the principle of optimality in order



-19- 

to deduce a recurrence relation characterizing that function, 

and will seek the solution of the recurrence relation in 

order to obtain the optimal policy function which furnishes 

the solution to the specific given problem and all other 

problems in the more general family as well 

5. TWO PROPERTIES OF THE OPTIMAL VALUE FUNCTION 

Let us return to the illustrative example of §2 and 

its numerical solution in §3. In the present section, we 

wish to discuss some aspects of that solution that recur in 

the continuous problems that will occupy us later. Then, in 

subsequent sections, we shall modify the example problem 

in various ways. We shall solve these modified problems 

and exhibit other properties of the solutions that have 

continuous analogs. 

The optimal sequence of decisions in the example-- 

the decisions that yield the path connecting A and B 

shown by the thick line in Fig. I,5--has two fundamental 

Properties that can be expressed in terms of the optimal 

value function S{x,y) and the optimal policy function. 

These functions were defined, in the above section, on the 

vertices of the network and were tabulated in §3, Fig. 1.3; 

they are duplicated below in Fig. 1.6.
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Consider the initial arc of the path of minimum value 

connecting A and B. The value of the optimal value function 

at A, the point (0,0), is related to the value at C, the 

point (1,1), by the equation 

§(0,0) = a,(0,0) + S(1,1) . (5.1) 

Hence, 

S(1,1) - $(0,0) = -a (0,0) , (5.2) 

  
FIGURE 1.5
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or, for the specific values of our example, 

12-13=-1., (5.3) 

Similarly, for the second are of the optimal path connecting 

A to B, which is the initial arc of the optimal path connecting 

C and B, we have 

S(2,0) - 8(1,1) = -a,(1,1) , (5.4) 

or, for our example, 

8-12 = -4, (5.5) 

If we call the difference between the value of the optimal 

value function at the right end of an arc and the value 

at its left end the forward difference at its left end with 

respect to the included arc, we can state: 

Property 1. Evaluated at any initial point, the for- 

ward difference of the optimal value function taken with 

respect to the initial are of the optimal path emanating 

from that point equals the negative of the value of the 

included arc,
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FIGURE I.6
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Note that property 1 does not hold at a vertex for the 

forward difference with respect to an included are that is 

hot on the optimal path emanating from that vertex, For 

example, the arc AD is not on the optimal path emanating 

from A. For that arc, we have the forward difference one 

(14-13) which does not equal zero, the negative of the value 

of the included arc. Note also that property 1 can easily 

be used to construct the optimal policy function (in this 

example, the set of arrows shown in Fig. 1.6) from the 

optimal value function. Each arrow points in the direction 

(or directions) in which the forward difference between 

adjacent values of the optimal value function equals the 

negative of the included arc number, We mentioned in the 

Preface that knowledge of the single number which gives the 

optimal value of the path connecting specific initial and 

final points (such as A and B) was of no use in determining 

the optimal path itself, but that knowledge of the complete 

optimal value function was, The truth of this assertion 

should now be obvious. 

The second characteristic property of the optimal path 

also follows from the definition of the optimal value function. 

Property 2. The optimal choice of an arc emanating from 

a particular vertex renders the sum of
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1) the forward difference of the optimal value 
function taken with respect to that arc, and 

2) the value of the included arc 

minimum over all possible decisions. 

Property 1 implies that each are of the optimal path 

renders this sum equal to zero. If a different decision 

rendered this sum negative, that decision would be a 

better decision than the optimal one, which would be 

a contradiction. 

The above two obvious properties of the optimal path, 

stated in terms of the optimal value function, are equiva- 

lent to the fundamental recurrence relation (4.1), deduced 

from the principle of optimality. 

6. AN ALTERNATIVE METHOD OF SOLUTION 

Putting aside properties of the optimal path for a 

moment, let us now make an observation about the method 

of solution of the example problem. We chose to imbed the 

particular problem in a family of problems, each with the 

same terminal vertex B but with various initial vertices. 

This led to a recursive solution working backward from the 

terminal vertex and eventually including the initial vertex 

A. We call this the backward solution. We could equally well 

have imbedded the specific problem in a family of problems
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with fixed initial vertex and various terminal vertices. 

We call this the forward method of solution, and to 

use it we proceed as follows: Define the optimal value 

function S(x,y) by 

S(x,y) = the value of the minimum-value admissible 

path connecting the initial vertex A to 

the vertex (x,y). 

Then, this function, S(x,y), which differs from the optimal 

value function of the previous section, satisfies the re-- 

currence relation 

a, (x-1,y-1) + S(x-l,y-1) 
S(x,y) = min (6.1) 

a,(x-L,y+1) + S(x-l,y+l) 

with boundary condition 

s{0,0) =0. (6.2) 

We have used here a sort of reversed principle of optimality 

stating: 

An optimal sequence of decisions in a 
multistage decision process problem has the 
property that whatever the final decision
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and state preceding the terminal one, the 
prior decisions must constitute an optimal 
sequence of decisions leading from the 
initial state to that state preceding the 
terminal one. 

The computation begins by using the value of S(0,0) 

to compute S(1,1) and §(1,-1). Then these values are used 

in order to compute S(2,2), 5(2,0), and $(2,-2), etc. The 

arrows associated with vertices, constituting the optimal 

policy, indicate the preceding vertex from which it was 

optimal to come, and not as in the previous algorithm, the 

vertex to which it would be optimal to go. The solution 

to the problem of §2 is shown in Fig. 1.7. The numbers 

represent the optimal value function and the arrows are 

the optimal decisions, as defined above. Of course, we 

find that the minimum-value path and its value have not 

changed due to the different imbedding technique. 

7. MODIFIED PROPERTIES OF THE OPTIMAL VALUE FUNCTION 

Property 1, stated in §5, must be modified for the 

forward method of solution. 

We define the difference between the value of the 

optimal value function at the right end of an are and the 

value at the left end as the backward difference at its 

right end with respect to the included are, Then modified 

property 1 is: Evaluated at any terminal point, the backward



  

FIGURE 1.7 

difference of the optimal value function taken with respect 

to the terminal arc of the optimal path to that point equals 

the value of the included arc. 

Modified property 2 is that: the optimal arc leading 

into a particular vertex renders the sum of the negative of 

the backward difference and the value of the included arc 

minimum over all possible arcs leading into the vertex,
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8. A PROPERTY OF MULTISTAGE DECISION PROCESSES 

One further observation about the nature of multi- 

stage decision processes will be illustrated here in order 

to forewarn the reader against a possible pitfall. One 

cannot solve a multistage decision process problem by 

making, sequentially, the optimal single-stage decisions. 

That is, although the arc leading diagonally down from A 

in Fig. I.5 has value 0 while the are leading up has value 

1, the minimum-value sequence begins with the upward arc 

Since it turns out that this arc leads to a much more 

desirable state than does the downward arc. So, not only 

the arc value but the effect of the different changes in 

state must be considered in making each decision. It is 

the value of these composite effects that is calculated 

and minimized at each application of the fundamental re- 

currence relation. This situation has been characterized 

by one decision-theorist as a case where the two birds 

in the bush might well be worth more than the one in the 

hand. 

9. FURTHER ILLUSTRATIVE EXAMPLES A EN EXAMPLES 

So far we have studied a problem with fixed endpoints. 

Let us now consider a different problem, In the network
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shown in Fig, 1.8, the minimum-value path is sought con- 

necting the initial point A with any vertex on the terminal 

line B. Such a problem is said to have one variable end- 

Point. Let us see what new properties can be deduced, 

    
FIGURE 1.8
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To solve the problem, we define the optimal value 

function S(x,y), which associates a value with each vertex, 

by 

S(x,y) = the value of the minimum-value admissible 

path connecting the vertex (x,y) with any 

vertex on the terminal line x = 4, 

The function S(x,y) satisfies the recurrence relation 

ax, y) + SGetl,y+1) 
S(x,y) = min : (9.1) 

agx,.y) + S(xtl,y-1) 

The boundary condition on the solution of (9.1) follows 

from the definition of S and the fact that the minimum-value 

path from any vertex on the terminal line to any vertex on 

the terminal line equals zero; the boundary condition is 

S(4,y) =0. (9.2) 

Note by comparison with Eqs. (4,1) and (4.2) that allowing 

the terminal condition to be any vertex of an admissible 

set rather than a specified vertex affects only the boundary 

condition and not the recurrence relation.
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The optimal value function and optimal policy function, 

as determined by (9.1) and (9.2) for the example of Fig. 1.8, 

are shown by the numbers and arrows, respectively, in Fig. 

I.9, The optimal path from point A to line B has sum 7 and 

consists of two arcs going diagonally up, then one going 

down, and finally one going up. 

An alternative method of solution could proceed in the 

opposite direction, just as did the example of §6, We 

define 

S(x,y) = the value of the minimum-value admissible 

path connecting the initial vertex A 

with the vertex (x,y). 

This leads to the recurrence relation 

a (x-1,y-1) + S(x-1l,y-1) 

S(x,y) = min (9.3) 
agGe-L,yt1) + S(x-1,ytl) 

with boundary condition 

8(0,0) =0. (9.4)
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FIGURE 1.9
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The optimal value function satisfying this relation 

is shown in Fig. I.10. The arrow associated with a vertex 

indicates the preceding vertex from which it is optimal to 

come. 

Construction of this figure does not quite solve the 

problem. We now know the minimum value of paths from 

vertex A to each of the five possible terminal vertices. 

To decide to which terminal vertex the optimal path to the 

line B should go, we minimize S(4,y) over the five admis- 

sible y values. Doing this, we find that the solution 

path to the original problem with variable endpoint should 

go to the vertex (4,2) and has associated with it a value 

of 7. We can then follow the arrows back from (4,2) to 

(0,0) to find the optimal path. As in the earlier example, 

correct use of either the backward or forward formulation 

gives the same (correct) result. 

On the basis of the above observations, we state 

property 3, applicable to problems with the terminal vertex 

not completely satisfied: 

Property 3. If the backward recursion scheme is used, the 

optimal value function is zero at all admissible terminal 

vertices. If the forward recursion scheme is adopted, the op- 

timal terminal vertex is found by minimizing the optimal value 

function over all admissible terminal vertices.
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FIGURE I.10
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Suppose both initial and terminal vertices, as weil 

as the connecting path, are to be picked optimally subject 

to constraints. For example, the initial vertex may be 

required to lie on a given line A and the terminal vertex 

on a given line B (see Fig. 1.11). Then, whether the 

forward or backward recursion is used, a combination of 

the two computational devices developed above is required. 

First, the optimal value function is defined to be zero 

at each of the set of vertices constituting one admissible 

endpoint, and the optimal value function is computed, Then 

the optimal value function is minimized over the vertices 

that are admissible as the other endpoint. This minimiza- 

tion determines one endpoint of the optimal path. With 

one endpoint and the optimal policy function calculated, 

tracing out of the optimal path as specified by the optimal 

policy function determines the other endpoint. The reader 

should verify by dynamic programming methods that the 

minimum-value path from line A to line B in the network 

shown in Fig. 1.11 starts at (0,2), terminates at (6,2), 

and has value 12, 

All the problems above require the determination of 

a path which minimizes a summation, The continuous. analog
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FIGURE 1.11.
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of this type of problem requires the determination of a 

curve which minimizes an integral. The dynamic progranming 

solution of such problems will be the subject of Chapter IIT. 

10. TERMINAL CONTROL PROBLEMS 

In all the prior examples, each arc of a path was 

assigned a value and the value of @ path was the sum of the 

values of its arcs. We now consider a different type of 

problem, in which each path is assigned a value solely on 

the basis of its point of termination, independent of how 

it got there. We seek the path of minimum value under this 

new valuation rule, Such a problem is called a terminal 

control problem. We treat the continuous analog of this 

problem in Chapters IV and V, 

If a terminal control problem is to be mathematically 

interesting, the set of admissible paths must be constrained 

so that only a limited number of points satisfying the 

definition of possible terminal points is attainable, 

Otherwise, we would have a calculus problem seeking the 

terminal point of minimum value, rather than a variational 

problem seeking the optimal attainable terminal point. 

Terminal control problems are not easily illustrated by 

simple discrete examples. It is difficult to find meaning- 

ful constraints on admissible paths that limit the set of
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attainable terminal points without simultaneously render- 

ing the problem trivial. In the continuous theory, ex- 

emplified by missile or airplane trajectory optimization 

problems, the path constraints are the kinematical and 

dynamical equations of motion and arise quite naturally 

and necessarily from physical considerations, 

11. EXAMPLE OF A TERMINAL CONTROL PROBLEM 

Let us consider a six-stage problem as an illustrative 

example. Paths emanate from the origin, From each vertex 

(x,y) of a path, either an arc leading diagonally upward 

to (xtl,y+1) or diagonally downward to {xtl,y-1) is to be 

chosen, just as in the earlier examples. The problem 

terminates when x = 6, The value of a path is taken 

to be equal to its terminal y-coordinate, hence we have a 

terminal control problem. The path of minimum value is 

sought. While this problem is admittediy trivial it will 

serve to illustrate some points. 

12. SOLUTION OF THE EXAMPLE 

We initiate the solution by defining the optimal value 

function by
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S(x,y} = the value of the minimum-value admissible 

path starting at the point (x,y) and 

terminating at some vertex on the line 

x = 6, 

where x and y are integers with x = 0,1,...,6. The optimal 

value function satisfies the recurrence relation 

S(x+1, y+1) 
S(x,y) = min > (12.1) 

S(xt1,y-1) 

where, it should be noted, there is no sum of terms on the 

right side of Eq. (12.1) since the value of a path depends 

on its point of termination but not explicitly upon the rest 

of the path. The terminal boundary condition is 

8(6,y) = y (12.2) 

since the value of the minimum-value path starting, and 

terminating, at the point (6,y) is y. Note that the 

boundary values are not zero as in the minimum-sum examples. 

Numerical solution of this problem is accomplished by 

backward iteration of (12.1) starting from the terminal line 

x = 6, with the value of § along that line given by (12.2).



-40- 

One starts this computational procedure from a sufficiently 

large set of potential terminal vertices to be sure of 

including all terminal vertices that are actually attainable 

from the specified initial point (in this case, the origin). 

The optimal value and optimal policy functions are shown 

in Fig. I.12, It is hardly surprising that the optimal 

path from the origin has value -6 and consists exclusively 

of diagonally downward arcs. 

13. PROPERTIES OF THE SOLUTION OF A TERMINAL CONTROL PROBLEM 

For a terminal control problem, the analog of property 

1 that was stated, for minimum-sum problems, in §5 is: 

Evaluated at any initial point, the forward difference of 

the optimal value function taken with respect to the initial 

arc of the optimal path emanating from that point is zero. 

That is, the optimal value function is constant along an 

optimal path, 

Property 2 becomes: ‘The optimal decision at a particular 

vertex renders the forward difference of the optimal value 

function minimum over all possible decisions. 

Suppose that the problem is generalized to a third 

dimension so that paths are sought in (x,y,z)-space. Let 

the value of the path be, as before, its y-coordinate when 

x = 6. Then, if S(x,y,z) is defined as in §12, the ap- 

propriate terminal boundary values of S are given by
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S(6,y,z) = y. (13.1) 

Consequently, we see that the function S, at points of 

termination of paths, has the same value for all those points 

that have a fixed y-value and any z-value. In general, if 

a particular state variable does not enter into the terminal 

criterion, and the terminal value of the monotonic stage- 

variable is explicitly specified, the partial difference of 

the optimal value function, with respect to the variable not 

entering into the terminal criterion, is zero at the endpoint. 

Suppose that the initial point is not specified ex- 

plicitly but must belong to a given set of points. The 

optimal initial point is found by first computing, as de- 

scribed above, the optimal value function by means of back- 

ward recursion from a large set of possible terminal points, 

and then by minimizing the optimal value function over all 

admissible initial points. 

The above conclusions concerning terminal control 

problems whose endpoints are not completely specified will 

be called property 3 of terminal control problems.
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14. SUMMARY 

This completes our discussion of the dynamic program- 

ming solution of discrete deterministic problems of finite 

duration. 

We have seen how our desire for a local characteriza- 

tion of optimality--that is, for some property holding for 

each decision of the optimal sequence of decisions--has 

led to the imbedding of a particular problem in a more 

general family of problems. Each member of the family can 

be characterized by a stage and state, and two functions-- 

the optimal value function and the optimal policy function-- 

“can be defined on the set of stage and state values, These 

functions satisfy a recurrence relation deduced from the 

principle of optimality. The appropriate boundary con- 

dition for this relation follows from the definition of 

the optimal value function and depends on the manner in 

which the problem was specified. If either the optimal 

value or the optimal policy function has been determined 

(by the algorithms of this chapter they are determined 

simultaneously), the specific multistage decision process 

problem that initiated the analysis (as well as all other 

problems in the family in which the particular problem 

was imbedded) has been solved. We have emphasized the
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actual numerical solution of problems in this chapter in 

order to exhibit optimal value and optimal policy functions, 

In later chapters we shall be more concerned with the analysis 

of the fundamental recurrence relation than with its analytical 

or numerical solution. 

We shall return briefly to simple discrete illustrative 

examples in Chapter VII where we introduce the concepts of 

stochastic and adaptive multistage decision process problems, 

Chapters II-VI, however, concern themselves solely with con- 

tinuous deterministic problems,
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Chapter II 

THE CLASSICAL VARIATIONAL THEORY 

1. INTRODUCTION 

In this chapter we shall indicate the nature of the 

problems generally studied by means of the calculus of 

variations, the types of mathematical arguments employed, 

and the kinds of results that have been obtained, A vast 

subject such as this can receive only cursory treatment 

in but one chapter and we unfortunately cannot include all 

the important topics, techniques, and results. 

This chapter may be omitted with no loss of continuity 

by the reader interested specifically in the techniques of 

dynamic programming. We have included it for several 

reasons, First, we feel that the subsequent exposition of 

dynamic programming will be clearer if the reader has been 

provided with an overview of the types of problems to be 

studied and the results to be obtained, Secondly, by 

using simple examples in this chapter for illustrating 

the application of results, we avoid the necessity of doing 

so in the next chapter, thereby breaking the continuity of 

the presentation, Finally, since one of our major theses 

is the conceptual homogeneity of the dynamic programming
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approach, stemming as it does from one fundamental principle, 

we feel we should indicate to the interested reader the 

rather eclectic nature of the classical arguments, 

We have chosen in this chapter to free ourselves from 

most of the actual manipulative analysis that is neces- 

sarily found in a mathematical text specifically devoted to 

the classical theory, Due to this decision, we hope that 

we can convey to those readers who are not enamored of the 

details of mathematical rigor some appreciation of the 

nature of the classical theory not otherwise easily 

available, 

2. A PROBLEM 

Suppose that we were asked to find the curve, lying 

in a given plane and connecting two specified points in 

the plane, which is of shortest length. This is a typical 

example of the type of problem found in the domain of 

variational theory. 

3. ADMISSIBLE SOLUTIONS 

While the problem just stated has everyday conversa- 

tional meaning, it is a bit too imprecise for mathematical 

treatment. We must begin by defining the set of admissible 

curves among which the one of shortest length is sought,
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In the calculus of variations it is traditional to include 

in the set of admissible curves only continuous curves 

which consist of a finite number of segments on each of 

which the tangent turns continuously, Figure II,1 shows 

a particular pair of points and an admissible candidate 

for the title "curve of shortest length" connecting them. 

This curve consists of three segments, along each of which 

it has a continuously turning tangent. 

ws 

FIGURE II.1
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While the consideration of only those rather well- 

behaved curves described here is a restriction accepted in 

almost all variational studies, the statement of the specific 

problem often includes further requirements on admissible 

curves. For example, the problem stated in §2 admits only 

planar curves passing through two specified points. When 

we speak of admissible curves, with respect to a particular 

problem, we mean those curves satisfying the above con- 

tinuity properties and any further properties required by 

the problem statement. 

Unless otherwise noted, the modifier "admissible" 

should be understood when we consider a curve or, synony- 

mously, an arc, in what follows, A curve, which is a 

geometric entity, can be described by an equation of the 

form 

y=ytx). (3.1) 

When we proceed analytically we shall consider ad- 

missible functions y(x), This means that the function is 

continuous over the interval of interest and that the 

interval can be subdivided into a finite number of parts, 

on each of which y(x) has a continuous derivative, In
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addition, the function satisfies any further conditions 

explicitly required in the statement of the problem. An 

admissible function y(x) defines an admissible curve or 

are y = y(x). 

4, FUNCTIONS 

Let us digress for a moment. Recall that a function 

of one real variable can be regarded as a rule that as- 

sociates, with each real value of the independent variable 

(or argument) lying within some specified range, a numerical 

value of what is called the dependent variable. For ex- 

ample, the function y(x) given by 

y(x) = 2x? -~x41, (4.1) 

together with the equation 

y= y(x) , (4.2) 

associates the value 7 of the dependent variable y with the 

value 2 of the independent variable x, Let Xp be the value of 

the argument x, which has associated with it the smallest 

value of y, Suppose that y(x) is continuously differentiable. 

The determination of Xp is a classical minimization problem 

of calculus.
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5. FUNCTIONALS 

We can also conceive of a rule that associates a 

dependent numerical value with an independent argument which 

is a curve (rather than a real number), and we can seek 

the curve with smallest associated value. As we have 

mentioned, a rule relating numerical values to numerical 

arguments is called a function. A rule associating 

numerical values with curves is an example of a functional. 

With regard to the problem of finding the curve of 

minimum length connecting two points, we can begin by 

defining a particular functional which associates humbers, 

which are lengths, with curves, In these terms, the prob- 

lem of §2 is to find the admissible curve that has related 

to it, by the arc-length funetional, the smallest numerical 

value. The calculus of variations can be defined as the 

study of certain problems involving functional optimization. 

6, MINIMIZATION AND MAXIMIZATION 

For concreteness, we shall almost always discuss 

minimization problems. It should be understood that the 

variational theory is equally applicable to maximization 

problems. Any resuits for minimization problems can be 

re-expressed for maximization problems by observing that
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minimizing any quantity F is equivalent to maximizing -F. 

The curve of minimum length is also the curve the negative 

of whose length is maximum. 

7. __ARC-LENGTH 

Each admissible curve that we are going to consider 

has an arc-length associated with it. The mathematical 

formula giving the arc-length A of a curve y = y(x) that 

connects the points (xg. ¥ Gry)) and Gx) .y¥@1)) and that is 

continuous and has a continuous derivative is 

*1 

Aly]= [ Yity 
X, 

2 dx . (7.1) 

0 

We use the square brackets to enclose the function that is 

* 
the argument of a functional. Given a function y(x), we 

can differentiate it to obtain its derivative y' (x) and then 

perform the indicated integration of the function of x 

  

lty (7.2) 

  

*. 
If the curve has a discontinuous derivative, we re- 

place the integral (7.1) by the sum of integrals taken over 
the intervals of continuity of the derivative.
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to obtain a number that equals the arc-length contained 

between the points (Xp >¥ (XQ)? and (x .y¢x))) on the curve 

y = yx). 

8. THE SIMPLEST GENERAL PROBLEM 

The first general problem that we consider in this 

chapter is a generalization of the problem of the shortest 

arc-length. In the arc-length problem, the integrand 

(8.1) 

  

of the integral (7.1) to be minimized was a function of the 

derivative of the unknown solution curve. More generally, 

we shall consider integrands that explicitly depend on the 

independent variable x and the unknown function y(x) itself 

as well as its derivative. Hence, the simplest general 

problem is to find that admissible curve y = y(x) that 

minimizes a given functional J[y] of the form 

x 

Sly] = [ FG@.y.y'ax . (8.2) 

*
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Here, F is a given function of its three arguments, Note 

that (7.1) is simply a special case of (8,2) with x and y 

not appearing as arguments of F. 

It is no coincidence that the problem posed in §2 led 

to a rule relating a value to a curve taking the form of 

a definite integral. The calculus of variations concerns 

itself only with the definite integral (single or multiple 

integral) functional and problems transformable into that 

form. 

The particular problem posed in §2 admitted only solu- 

tion curves connecting two fixed points. A problem is 

still considered to be of the simple type if the endpoints 

of the curve sought are merely stipulated to lie somewhere 

on specified curves. Such a problem is said to have 

variable endpoints. An example is the problem of finding 

the curve of minimum length connecting two given curves, 

In Fig. 11.2, the curve € is the curve of minimum length 

connecting curves A and B. 

A variational problem is not termed "simple if there 

are supplementary side conditions that must be satisfied by 

admissible curves (see, for example, $36 below). Such 

problems still lie, however, in the domain of the calculus 

of variations.
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FIGURE I1.2 

9, THE MAXIMUM-VALUE FUNCTIONAL 

While the definite integral is an excellent and common 

example of a functional, it is by no means the only one. 

Another rule assigning numerical values to curves would be 

Jfy] = max [F(x,y,y')], (9.1) 
X,SX=xX. 

0 1 

where F is some definite given function of x, y, and y'. 

Here, the choice of y(x) determines F as a particular func- 

tion of x, and the value of J associated with that y(x) is
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the maximum value assumed by the function F in the given 

interval x, s x s x,. That y(x) might be sought which 0 1 

either maximizes or minimizes this maximum value of F. We 

might mention that, in a sense, the dynamic programming 

approach is conceptually more general than the calculus 

of variations, including, for example, the above maximum- 

value functional. We shall not, however, pursue this topic 

further in this book. 

10. THE NATURE OF NECESSARY CONDITIONS 

The classical variational theory begins by deducing 

conditions that the minimizing curve must satisfy. These 

are called necessary conditions. While the minimizing 

curve must satisfy a necessary condition, other non- 

minimizing curves may also meet the condition. Hence, the 

set of curves satisfying any necessary condition is larger 

than, or equal to, the set of curves solving the problem. 

(The set of solution curves usually consists of just one 

curve.) The situation is diagrammed schematically in 

Fig. 11.3, where necessary conditions 1 and 2 delimit the 

set of solution curves to the set An B (this symbol denotes 

all those elements common to both sets A and B), which still 

is larger than the solution set (i.e., it includes non- 

solution functions), Necessary conditions serve the useful
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  Set A— ail curves satisfying necessary condition | 
Set B— all curves satistying necessary condition 2 
Set C— solution curves 

  

Set of at! admissible curves       

FIGURE 11.3 

purpose of telling one where, in the set of all admissible 

curves, one should look for the solution curve. 

11. EXAMPLE 
  

Consider the calculus problem: Given a function £(x), 

find the point Xq> asx sb, having associated with it the 

minimum value of the function. A necessary condition, if 

the function has continuous derivative and does not take 

on its minimum value at a or b, is that
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E(x) = 0. (12.1) 

But, as is evident for the particular function f(x) shown 

in Fig. II.4, non-minimizing points KX, Xo, and x3 also 

satisfy the necessary condition. 

The further necessary condition that 

£"(x9) 20 (11.2) 

tia) 
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admits all points between a and Xy and between Xs and Xe: 

In conjunction with the necessary condition (11.1), it 

eliminates x) and Xy from the set of possible solution 

points. The points Xo and X5 remain as contenders. 

12, THE NATURE OF SUFFICIENT CONDITIONS 

Since the process of eliminating possible solutions by 

the stipulation of additional necessary conditions has no 

obvious termination,” one next asks about properties which, 

if satisfied by a curve, definitely establish it as a solution 

curve, Such properties are termed sufficient conditions. 

A sufficient condition for a given problem which 

does have a solution may be satisfied by @ vacuous set 

of curves. For example, since, by its definition, the 

arc-length of a curve is always non-negative, the statement 

“any curve with arc-length 0 is a solution curve for the 

minimum arc-length problem" is a valid sufficient condition, 

yet not a very useful one. 

—_____. 
¥. 
in the calculus of variations, an important new neces- 

sary condition was discovered by Weierstrass more than a 
hundred years after the first few,
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13, NECESSARY AND SUFFICIENT CONDITIONS 

If a set of properties exactly defines the set of 

solution curves, the condition that a curve satisfy the 

properties is both necessary and sufficient. 

The ultimate goal of our investigation would logically 

be the statement of a set of necessary and sufficient con- 

ditions for the general variational problem. Unfortunately, 

for general problems in the calculus of variations this has 

never been done, due to the immense variety of special 

situations that can arise, and no such conditions will be 

found in this book. 

14, THE ABSOLUTE MINIMUM OF A FUNCTIONAL 

Let us consider the problem: Find that admissible 

function y(x) satisfying the endpoint conditions y%q) = Yo 

and yx) = yy (that is, the curve y = y(x) connecting the 

two points (xg >¥Q) and Gy yy) which renders minimum the 

functional J[y] given by 

xX. 
L 

Styl = [ Foxy.y dx , (14.1) 
Xo 

where F(x,y,y') is a specified function,
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Assuming the solution curve is unique, what we seek 

is the curve that yields a number J, by Eq. (14.1), that 

is smaller than the number yielded by any other admissible 

curve, The value of J corresponding to such a curve is 

called the absolute minimum of the functional J{y] and the 

associated curve is the absolutely minimizing curve. How- 

ever, in practice, the classical variational theory is 

generally less ambitious in what it seeks, as we shall see 

below, 

15. A RELATIVE MINIMUM OF A FUNCTION 

Since functional minimization can be regarded as a 

generalization of function minimization, it is reasonable 

initially to look to the ideas and results of the ordinary 

calculus for guidance in our study of the more general 

situation. 

Suppose that we are given a function y(x) and asked to 

find the value Xp of the independent variable x for which 

y, given by y = y(x), assumes its minimum value, A curve 

y = y(x) is sketched in Fig. 11.5. 

Following classical calculus theory, we define a 

concept called relative minimality by: The point x yields 

a relative minimum of y = y(x) if there exists an ¢ > 0
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with a corresponding neighborhood N, of the point x given 

by |x - x| < € such that y(x) s y(x) for all x in N.. By 

this definition, the points A, B, and C yield relative 

minima of the function shown in Fig. II.5, but D (where 

y' = y= 0, but y"' #0) does not. The function 

yur (15.1) 

exhibits, at the origin, the behavior ascribed to the 

point D, 
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16. A STRONG RELATIVE MINIMUM OF A FUNCTIONAL 

Returning to variational theory, we seek a curve 

y = y(x) which minimizes a functional Ify]. We define a 

strong neighborhood N. in function space of an admissible 

function y(x), where XSxSK as the collection of all ad- 12 

missible functions for which the inequality 

ly) - y(x)| = € (16.1) 

holds for all x in (x50, J, where € > 0. A different 

strong neighborhood corresponds to each value of «. A 

curve y = ¥(x) is said to yield a strong relative minimum 

of J[y] if there exists a strong neighborhood of ¥{x) such 

that JLy? < Jly] for all y(x) in the neighborhood, 

Shown in Fig. I1.6 is a curve y = (x), a strong 

neighborhood, and a curve y = y(x) in the neighborhood. 

17, A WEAK RELATIVE MINIMUM OF A FUNCTIONAL 

It is convenient in variational theory to define also 

a weak neighborhood N. of an admissible function y(x), where 

XQ SxSx,, as the collection of all admissible functions y(x) 

for which the two inequalities
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FIGURE II,.6 

ly(x) - ¥(x)| s € . (17.1) 

ly' (x) - y' (x) | < « (17.2) 

hold for all x in [x9 5X4] where ¢€ > 0, A different weak 

neighborhood corresponds to each value of €. A curve 

y = ¥(x) is said to yield a weak relative minimum of J[y] 

if there exists a weak neighborhood of y(x) such that 

J(¥] < Sly] for all y(x) in the neighborhood. 

tt may surprise the reader that the definition of a weak 

neighborhood is more restrictive than the definition of a 

strong neighborhood. However, the statement that a result 

holds, given €, for all curves in the weak neighborhood
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asserts less than the statement that the result holds for the 

larger class of curves in the strong neighborhood corresponding 

to the same €, Hence, the choice of terminology, which, inci- 

dentally, is traditional and not ours. 

For a function y(x) to lie in a weak neighborhood of 

y (x) corresponding to a small value of €, its derivative at 

each point as well as its value must closely approximate those 

of y(x). The curve y = y(x) in Fig. II.6 does not lie within 

the weak neighborhood of y = y(x) corresponding to the value of 

€ shown. To show this, we sketch in Fig. II.7 the derivative 
y 

  

  

  
FIGURE I1.7
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of the curve y = y(x) and the derivative of the curve y = y(x) 

which was seen in Fig. II.6 to lie within the strong neighbor- 

hood N, of y = y(x). Inequality (17.2) is clearly violated 

for the given value of €. The curve y = y(x) does lie with- 

in a weak neighborhood of y = y(x) for sufficiently large «. 

In what follows, however, we are going to be concerned only 

with very small |e}. 

If no constraints bound the domain of admissible curves, 

and if a curve yielding an absolute minimum exists, then the 

curve yielding the absolute minimum of a given functional 

must be a member of the set of curves yielding strong rela- 

tive minima, Each -memb er of this set, in turn, must be a 

curve yielding a weak relative minimum, This fact is shown 

schematically in Fig. 11.8. Hence, conditions which are 

  

  

Set A— all curves yielding 0 weak relotive minimum 
Set B— all curves yielding 0 strong relative minimum 
Set C— all absolutely minimizing curves     Set of all admissible curves 
  

FIGURE II.8
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necessary for a curve to yield a weak relative minimum 

are necessary for the curve to be the solution. The 

classical theory begins by studying conditions necessary 

for a curve to yield a weak relative minimum, 

18. WEAK VARIATIONS 

Suppose that we wish to test the curve y = y(x) to see 

if it yields a weak relative minimum of the functional 

(14.1). For comparison purposes, we can deform the curve 

into another curve y = g(x) in the following arbitrary 

manner: Choose a function (x) so that the curve given by 

y = g(x) = yx) + en(x) (18.1) 

is admissible for alle. Once n{x) is specified, every 

value of € yields a deformation of y(x). 

For example, suppose that the curve y = y(x) that we 

wish to deform is given by 

yex ; 
(18.2) 

that by the problem statement admissible curves must Satisfy 

the usual continuity properties and also must pass through
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the points (0,0) and (1,1); and that we let n(x) in (18.1) 

take the particular form 

n(x) = x(x-1) . (18.3) 

Shown in Fig, II.9 is the curve y = x and the deformations 

y = g(x) corresponding to the values of ¢ in Eq. (18.1) of 

«l and i, as well as a plot of y = n(x). 

If a different n(x) had been chosen, the deformation 

would be different. For n(x) given by 

n(x) = 10x Osxs.1 

n(x) = 2-10x -Isxs.2 (18.4) 

n(x) = 0 .2sxs1 

we have the situation shown in Fig. 11.10 where y = y(x) 

is deformed only between 0 and .2. Two of these deforma- 

tions are indicated in the figure. 

Note that in order for the deformed curve to pass 

through the points (0,0) and (1,1), no matter what the 

value of ¢, we must have n(0) = (1) = 0. Aliso note that 

as long as m and n' remain finite, by choosing le| suf- 

ficiently small, g(x) defined in (18.1) and its derivative
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g'(x) can be made arbitrarily close to y(x) and y'(x), 

respectively. Hence, given a function y(x), an admissible 

n(x), and a weak neighborhood N, of y(x), we can choose 
6 

le| sufficiently small so that the deformation given by 

Eq. (18.1) lies in the weak neighborhood. Such deforma- 

tions will be called weak variations of y(x). 

19, THE FIRST AND SECOND VARIATIONS 

Given any y(x) and n(x) such that y = y(x) + en(x) is ad- 

missible, and given any weak neighborhood of y(x), for le | 

sufficiently small y(x) + en(x) will Lie within the weak 

neighborhood. Therefore, if there is to exist a weak 

neighborhood of y(x) such that no curve in the neighbor- 

hood yields a smaller value of the functional than does 

y(x), all weak variations of y(x) generated by an admis- 

sible n(x) and sufficiently small te | must yield functional 

values larger than or equal to that produced by y(x). 

Consequently, for the functional (14.1) to have a weak 

relative minimum corresponding to some particular curve 

y = y(x), the inequality 

x x 1 1 

[ Foy. y' ax < FG, yten, y'ten')dx 9.1) 
x, x 

0 0
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must hold for |e| sufficiently small and for every func- 

tion n(x) such that y(x) + en(x) is admissible. 

Expansion in ordinary Taylor series of the right side 

of (19.1) and cancellation yields the series in 

1 
O< Fot+F ') dx «J (Fn yi? 

Xo 

*y 
re (F 2 4 oF TEE ?) dx + o(¢2) x | yy” yy" yty'” ; 

*o 
(19.2) 

where ole?) signifies terms which, after division by e, 

approach zero as ¢ approaches zero. A subscripted func- 

tion denotes partial differentiation of the function with 

respect to the subscripted variable. The partial deriva- 

tives of F(x,y,y') are evaluated along the curve y = y(x) 

and, therefore, should be considered as particular functions 

of x once F and y = y(x) are specified. 

The numerical coefficient of ¢, which depends on y(x) 

and n(x), and which is denoted by the symbol Vilysn] and 

is given by the formula 

*1 
Vyly.n] = J (Fn + Fyn) dx , (19.3) 

Xo
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is called the first variation with respect to the deforma- 

tion (18.1). The numerical coefficient of €7/2, denoted by 

Volynd and given by 

1 
2 : 12 

= + 19.4 volyanl = | (Fyn + 2F ann! + Fyiyen ) ax » (19.4) 
x, 

0 

is called the second variation. 

20. THE EULER-LAGRANGE EQUATION 

For inequality (19.2) to hoid, for given y(x), and 

all sufficiently small |e|, the first variation (19.3) 

must equal zero for ail choices of n(x). In order for this 

* 
to occur, y(x} must satisfy the relationship 

x 

Rie fF dxte. (20.1) 
y y 

*9 

*this result is not expected to be obvious. However, 
due to the nature of this book we must omit the details of 
the derivations of the classical theory. While it is 

tempting to repeat the very famous classical derivation of 

the above result, we draw the line here for fear that other- 
wise we shall never draw the line. References are provided 

at the end of this chapter to standard texts which contain 

the details of the derivations that we have omitted, The 
above result and many others will, of course, be derived 
from the dynamic programming viewpoint in the next chapter.
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This condition on the function y(x) is called the inte- 

grated form of the Euler-Lagrange equation. For a given 

integrand F and function y(x), each side of Eq. (20.1) 

is a function of x, and the condition asserted is that 

y(x) must be chosen so that the two functions of x are 

identical, On any subare with continuously turning 

tangent, (20.1) takes the form of the famous Euler- 

Lagrange differential equation 

= By -F=0. (20.2) 

it is important to note that (20.1), involving no 

derivative of y(x) higher than the first, must hold all 

along the curve y = y(x), even at points of discontinuous 

y'(x). Equation (20.2) involves, in general, the second 

derivative of y(x), since F, and hence Fyre depends on the 

first derivative of y(x). But y"(x) is not defined at 

points of discontinuity of y'(x), so (20.2) holds only 

between such points. Thus, result (20.1) is more power- 

ful than result (20.2) and can be used, as we shall indicate 

later in this chapter, to deduce conditions that hold at 

points of discontinuous y'(x), points that are called 

corners.
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The remarkable fact here is that the condition that 

the equation 

Vylysn) = 0 (20.3) 

must hold for all admissible functions n(x) implies the 

condition that y(x) satisfy Eq. (20.1); yet Eq. (20.1) 

does not involve n(x) at all. This result is quite 

fortuitous. We may be willing to perform a calculation 

to check a condition such as (20.1) at each point of a 

single function y(x) (even here we often actually sub- 

stitute many discrete points for the continuum). How- 

ever, it would be out of the question, practicably 

speaking, to check the condition that the integral (19.3) 

equals zero for every function n{x) in an infinite set 

of such functions, 

Converting conditions involving the candidate y(x) 

and arbitrary perturbing functions n(x) into conditions 

on just the function y(x) is the heart of the difficulty 

in the derivations of the classical necessary conditions 

that will be presented below.
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21, EXAMPLE 

Turning to the minimum-distance problem where 

F(x,y,y') = Yity'? , (21.1) 

we see that the Euler-Lagrange equation (20.2) becomes, 

in this case, the equation 

ax =O. (21.2) 

1+y' 

This equation implies that 

' 
at =, (21.3) 

Lty"” 

where c is a constant, and thus that 

y' (21.4) 

  

Hence, between possible corners at which y' is discon- 

tinuous, we see that the curve y = yx) of minimum arc- 

length, if it exists, must be a straight line,
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22. THE LEGENDRE CONDITION 

It is necessary that y(x) satisfy Eq. (20.1) if the 

curve y = y(x) is to yield a smaller value of the integral 

(14.1) than the curves y = g(x), given by (18.1), for any 

admissible n(x) and for all |e| sufficiently small. This, 

in turn, is necessary for weak relative minimality, which 

is necessary for strong relative minimality, which is 

necessary for absolute minimality. Consequently, while 

we may be sure we have caught the answer, if one exists, 

in the net of our first necessary condition, we have 

possibly also caught a wide assortment of other curves. 

Among the catch, indeed, are all functions yielding rela- 

tive maxima of the integral (14.1). 

It is next shown in texts on the classical theory 

that if we add the condition that 

Fire 2 O (22.1) 

for all x in [Xg>%,1, then we eliminate most weak relative 

maxima (and other sorts of undesirable stationary solutions) 

while excluding no actual solutions. This condition is 

called the Legendre necessary condition. Such rare rela-
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tive maxima as have Pyty! = 0 for some range of x and 

certain properties of higher derivatives might still 

sneak in, 

For the minimum-distance example, the reader can 

verify that 

Fy, = (1 +9") 3/2 (22.2) 

Consequently, Fyty: is always positive and the Legendre 

test is satisfied no matter what y({x)} is chosen, 

For a weak relative maximum, naturally, an inequality 

opposite in sense to (22.1) must hold, We see from the 

positivity of (22.2) that no curve can possibly yield a 

maximum for the distance problem. This is consistent with 

common sense since there is no longest path between two 

points. Similarly, some problems possess no minimizing 

curve and this explains why we occasionally insert a 

qualifying clause such as “if a minimizing curve exists." 

23. THE SECOND VARIATION AND THE SECOND DERIVATIVE 

There is an obvious similarity between the Legendre 

condition and the second derivative condition for minima
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of ordinary calculus, but the analogy can be overplayed 

(For example, Legendre incorrectly felt that the satis- 

faction of Eq. (20.1) and strict inequality in (22.1) would 

guarantee weak relative minimality.) 

Lf Fytyt < 0 when evaluated at some point on a 

candidate curve which satisfies Eq. (20.1), then one can 

find a better perturbed curve lying within any given weak 

neighborhood of the candidate curve. This means that the 

Legendre condition is necessary for weak relative mini- 

mality. However, it cannot be argued that if Fyty! > 0 

(strict inequality) one cannot find a better perturbed 

curve, as one might suspect by analogy with ordinary 

ealculus. This is because Fyty' is not really the second 

variation vjly.n] (see Eq. (19.4)), but rather only enters 

into it. 

The second variation must be non-negative if in- 

equality (19.2) is to hold for all sufficiently small 

le | when y(x) satisfies the Euler-Lagrange equation, 

thereby making the first variation zero. The second 

variation takes the form of a definite integral over the 

range of the independent variable, x. A correct and 

powerful necessary condition for weak relative minimality 

over variations of the type (18.1) is that this integral,
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which involves y(x}, the perturbing function n(x), and 

the derivatives of these functions, be non-negative when 

evaluated in terms of the solution function y(x) and any 

admissible n(x). (This condition is quite analogous to 

the second derivative being non-negative for the minimum 

of a function.) In this form, however, it is a useless 

condition since it involves all admissible functions n(x) 

and is not verifiable by any practical method. 

24. THE JACOBL NECESSARY CONDITION 

For a 50-year-period in the late 18th and early 19th 

centuries, it was hoped that a net built of the Euler- 

Lagrange and Legendre conditions (with a slight modifica- 

tion in the case of equality in (22.1)) would be necessary 

and sufficient for weak relative minimality. Then Jacobi 

re-examined the Legendre condition and showed that it was 

not always effective in distinguishing relative minima. 

Jacobi further examined the second variation integral 

(19.4) associated with perturbations of the form (18.1). 

He sought a condition guaranteeing the non-negativity of 

the second variation. His study led to a statement about 

the zeros of a solution function v(x) of a differential 

equation, called Jacobi's equation. Jacobi's linear 

second-order differential equation for v(x) is
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" d ' (yr v(x) + ($ Fyrys) v'(x) 

(24.1) 

d = 
* (& Py 7 a) vee) = 0. 

where the coefficients of v(x), v'(x), and v"(x) are known 

functions of x determined by the particular integrand 

F(x,y,y') and the particular solution curve y = y(x) of 

the Euler-Lagrange equation. 

To apply Jacobi's condition to a problem with a fixed 

right-hand endpoint, one finds a solution v(x) of Eq. (24.1) 

that is zero at the right-hand endpoint xy of the interval 

of integration but is not identically zero. Then, if that 

solution does not take on the value zero at any point in 

the closed interval [Xg>%Xy] except Xp it can be concluded 

that the strengthened Legendre condition 

Figs > 0 (24.2) 

in [xg,%,] guarantees that any curve y = g(x) given by 

(18.1) will be no better than y = y(x) for sufficiently 

small |¢|. Consequentiy, satisfaction of the Euler- 

Lagrange and strengthened Legendre conditions and the
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Jacobi condition concerning the zeros of a solution of 

(24.1) are sufficient to assure weak relative minimality. 

A point other than Xp> if such exists, at which the solu- 

tion v(x) assumes the value zero is called a conjugate 

Point. 

Jacobi further showed that if, associated with a candi- 

date curve y = y(x), there exists a conjugate point in the 

open interval (xy s*1)> the curve cannot possibly be a mini- 

mizing curve, even if the Euler-Lagrange and strengthened 

Legendre conditions are satisfied, This proves that the 

Jacobi condition asserting that the solution curve contain 

no conjugate point is necessary for minimality. 

25. EXAMPLE 

Application of the Jacobi condition to a minimum 

arc-length problem proceeds as follows. Suppose we seek 

the curve of minimum length between the points (0,0) and 

(1,1). The Euler-Lagrange equation suggests we study the 

straight line 

yex (25.1) 

as a possible solution. Equation (22.2) shows that the
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Legendre test is passed. The associated Jacobi equation 

(24.1) is 

23/2 omc) + Ov" (x) + O-v(x) = 0 (25.2) 

since F and F_ , are zero and F +1 is constant along yy yy yy 
the curve (25.1). The solution of this equation takes 

the form of the straight line 

v(x) = cyx + foe (25.3) 

Letting v(1) = 0 as required, and taking v'(1) = k, we 

obtain 

fl v(x) kx -k., 
(25.4) 

Unless k = 0, this curve takes the value zero only at 

x=1. But k = 0 is prohibited, because then the curve 

Vv = v(x) would be identically zero. Since the solution 

takes on the value zero in the interval [0,1] only at the 

point x = 1, we conclude that the Jacobi test is passed.
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26. FOCAL POINT 

For a problem with a variable admissible right-hand 

endpoint (see §8), the required terminal value of the 

solution v(x) of (24.1) is a certain non-zero number 

determined by the terminal condition of the problem. For 

such a problem, a point x where v(x) equals zero is called 

a focal point and it is necessary for weak relative minimality 

that no focal point exist in the interval of interest. 

27. GEOMETRIC CONJUGATE POINTS 

The strictly analytic investigation of the second 

variation has its geometric counterpart. Let us define the 

term extremal curve (or extremal) to mean a curve y = y(x) 

that is admissible, that has continuous first and second 

derivatives, and that satisfies the Euler-Lagrange dif- 

ferential equation (20.2). By means of the theory of 

differential equations, it can be shown that through a 

fixed point, called 1 in Fig. I1.11, there passes, in 

general, a one-parameter family of extremals. If such a 

family has an envelope G, then a point of contact of an 

extremal with the envelope is called a point conjugate 

to 1 on that extremal. In this figure, point 3 is con- 

jugate to 1 on curve 12. Geometrically, Jacobi's necessary
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FIGURE I1.11 

condition can now be stated: On a minimizing extremal 
curve connecting points 1 and 2, and with Fyryt #0 at 
each point on it, there can be no point 3 conjugate to 1 

between 1 and 2. Except for certain exceptional cases, 

it can be shown that there is a one-to-one correspondence 

between zeros of Jacobi's differential equation as dis- 

cussed earlier and geometric conjugate points as defined 

above, 

28. THE WEIERSTRASS NECESSARY CONDITION 

Research by Weierstrass performed a half century 

after Jacobi's work led to a major crisis in classical
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variational theory. We shall present this development 

in the terminology of weak and strong neighborhoods. 

Actually, these terms were unknown at the time and are 

the outgrowth of the observations of Weierstrass. 

The analysis of earlier mathematicians had shown that, 

given a function y(x) and a weak neighborhood of the func- 

tion, a new function lying in the neighborhood of y(x) 

and yielding a smaller value of the criterion functional 

(14.1) could be constructed by a weak variation of the 

type (18.1), unless y(x) satisfied the Euler-Lagrange, 

Legendre, and Jacobi conditions. Hence, satisfaction of 

these conditions is necessary for a function to yield a 

weak relative minimun. Furthermore, it was known that, 

suitably strengthened, the above conditions are sufficient 

to assure that there exists a weak neighborhood of y(x) 

in which no other curve gives as small a functional value 

as y(x). Consequently y(x), if it satisfies the strength- 

ened conditions, yields a weak relative minimun. 

Weierstrass showed that even though y(x) yielded a 

weak relative minimum, it might be impossible to find any 

strong neighborhood of y(x) in which y(x) was unimprovable. 

To do this he constructed @ method of perturbing y(x) into 

a new function g(x) such that g(x) could be made to lie
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within any given strong neighborhood of y(x) and yet 

failed to lie within any weak neighborhood N. for suf- 

ficiently small |e|. If such a perturbation yields a re- 

duced value of the functional in all strong neighborhoods, 

yet fails to lie within the weak neighborhood in which 

y(x) yields a weak relative minimum, the function y(x) 

furnishes a weak relative minimum but not a strong relative 

minimum. 

Having shown such a situation can indeed exist, 

Weierstrass gave a condition that a curve y = y(x), yield 

ing a strong relative minimum, must satisfy. The Weierstrass 

condition is therefore necessary for strong relative mini- 

mality and, consequently, necessary for absolute minimality. 

In Fig. II.12, let y = y(x) be the candidate arc, and 

let points 1 and 2 on the are contain no point of discon~ 

tinuity of y' between them. Let the curve y = Y¥(x) be 

some arbitrary curve through point 1 with Y’ evaluated 

at point 1 not equai to y' evaluated at point 1. Let point 

3 be a movable point on y = Y(x) and let 6 be the are- 

length along y = Y(x) between points land 3. Let the 

arc from 3 to 2 be generated by a one-parameter rule and 

coincide with y = y(x) when point 3 coincides with 1. If 

the part of the curve y = y(x) between 1 and 2 is replaced
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yey(n) 

  

  

FIGURE II.12 

by the arc 13 followed by the arc 33, this construction 

generates, for |6§| sufficiently small, a deformation of 

y = y(x) lying within any given strong neighborhood of 

y = y(x). The deformed curve has a discontinuous deriva- 

tive at point 1. 

Tf €1 equals the difference between the right-hand 

derivatives Y' and y' evaluated at point 1, the deformed 

curve fails to lie within any weak neighborhood nN. of y(x) 

for ¢ < €,> no matter how small {6| might be. 

Let a function E(x,y,y',¥')} be defined by
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E(x,y,y',¥") 

(28.1) 

= F(x,y,¥') - Flxay,y") - @-yOR Gy) 

Weierstrass showed that if, given a curve y = y(x), the 

function E(x,y,y',¥') fails to satisfy the inequality 

E20 (28.2) 

for some ¥' # y', then there exist deformations lying 

within any given strong neighborhood of y(x) which yield 

smaller values of the functional (14.1) than the value 

yielded by y(x). The Weierstrass necessary condition, 

designed to prohibit this possibility, can be stated: At 

every element (x,y,y') of a minimizing arc, the condition 

E(x,y,y',¥') 2 0 (28.3) 

must be satisfied for every admissible set (x,y,¥') dif- 

ferent from (x,y,y'). 

Since the Weierstrass condition directly concerns 

minimality, rather than stationarity as did the Euler- 

Lagrange condition, it entails no further supporting
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Statements analogous to the Legendre and Jacobi conditions 

that support the Euler-Lagrange stationarity condition. 

If we add the Weierstrass condition to our net, any func- 

tion that fails to satisfy it cannot yield a strong rela- 

tive minimum and, as a result, cannot yield an absolute 

minimum, and we have another necessary condition. As we 

shall show below by example, an occasional function satis- 

fying the Euler-Lagrange, Legendre, and Jacobi conditions 

may be excluded by the Weierstrass condition; thus, we 

are closing down upon the answer. 

The inclusion in the set of curves satisfying (28.3) 

of curves for which the equation 

E=0 (28.4) 

holds for some element (x,y,y') and for some Y' # y', may 

let in an unwanted curve which is not even a relative 

minimum, but (28.3) suffices as a necessary condition. A 

condition demanding that E be strictly greater than zero 

might exclude the answer but can be used to construct 

sufficient conditions. Questions concerning the multitude 

of possible situations where E = 0 remain unanswered, and 

therefore a useful set of conditions that are both necessary 

and sufficient has not been found.
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29. EXAMPLE 

As an illustration of the necessity of the Weierstrass 

condition, consider the problem: Choose a curve y = y(x) 

connecting the points (0,0) and (1,1) ana minimizing the 

functional J[y] given by 

1 
Sty} = ft? dx. (29.1) 

0 

The unique solution of the integrated Euler-Lagrange 

equation (20.1) is the straight line y = x. The slope of 

the line is 1 and the above functional equals 1. As the 

reader can verify, along this curve both the Legendre con- 

dition and the Jacobi condition are satisfied, so no 

variation of the form (18.1) yields an improvement. 

However, 

EGy,yG¥') = YL 3¢yte4) (29.2) 

for all (x,y,y') along the straight Line connecting the 

origin and (1,1). (Normally, E is a function of x but in 

this case it happens to be the same for all x.) The ex- 

pression (29.2) is negative if y' < -2, so the Weierstrass 

condition is not satisfied,
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Consequently, there exist perturbations of the straight 

line y = x that lie within any given strong neighborhood of 

y = x and yield a smaller value of the criterion (29.1) than 

does y = x. Let us construct a specific example. The first 

segment of the perturbation is a straight line segment with 

slope less than -2, say -3, and connects the points (0,0) 

and (6,-36). This corresponds to the arc 3 in Fig. 15.12. 

The second segment is a straight line connecting (6,-36) and 

(.1,.1) and corresponds to arc 33 of Fig. I1.12. The third 

segment is part of the candidate curve y = x, The particular 

perturbed curve, for 6 of about .06, is shown in Fig. 11.13. 

At the point x = 6, the curve y = x and the perturbed curve 

differ by their maximum amount, 45, so the perturbed curve 

lies within the strong neighborhood Nas of y = x. This 

construction yields a curve such that the criterion integral 

(29.1) equals 1 - 166 + 0(6), which is less than 1 for all 

sufficiently small positive 6, Therefore, the problem has 

a relative minimum corresponding to the curve y = x for weak 

variations of the type (18.1), but not for the strong varia- 

tion of the Weierstrass type. Since the necessary condition 

that the integrated form of the Euler-Lagrange equation be 

satisfied admits only the straight-line solution that we 

have studied and the Weierstrass necessary condition pro-
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hibits that, we conclude that this problem has no strong rela- 

tive minimum and the integrand can be made as small as desired. 

As a further interesting example, the reader might investi- 

gate properties of the curve y = x? as a candidate for curve 

of minimum length connecting the origin and point (1,1). For 

this curve, the Weierstrass E-function is strictly greater 

than zero for all (x,y,¥') not equal to (x,y,y’)}) for all x, 

Hence, no Weierstrass deformation improves the result; yet 
y 

104 

    
FIGURE I1I.13
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since the candidate curve fails to satisfy the Euler-Lagrange 

equation, there are clearly perturbations of the form (18.1) 

that yield improvements, The Weierstrass condition by itself 

is necessary but not sufficient for a strong relative minimun, 

30, DISCUSSION 

It should be remarked here that the Legendre necessary 

condition (22.1) is a simple corollary of the Weierstrass 

necessary condition. Since neither the Euler-Lagrange equa- 

tion nor the Jacobi condition can be deduced from the Weier- 

strass construction, the fact that the Legendre condition 

does follow from it is somewhat unexpected. However, this 

situation is easily understood in the dynamic programming 

derivations of these conditions to follow in the next chapter, 

We have now mentioned the four most important condi- 

tions that must be satisfied by any curve that yields a 

strong relative minimum of 2 definite integral functional. 

Before continuing to a brief discussion of sufficiency 

theory, let us touch upon other necessary conditions that 

relate to specific forms of the problem statement. 

31. _TRANSVERSALITY CONDITIONS A ET y CONDITIONS 

There is a class of conditions associated with the 

endpoints of a problem, I£ the terminal points of the 

curve sought are specified explicitly, then no additional
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conditions exist, nor are any needed to solve a problem. 

But, as mentioned in §8, there may be freedom in the choice 

of endpoints; perhaps one seeks the shortest path from a 

given point (specified endpoint) to a given curve (the 

exact point on the curve is not specified and is to be 

picked optimally). Then one can deduce properties of the 

solution curve at the unspecified endpoint that are neces- 

sary if the curve is to be better than neighboring curves 

with neighboring endpoints. These necessary conditions 

are called transversality conditions. 

The general result states that if the terminal condi- 

tion for a problem is the intersection of the solution 

curve y = y(x) with a given terminal curve 

y = h(x) 
(31.1) 

which has a continuous and finite derivative, then the 

minimizing curve must satisfy the equation 

Ft+ (h'-y" PL =o, (31.2) 

where F, Pye h', and y' are evaluated at the point of 

termination; see Fig. 11.14.
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    Point of termination 

  

FIGURE II.14 

If the terminal curve is the vertical line x = Xy> 

the transversality condition is 

Fy =0. (31.3) 

The transversality condition (31.3) that holds in the 

special case where the terminal abscissa is specified but 

the terminal ordinate is free is called a natural boundary 

condition. 

For the minimum-distance example, expression (31.2) 

becomes
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+ (hwy) —YL 0, (31.4) 
72 

lty 

lt+y 

from which it follows that 

1 yak, G1.5) 

This shows that the curve of minimum arc-length connecting 

a point and a continuous curve must be orthogonal to the 

terminal curve at the point of their intersection; other- 

wise, a better path exists, 

32. CORNER CONDITIONS 

When we presented the differentiated form of the Euler- 

Lagrange equation (20.2), we noted that this equation was 

to hold between points of discontinuity in the derivative 

of the solution function, and that points where the solution 

function has a discontinuous derivative are called corners, 

The complete solution may consist of segments, each satis- 

fying the Euler-Lagrange equation between corners. For the 

shortest-distance problem, the Euler-Lagrange equation 

implies that minimizing curves are straight lines between 

corners, A possible minimum arc-length curve that satisfies
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the above necessary condition is shown in Fig. 11.15. One 

can further deduce, from the integrated Euler-Lagrange 

equation (20.1), conditions that must be satisfied at a 

corner such as 3 in the figure if the composite curve is 

to be unimprovable within a neighborhood. These conditions, 

called Weierstrass-Erdmann corner conditions, state that 

at any corner point (92 ¥q) of a minimizing curve, the 

relations 

(32.1) 

FIGURE I1.15
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and 

-y! = yt (F-y Fy) l (Fry Fv it (32.2) 

must be satisfied, where lar means evaluated in terms of 
0 

the left-hand limit of y' at the corner point (x and 9° %q)> 

+ means evaluated in terms of the right-hand limit at x & 
0 

the corner, 

The reader can easily verify that for the minimum- 

distance integrand F given by 

Fixy.y') = ve ty (32.3) 

condition (32.1) cannot be satisfied by two distinct values 

of y'. Consequently, there can be no corners. 

33. RELATIVE SUMMARY 

In summary of what has been said thus far, there are 

four major conditions that are necessary for a curve to 

furnish a strong relative minimum for a variational problem, 

Three of these, the Euler-Lagrange equation, the Legendre 

condition, and the Jacobi condition, follow from the study 

of the first and second variations associated with a
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perturbation of the form (18.1) of the curve y = y(x). 

The perturbations lie within a weak neighborhood of y = y(x). 

The fourth condition, attributed to Weierstrass, is deduced 

from the consideration of an entirely different type of 

deformation which yields curves which lie within a strong 

neighborhood of y = y(x) but no sufficiently small weak 

ones, Further conditions depend upon the restrictions 

placed, in the statement of the problem, upon the terminal 

points of admissible solution curves. 

Classically, necessary conditions are generally derived 

by considering the above two types of possible deformations 

(variations) of a curve which is a candidate for solution, 

They are contrived to prohibit the perturbations from 

yielding better values of the functional under investiga- 

tion than the value yielded by the candidate. The straight- 

forward analysis of perturbations of type (18.1) of a 

curve y = y(x) leads to conditions involving definite 

integrals (the first and second variations) which contain 

the arbitrary function n(x). Then, by various mathematical 

devices (one, for example, being integration by parts), 

the appearances of the arbitrary function n(x) are eliminated 

and these conditions are converted to Practical ones which 

must hold at each point of a minimizing curve. Due to this
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derivational route, little intuitive or geometric content 

is generally attributed to these conditions. One is content 

to demonstrate that without them all would not be well with 

the alleged extremal. Mathematically speaking, such an 

argument is convincing, But if new types of problems are 

to be posed and solved, and if the theory of the calculus 

of variations is to become a useful engineering tool, a 

better appreciation of the physical or geometric meaning 

of these conditions is desirable. 

In the dynamic programming approach presented in this 

book, a viewpoint is adopted such that all comparisons are 

done locally by variations at a point. No arbitrary curves 

are introduced and the conclusions are immediately state- 

ments about the minimizing curve. Since no further manipu- 

lation is necessary, the results have geometrical or physical 

significance. While in the realm of classical variational 

problems the dynamic programming approach yields no con- 

clusions not attainable by standard methods, it does pro- 

duce new interpretations of results, This in itself would 

appear to be sufficient justification of the method, partic- 

ularly in this computer era when variational problems have 

engineering significance. Almost every day variational 

problems are numerically solved and the solutions are im- 

plemented,
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As we shall see in Chapter VII on stochastic and adap- 

tive optimization problems, the dynamic programming view- 

point has the additional merit of allowing new nonclassical 

problems to be formulated and treated. 

34, SUFFICIENT CONDITIONS 

For engineering purposes, necessary conditions are 

more important than sufficient conditions. There are 

several reasons. Since the set of curves satisfying a 

valid sufficient condition may be vacuous, seeking a curve 

which satisfies a sufficient condition is akin to looking 

for a needle in a haystack which may not even contain a 

needle. This is a task not particularly appealing to a 

practical person with a pressing problem. Secondly, while 

necessary conditions are useful tests which can eliminate 

pretender curves, the violation of a sufficient condition 

by a curve proves little, Finally, various successive 

approximation algorithms that generate a sequence of curves 

converging through the space of non-minimizing curves toward 

a curve yielding a relative minimum can be formulated around 

necessary conditions. 

It should be noted here that all the necessary condi- 

tions concern relative, not absolute, extrema. Most suf- 

ficient conditions that exist are suitably strengthened
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combinations of the four fundamental necessary conditions 

and are of three types. Some guarantee weak relative 

minimization, Others promise strong relative minimiza- 

tion. Yet others, if satisfied, assure absolute mini- 

mization. These latter, unfortunately, are of a type that 

are rarely verifiable in practice, In dismissing conditions 

of the latter type as impractical, we relinquish all hope 

of isolating curves that yield anything provably better 

than relative minima. Such is the lamentable, but un- 

avoidable, fate of practical applied variational theory. 

The following is a typical set of sufficient conditions 

for a weak relative minimum. A curve without corners con- 

necting points 1 and 2 and having the properties that 

1) it satisfies the Euler-Lagrange equation, 

2) Bytyt > 0 at every element (x,y,y') of it, 

3) it contains no point 3 conjugate to point 1, 

furnishes a weak relative minimum for the problem with 

integrand F and endpoints 1 and 2, (Note that strict 

inequality is required in 2) and that the endpoint 2 can- 

not be conjugate to point 1 in condition 3).) 

If the further condition 

4) at every element (x,y,y') in a neighborhood of 

those elements of the curve, the condition
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E(x,y,y',¥') > 0 is satisfied for every admis- 

sible set (x,y,Y') with Y' # y' 

holds, the curve furnishes a strong relative minimum. 

(The function E(x,y,y',Y') is defined in Eq. (28.1). Note 

that strict inequality is required.) 

35. HAMILTON-JACOBL THEORY 

Another classical development that deserves mention 

is the Hamilton-Jacobi theory. Hamilton deduced, from the 

differential equations satisfied by minimizing curves, the 

partial differential equation for a function S(x,y}: 

S,= F (x,y,z) - 8,2 . (35.1) 

Here, F is the integrand of the original variational problem 

with y' replaced by z, and z is given implicitly in terms 

of x, y, and Sy by the relation 

F_,(x,y,z) =S_. 35.2 yt 82992) y (35.2) 

The function yielding, at the point (x,y), the minimum 

value of the integral of F from a fixed initial point to 

the variable point (x,y) can be identified as a solution 

function of these equations.
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The Hamilton-Jacobi theory shows how a sufficiently 

general solution of the partial differential equation 

(35.1) can be used to determine extremal curves for the 

variational problem with integrand F. 

An equation pair quite similar to the above, with an 

inessential sign change throughout, will appear early in 

the next chapter. Whereas classically, with the exception 

of the approach of Carathéodory,* the Hamilton-Jacobi equa- 

tion (35.1) represents the culmination of a long deriva- 

tion beginning with the Euler-Lagrange equation, it will 

appear at the beginning of our dynamic programming develop- 

ment. It will be seen in Chapter III that the above 

equations, (35.1) and (35.2), follow directly from the 

fundamental principle of dynamic programming--the principle 

of optimality--discussed in its discrete form in Chapter I, 

The necessary conditions, such as the Euler-Lagrange 

equation, will be deduced from it. In a sense we shall, 

in subsequent chapters, be traveling the classical road 

in the opposite direction--a direction we hope the reader 

will agree is natural and comfortable. But, we stress 

again, it is no more or less scenic until, in Chapter VII, 

we stray into nonclassical terrain, 

  * 
CG, Carathéodory, Variationsrechnung und partielle 

Differentialgleichungen erster Ordnung, B. G. Teubner, 
Leipzig and Berlin, 1935.
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36, OTHER PROBLEM FORMULATIONS 

The problem of minimizing a definite integral that we 

have been discussing is often referred to in the literature 

as the Simplest Problem of the calculus of variations. It 

has many generalizations. Most natural is the generaliza- 

tion of dimension. Rather than consider an independent 

variable x, a dependent function y(x), and its derivative 

y'(x), we can study an integrand depending on x, a set of 

n unknown functions ¥1 (9)... yO), and their n respective 

derivatives, This problem leads to n simultaneous Euler- 

Lagrange equations as well as to certain changes in the 

other necessary conditions 

A second interesting and useful modification is the 

introduction of additional relations, called side conditions, 

to be satisfied by admissible curves, What is called an 

isoperimetric problem requires that the definite integral 

of F be minimized while at the same time a second definite 

integral 

*1 

[ 6G y,y" dx , (36.1) 

Xo
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dependent upon the function y({x) and its derivative, takes 

on a specified value, c. Consequently, the set of admis- 

sible curves is limited to those curves such that 

x. 
1 

f Gtx,y,y')dx ec. (36.2) 

x, 
0 

A problem may have other types of side conditions. For 

example, if, in the multidimensionai problem mentioned 

above, n functions y,@), i=l,...,n, are sought, a typical 

side condition might specify some relation 

CO Ypres KyeVpaee eV) = 0 (36.3) 

which is to hold among these functions and, perhaps, their 

derivatives at each point of the vector solution curve. 

If constraints such as (36.3) are specified, the problem 

is no longer of the "simple" type, but rather bears the 

name Problem of Lagrange. 

Admissible y(x), or y'(x), may be bounded at each 

value of x by inequality constraints such as 

by GG@) = 81@) , (36.4)
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or 

hy(y' Gd) = go) » (36.5) 

or 

hy(y@)y'()) $s B3(x) , (36.6) 

where the functions h and g are specified. Motivated by 

the dynamic programming viewpoint, we shall in later chapters 

call the value of y corresponding to a given x the State 

and y' the decision. Then, constraint (36.4) represents 

a state-variable constraint; (36.5), a decision-variable 

constraint; and (36.6), a mixed state and decision con- 

straint. We shall speak much more of these types of con- 

straints in Chapter V, since they arise in many practical 

applications of the theory. 

Another problem statement that will occupy us in 

Chapter IV, and subsequently, goes as follows: A control 

function 

u(t) tet (36.7)
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determines a set of n functions x, (t), i=l,...,n, defined 

for time t 2 t, by the differential equations 
G 

x, (t) = £, (xp o-+..%,.t 4) i=l,...,n (36.8) 

with initial conditions 

x, (tg) =X. i=l,...,n (36.9) 

0 

Any set of functions x, Ct) corresponding to some control 

function u(t) is called a trajectory. The control function 

u(t) is to be chosen such that a given function of the x, 

and t, 

B(x) 5+. Xt) > (36.10) 

takes on its minimum value when it is evaluated at some 

time T, where T is determined implicitly as the first time 

a set of terminal conditions 

¥, Gye e sees t) =0 jel,...,psn (36.11) 

is satisfied.
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Such a problem is called a terminal control problem 

since the criterion is a function, #, evaluated at the 

terminal time T. This differs from the previously dis- 

cussed problems where the criterion was a definite integral, 

In classical terminology, the above problem is an example 

of a Problem of Mayer. (See Chapter I, $10 where we 

introduced a discrete version of this problem.) A terminal 

control problem can be recast by a variable change into 

a problem involving a definite integral with side conditions 

such as we have mentioned above, so it is not essentially 

new. However, such a transformation muddies the intuitive 

waters and we shall handle the above form of the problem 

separately and extensively. 

Finally, the very general Problem of Bolza involves 

both an integral and a terminal criterion in combination. 

Again, such a problem can be transformed by a variable 

change into either of the above types of problems. 

37. EXAMPLE OF A TERMINAL CONTROL PROBLEM 

As an example of a problem of the Mayer type, we can 

reformulate the minimum arc-length problem. Let us imagine 

that we are navigating a particle, moving at a constant 

velocity, v, between two fixed points, the origin and (1,1).
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Since, with fixed velocity, time of travel is proportional 

to distance traveled, the minimum-time path is also the 

path of minimum length. We let x and y replace xy and Xo 

in the above general formulation, and let the steering angle 

y(t), where y is the angle between the x-axis and the 

velocity vector of the particle, play the role of the control 

function u(t). A trajectory given parametrically by 

x = x(t) and y = y(t) can be represented in the (x,y)-plane 

by a curve y = y(x), such as the one shown in Fig. 11.16. 

yey la) 

  

FIGURE I1.16
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Equations (36.8) take the form 

pa
n 

" v cos y 
. (37.1) 
y=vosiny 

and the initial conditions (36.9) are 

x(0)} = 0 

(37.2) 
y(0) = 0. 

Since the function to be minimized is the terminal time, 

for expression (36.10) we have 

e(x,y,t) = ¢ (37.3) 

and the stopping conditions (36.11) become 

¥,@,y,t) =x-1=0 

(37.4) 

ro Gs,y,t) =y-l=0. 

As the reader will observe in the example, while the 

criterion (36.10) and terminal conditions (36.11) are
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written as quite general functions, in application they are 

often conditions on individual state variables. 

38. NECESSARY CONDITIONS FOR THE PROBLEM OF MAYER 

Ie has been our policy in this chapter to mention 

classical results that we shall develop later from the 

dynamic programming viewpoint. Regarding the above Problem 

of Mayer, there exists a very important necessary condition, 

called the multiplier rule, which corresponds to the Euler- 

Lagrange equation of the Simplest Problem, A set of n un- 

determined Lagrange multiplier functions 

a, CE) i=l,...,n (38.1) 

is introduced to incorporate the n differential relations (36.8). 

Then, variations about a candidate trajectory are considered 

just as for the Simplest Problem. It is necessary, if there 

exist neighboring admissible traj ectories,* that the first 

variation must be equal to zero in order to preclude neigh- 

boring improvement. Mathematically, this condition involves 

the multiplier functions a, (2), and takes the form: 

  

A problem is called normal if the minimizing tra- 
jectory can be surrounded by neighboring admissible tra- 
jectories. We treat only normal problems in this book.
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Corresponding to a minimizing control u(t) and associated 

trajectory, there exists a set of n multiplier functions, 

AC), and p numbers, Yeo such that the multiplier functions 

satisfy the differential equations 

n a 
d =- —l i= A, ce) yA, 3x, isl,...,n (38.2) 

jel 

with terminal conditions 

  

P ay, 
‘| = 72 ¥, = i=l, on 

T “le J=1 T 

38.3 P , ¢ ) 
= —ji} _ 3% ya £ | 5 x ~| > 

jel T T     

and such that the minimizing control u(t) satisfies, at 

each time t, the equation 

D>; sso. (38.4) 

The analog of the Legendre condition requires that



-114- 

n af 
d. — 20, (38.5) 

. J ou 
j=1 

Yet another necessary condition, corresponding to the 

Weierstrass condition, states that at each point of a 

minimizing trajectory the control minimizes the expression 

aA, £, 38.6 2 3 fy (38.6) 
iz 

over all admissible controls. 

The Jacobi condition also has an analog for the Problem 

of Mayer, which we shall develop in. Chapter IV, §§13-16, but 

it is too complex to be included here. 

39. ANALYSIS OF THE EXAMPLE PROBLEM 

For the minimum-time example introduced in §37, there 

are two state variables, x and y. The equations (38.2) 

become 

(39.1)



-115- 

where x and y replace the subscripts 1 and 2. Hence, the 

Ay) are constant functions of time, cy and Co, and con- 

dition (38.4), which determines the control y(t) in terms 

of the A, Ce), states 

- cv sin y + CV cos y = Qo, (39.2) 

or, equivalently, 

c 

tany=—, (39.3) 
“1 

Hence, the steering angle is a constant function of time. 

The constant steering angle y that produces a trajectory 

intersecting the terminal point (1,1) can be shown to yield 

a minimizing, rather than a maximizing, trajectory. 

40. TWO-POINI BOUNDARY VALUE PROBLEMS 

One of the first steps in the solution of a variational 

problem is the determination of a curve satisfying the Euler- 

Lagrange or multiplier equations with associated boundary 

  

¥. 
To study the problem thoroughly would require a dis- 

cussion of corner conditions. These conditions will be 
derived in Chapter IV.
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conditions. Some of the conditions are explicitly stated 

in the specification of the problem and others are trans- 

versality conditions imputed by means of analysis. Usually 

some conditions concern the initial point of the solution 

curve and others concern the terminal point. After a curve 

satisfying the above conditions has been found, other tests 

can be applied to determine whether it is the solution or 

an imposter, 

The solution of a set of differential equations with 

boundary conditions specified at each of two different 

points is no simple matter numerically. For this reason, 

it was not until some 15 years after the introduction of 

the high-speed digital computer that the solution of 

practical variational problems became fairly widespread. 

Even today one finds a plethora of computational algorithms 

proposed and much is still unknown about the relative merits 

of each, 

The difficulty associated with problems with mixed 

boundary conditions stems from the methods available for 

the numerical solution of differential equations. Almost 

all methods assume that a full set of boundary conditions 

is known at one point and then proceed to generate, quite 

efficiently, the solution emanating from that point. These
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methods are rather impotent when less than a full set of 

boundary conditions is specified at each of a set of points, 

41. A WELL-POSED PROBLEM 

In this section we shall consider a fairly general 

problem of the Mayer type and show that, speaking concep- 

tually, the conditions given in §38 lead to a reasonable 

differential equation problem with the appropriate number 

of specified conditions to determine a solution, Such a 

problem is termed well-posed, First, however, let us con- 

sider a very simple problem. 

As an example of a well-posed problem with mixed 

boundary conditions, suppose we seek the solution y(x) of 

the differential equation 

ay =0 (41.1) 
dx 

such that 

y(0) = 0 
(41.2) 

ya) =1.
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The general solution of (41.1) is a straight Line ax + b. 

One and only one straight line connects the points (0,0) 

and (1,1) since the two terminal conditions determine the 

parameters a and b, 

The problem of finding the solution of (41.1) passing 

through the point (0,0) is not well-posed since an infinite 

number of such straight lines exist. Neither is the problem 

of finding the solution of (41.1) which passes through 

(G,0) and (1,1) and has slope 2 at the point (0,0). No 

such straight line exists since too much has been required 

of only two parameters, 

A well-posed nonlinear differential equation problem 

may possess several solutions rather than a unique one, 

but it should not have, in general, an infinite number of 

solutions with a different solution corresponding to each 

value of an unspecified parameter. 

We now turn to a rather general situation. We use 

the fact that the solution of a variational problem can 

be characterized in terms of differential equations and 

mixed boundary conditions. We adopt the view that certain 

unspecified initial conditions are to be determined in 

such a way that the resulting trajectory will satisfy the 

specified terminal conditions. We do not discuss in this
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volume just how to go about determining the appropriate 

initial conditions in practice. 

Let us assume that in the problem statement we are 

given a set of n differential equations 

¥,(t) = £, Gy ...s%, stu) isl,...jn (41.3) ‘n? 

with given initial conditions, specified at time to> 

x, (tq) = io . i=l,...,n (41.4) 

The optimal control u(t) is to yield a trajectory satis- 

fying a set of terminal conditions 

¥, Ghose aX €) =0 j=l,.-.,psn (41.5) 

and minimizing a given function 

a(xy,-++2K),t) (41.6) 

evaluated at the terminal time. 

As we saw in §38, variational analysis leads to 

the conclusion that corresponding to the optimal trajectory
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there exists a set of n multiplier functions, a, Ct), and 

p numbers, Ya> satisfying the differential equations 

  

n . af, 
A, (e) = - EAC) x isL,...,n (41.7) 

J i 
j=1 

and terminal conditions 

Pp ay 
3 j . Ay = ae - y v. x i=l,...,0 (41.8) t i Pan 

7 J T 

n P 
r, ‘| = LY; -2 ; (41.9) 

jel T gel T 

    

n at, 
yA; sto. (41.10) 

jal 

Suppose we wish to solve such a problem on a digital 

computer, The values of the multipliers A, Ct) are unknown 

at time to but must satisfy, at the terminal time, conditions 

(41.8) and (41.9), which also involve the states x,- The
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state variables x, are known at t, but at the terminal time 
0 

only certain relations (41.5) among them are specified, 

Simultaneous numerical integration of the sets of differen- 

tial equations (41.3) and (41.7), as mentioned above, re- 

quires that the values of x and ay be known at one particular 

time, 

We can, if we wish, guess the unknown n numbers 

A(t). Then the control u(t) can be determined from (41.10) 

and the differential equations (41.3) and (41.7) can be used 

to step x and A forward to time t, + At. Now, Eq. (41.10) 
0 

determines u(tytdt) and the process continues, 

We terminate this numerical integration process when 

one of the terminal conditions (41.5) is satisfied. Now 

we examine the other p-1 terminal constraints given by 

(41.5). If they are not all satisfied, we do not have an 

admissible trajectory. Hence, we see that our initial 

guess of the n missing numbers A, (tg) must at least be such 

as to yield a trajectory satisfying p-l terminal conditions. 

This can be done and n-(p-1) degrees of freedom remain in 

our initial choices. We must also satisfy terminal condi- 

tions (41.8) and (41.9). Since the terminal states and 

the terminal values of the multiplier functions are known 

after the determination of a trajectory by numerical 

e
e



-122- 

integration, (41.8) and (41.9) represent n+1 equations for 

the p unknown constants 5: With p <n, these equations 

are overdetermined and will not, in general, have a solu- 

tion, since less than n+1 variables cannot be found in 

general to satisfy n+l equations. However, we noted above 

that we have n-ptl degrees of freedom left in the choice 

of the initial values of the muitipliers, A, (ty). These 

n-ptl free initial values of multipliers plus p terminal 

¥, give us n+l quantities to be chosen, This exactly 

matches the n#1 terminal conditions (41.8) and (41.9). our 

overall problem, then, is to determine n+p quantities (n 

initial values of multiplier functions and Pp terminal 

numbers , v5). that satisfy ntp conditions {p-L conditions 

(41.5) at that time when some arbitrarily chosen one of 

them is satisfied, and n+l terminal conditions (41.8) and 

(41.9)), Since the number of unknowns equals the number 

of conditions, the problem is well-posed, 

42. DISCUSSION 

The reader who has no prior familiarity with the 

optimization of trajectories may find the immediately 

preceding results and examples mystifying due to the 

introduction and manipulation of Lagrange multiplier func- 

tions. We shall not elaborate further here, but ask his
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temporary indulgence, Several chapters will be devoted to 

the elucidation of the above results. 

The important thing for the reader to note here is 

that the above results are stated in terms of Lagrange 

multiplier functions artificially introduced to include 

the constraining differential equations. In dynamic pro- 

gramming no such device is required, 

43. COMPUTATIONAL SOLUTION 

Since we have devoted this chapter to classical re- 

sults, we might mention "classical" techniques for the 

numerical solution of variational problems, and the two- 

point boundary value problem that results from variational 

analysis, We use quotation marks because the whole area 

is relatively new and in flux, and the established tech- 

niques are all recent. 

There are two fundamentally different types of ap- 

proaches, though both are iterative. One proceeds by numer- 

ically treating differential equations with associated boundary 

conditions that approximate the true equations and boundary 

conditions for the variational problem. At each iteration, 

the solution of the approximating problem is produced. The 

second method attempts to converge on the solution through a
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sequence of curves, each of which solves no particular 

problem but yields a smaller value of the functional to 

be minimized than did its predecessor. 

The method described in §41, where unknown initial 

values are guessed and the guesses are modified in the hope 

of fulfilling required terminal conditions, is an example 

of the first type of approach. Each computed curve yields 

@ stationary value of the criterion among the set of curves 

yielding the particular terminal states of the computed 

curve.” Another method, still of type one, is an extension 

of Newton's method and linearizes the dynamical and varia- 

tional differential equations and terminal conditions about 

a nominal set of values. The linear differential equation 

problem is solved exactly. The true dynamical and varia- 

tional differential equations are successively relinearized 

about the previous solution, and when convergence occurs 

it is very rapid.* This method is called quasi-lineariza- 

tion by Bellman and Kalaba, * who have sought to popularize it. 

  

"I. Ve Breakwell, "The Optimization of Trajectories," 
J. STAM, Vol. 7, No. 2, June 1959, pp. 215-247, 

Ty, R, Hestenes, Numerical Methods of Obtaining Solu- 
tions of Fixed End Point Problems in the Calculus of Varia- 
tions, The RAND Corporation, RM-102, August 14, 1949, 

RR, E. Bellman and R, Kalaba, "Dynamic Programming, In- 
variant Imbedding and Quasi-Linearization: Comparisons and 
Interconnections," Computing Methods in Optimization Prob- 
lems, A, V. Balakrishnan and L., W, Neustadt (eds.), Academic 
Press, New York, 1964, pp. 135-145,
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Approaches of the second type, which attempt to 

successively decrease the criterion value until a curve 

yielding a relative minimum is found, are called gradient 

methods,” or methods of steepest ascent.* These methods 

avoid certain problems involving instability that are 

inherent in the first type of approach, and are in rather 

general use at present. Gradient methods can be general- 

ized, at great additional computational labor, to include 

second-order effects. * Convergence, when it occurs, is 

more rapid for second-order methods, The steepest ascent 

method of Bryson is developed, using dynamic programming 

* 
concepts, in Appendix III of Bellman-Dreyfus. 

44, SUMMARY 

We began this chapter with a discussion of the 

Simplest Problem of the calculus of variations. This 

*. 
H. J. Kelley, 'Method of Gradients," Chap. 6 in 

Optimization Techniques, G. Leitmann (ed.), Academic 
Press, New York, 1962. 

tA, E. Bryson and W. Denham, "A Steepest Ascent 
Method for Solving Optimum Programming Problems,"' J. Appl. 
Mech., Vol. 29, No. 2, June 1962, pp. 247-257. 

*H. J. Kelley, R. E. Kopp, and H. G. Moyer, "A 

Trajectory Optimization Technique Based Upon the Theory 

of the Second Variation," AIAA Astrodynamics Conference, 
New Haven, Connecticut, August 19-21, 1963, AIAA Reprint 
No. 63-415. 

we 
~" R, E, Bellman and S, E, Dreyfus, Applied Dynamic 

Programming, Princeton University Press, Princeton, New Jersey, 

1962; also, The RAND Corporation, R-352-PR, May 1962.
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problem involved the choice of a scalar or vector function 

that minimized a definite integral functional. Admissible 

solution functions satisfied certain continuity and end- 

point restrictions, but no other constraining side rela- 

tions, Four conditions that must be satisfied by the 

minimizing curve were presented and illustrated. These 

four necessary conditions are called the Euler-Lagrange 

condition, the Legrendre condition, the Weierstrass con- 

dition, and the Jacobi condition. They all followed from 

the requirement that variations of a minimizing curve must 

not yield a value of the criterion functional that is 

smaller than the value associated with the minimizing curve. 

The first, second, and fourth condition are necessary for 

weak relative minimality as well as, naturally, strong 

relative minimality and absolute minimality. The third 

condition, that of Weierstrass, is necessary for strong 

relative minimality and hence for absolute minimality, but 

is not necessary for weak relative minimality. Further 

conditions that must be satisfied at corners (points at 

which the solution has a discontinuous derivative) were pre- 

sented, as well as transversality conditions related to the 

specification of the admissible endpoints of the problem. 

We indicated that the primary difficulty in the classical
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derivations was the conversion of intuitive statements, 

concerning definite integrals involving the minimizing 

curve and a perturbation of that curve, into statements 

concerning properties that hold at each point of a 

minimizing curve, These properties involve neither a 

definite integral nor the perturbed curve, The first 

portion of the chapter was concluded with a relative 

summary in §33, 

After a very brief mention of sufficiency theory and 

of the Hamilton-Jacobi theory, we turned our attention to 

various generalizations of the problem statement, with 

emphasis on the terminal control problem. This problem 

finds many practical applications in the areas of automa- 

tion and control. As in the case of the Simplest Problem, 

there are four fundamental necessary conditions. The 

principal novelty of this problem is the appearance of 

auxiliary Lagrange multiplier functions in the charac- 

terization of the solution. 

All the important classical necessary conditions that 

we have developed are satisfied by any curve yielding a 

strong relative minimum of the criterion functional, The 

portion of the classical theory that concerns itself with 

Properties satisfied at each point of the minimizing curve
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cannot distinguish a curve yielding the absolute minimum 

from those yielding relative minima, of which there might 

be many, just as no local condition can separate an 

argument yielding the absolute minimum of a function from 

those arguments yielding relative minima, Very little 

is said in the classical variational theory about properties 

that are uniquely those of the absolutely minimizing curve. 

In the subsequent chapters we shall reconsider the 

above variational problems from the dynamic programming 

point of view and reproduce various results of the classical 

theory. We shall emphasize the geometrical and physical 

interpretations that are afforded by the dynamic program- 

ming approach, 

REFERENCES TO STANDARD TEXTS 

Three standard texts on the calculus of variations, 

each containing details of the derivations of results that 

we have cited, are the following: 

N. I. Akhiezer, The Calculus of Variations, Aline 

H. Frink (trans.), Blaisdell Publishing Company 
(Random House), New York, 1962; 

G. A. Bliss, Lectures on the Calculus of Variations, 

University of Chicago Press, Chicago, 1959;



~129- 

I. M. Gelfand and S. V. Fomin, Calculus of Variations, 
Richard A, Silverman (trans. and ed.), Prentice-Hall, 
Inc., Englewood Cliffs, New Jersey, 1963. 

The Akhiezer book, which we denote by [Aj, and the Gelfand- 

Fomin work, which we denote by [GJ], are translations of 

very readable recent Russian works, The book by Bliss, 

which we denote by [B], represents the culmination of many 

years of enthusiastic variational research by professors 

and students at the University of Chicago and is a classic 

in the field. 

The pages in each of these books concerned with ma- 

terial relevant to various sections of the preceding chapter 

are shown below. 

§20, The Euler-Lagrange Equation 

(A] 3-14. 
{B] 10-12. 
(G] 8-15. 

§22, The Legendre Condition 

[A] 68-69. 
[B}] 20-23. 
{e] 101-105. 

$24. The Jacobi Necessary Condition 

[A] 69-81. 
{B] 24-36. 
{G] 105-115.
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The Weierstrass Necessary Condition 

[A] 64-67, 
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Chapter III 

THE SIMPLEST PROBLEM 

1. INTRODUCTION 

The problem of finding a curve y = y(x) that minimizes 

a functional J{y] given by 

aan 

Styl =f F@y.y ax, wD 
* 

where the integrand is a specified function of y(x), the 

derivative y'(x), and the independent variable x, is called 

the Simplest Problem in the calculus of variations. This 

problem will occupy us initially. 

Both y(x) and its derivative y'(x) may be vector func- 

tions; that is, one may seek a set of scalar functions 

9, @),.-..9, (x) minimizing a scalar integral 

* 
J FG. yyy Woe artax . (1.2) 
*o 

If y(x) is a vector function and if it is stipulated that 

further relations of the form 

GX, Yyo- es ¥y> Yyreees¥y) = 0 (1.3)
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must be satisfied for all x by admissible solution func- 

tions, one has a more general problem called the Problem 

of Lagrange. The Lagrange problem can appear in several 

other forms that can be transformed into each other by 

suitable changes of variable. One of the forms of this 

more general problem is called the Problem of Mayer. A 

particular problem of the Mayer type, called the terminal 

control problem, will occupy us to a considerable extent in 

subsequent chapters. 

We shall study the Simplest Problem by means of the 

method of dynamic programming. We shall proceed in a formal 

fashion, assuming whatever is necessary to maintain as 

simple and intuitive a flow of presentation as possible. 

We begin by considering the problem of finding a curve 

y = y(x), with specified initial point (x } and final 0% 
point (xy .¥)> that minimizes a given definite integral 

functional J[y] given by 

*y 

Sly] = J PGs y.y ax . (1.4) 

*o 

Such a problem is said to have fixed endpoints. We con- 

ceptually divide the problem into two parts: an initial 

stage, and the remaining problem. Reasoning as in Chapter I,
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we deduce a recurrence relation and proceed formally to 

obtain a fundamental partial differential equation as the 

limiting form of this recurrence relation when the length 

of the initial stage becomes vanishingly small. 

It would appear that, with suitable assumptions, our 

derivational steps could be rigorously justified; as yet, 

this has not been done. In a paper written jointly with 

L. D. Berkovitz,” and summarized in §34 of this chapter, 

we have developed the fundamental parcial differential 

equation rigorously by a slightly different procedure, still 

in the spirit of dynamic programming, and justified some 

of the formal results of this chapter. 

2. NOTATION 

We wish to explain certain of our notation prior to 

undertaking our mathematical development, As the reader 

of Chapter I, on discrete dynamic programming, already 

realizes, in order to solve a particular problem with 

specified initial and final conditions, we imbed it in a 

general family of problems, There are two ways of accom- 

plishing this. Generally in what follows, we use what we 

* 
L. D. Berkovitz and S. E. Dreyfus, A Dynamic Program- 

ming Approach to the Nonparametric Problem in the Calculus of 
Variations, The RAND Corporation, RM-4329-PR, December 1964.
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called in Chapter I the backward recursive method. Each 

member of the family of problems has a different initial 

point, but requires the satisfaction of the same terminal 

conditions. Conclusions are then reached for an arbitrary 

initial point about properties that the optimal curve 

satisfies at that point. Since any point of the solution 

curve for a particular problem can be regarded as the 

initial point of a new problem, any property holding at 

a general initial point must hold at each point of the en- 

tire optimal curve for any particular problem. For this 

reason, if we call the initial point (x,y), we obtain re- 

sults, in terms of x, y, and the derivative y' evaluated 

at the point (x,y), which are to hold at each point of an 

optimal curve. Such results will agree in form with those 

of the classical theory that were presented in Chapter II. 

But if we are to designate our initial point as (x,y), we 

had best call by other names the dummy variable of inte- 

gration x of expression (1.4) and the solution curve 

y = y(x) that is sought. Therefore, we take the problem 

to be stated in (,n)-space, rather than (x,y)-space, with 

(x,y) now specifying the coordinates of an initial point 

in (é,7)-space. In these terms, our problem is to find the 

admissible curve 7 = n(&), &qsés6,> satisfying n(Eq) = No



-135- 

and n(€,) =m that minimizes the functional J[n] given by 

1 
JIni = F(é.n.n')46 2.0 

89 

where 7' = al
$ 

3. THE FUNDAMENTAL PARTIAL DIFFERENTIAL EQUATION 

Let the problem just stated have initial point (x,y), 

where x56), rather than initial point (Eq) - The problem 

is then to find the admissible curve n = n(é), xsésé1, with 

n(x) = y and n(é,) = m> that minimizes the functional J[7] 

given by 

fy : 

Jin] = J FE.m nde - G.D 
x 

We introduce the auxiliary function S(x,y), called the 

optimal value function, by means of the definition 

§ 

S(x,y) = min | | F(E,n nde]. (3.2) 
(Pi 

where the set P contains all admissible curves 4 = n(é) 

emanating from the initial point (x,y) and satisfying the
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terminal conditions of the problem. That is, S(x,y) is the 

minimum attainable value of the definite integral criterion 

(3.1).* 
We reason just as we did for discrete processes, Given 

x < > we first pick a small increment Sf such that xtAE s &- 

We then consider as candidates for the minimizing curve only 

those admissible curves emanating from (x,y) that-are arbi- 

trary over the small interval [x,x+A&] and which, over the 

remaining interval [xtAé, 1, are optimal for the new problem 

with its initial point identical with the terminal point of 

the curve chosen over the initial small interval. By the 

principle of optimality, the best of these candidate curves 

will be the absolutely minimizing curve for the problem. 

We begin our derivation by justifying two approxima-~ 

tions, Even if the absolutely minimizing curve for the 

original problem has a discontinuous derivative at some 

point &>> for any given x < bo one can take AE so small 

that xtAé < bo. Then, the optimal curve has a continuous 

right-hand derivative n' over [x,x+Aé] and we need only con- 

sider arbitrary curves 7 = n(é) over {x,x+Aé] that have 

continuous derivatives. If »' is continuous in the interval 

  

*For some initial points for certain problems, it may be 
possible to make the value function arbitrarily small, or 
there may exist a lower bound to attainable values which can 
be approached by suitable choices of curves, but which 
cannot be attained. In our treatment, however, we shall 
restrict ourselves to problems and initial points such that 
the minimum value of the criterion exists and can be attained.
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{x,x+tA&], and if F is continuous in its arguments, we can 

replace the value of the contribution of 9 = n(&) to the 

eriterion (3.L) over the interval [x,x+Aé]--namely, 

x+AE 

J FGsmn')a8 (3.3) 

x 

--by the approximation 

F(x,y,y')OE + o(Ag) , (3.4) 

where y' denotes the derivative 9 of n = n(é) evaluated at 

the point (x,y), and o(4£) means terms in Ag which, after 

division by d&, approach zero as Ag approaches zero. This 

is the first approximation we need. Another approximation 

is the following: A function n(&) such that n(x) = y and 

n' is continuous in [x,x+4é] will have, corresponding to 

the abscissa & = x + A, the ordinate value 7 given by the 

equation 

nOxtAg) = yty'AE + (AE) , (3.5) 

where y' = 4'(x). That is, the straight line with slope y' 

is a good approximation, over a sufficiently small interval, 

to the actual continuous curve with initial slope y' (see 

Fig, III.1).
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(x4 AE, yt yBd) men 

Distonce o (Ag) 

(xo AE, ol x+ AE) 

oy) 

  

FIGURE III.1 

We can proceed using these approximations. The minimum 

value of the criterion integral (3.1) for a problem with 

initial point (x,y) is less than or equal to any attainable 

value. By definition, S(x,y) is the minimum value and, by 

the approximations above, the value given by the expression 

FOx,y,y')OE + (06) + 8 (xtAg, yty'Ag + 0(A6)) 

(3.6)
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can be attained. We obtain this value if, over the initial 

interval [x,x+Aé], we choose a continuously differentiable 

curve with slope y’ at its initial point, and then choose, 

over the remaining interval, the optimal curve emanating 

from the terminal point of the curve chosen over the initial 

interval. 

We have, then, the inequality 

SCL) # FG yy'DAg + oft) + 8 (tag, yry'ag + 0(a6)) 

(3.7) 

holding for all choices of initial y'. I£ the slope y' at 

the point (x,y) is chosen so as to minimize the sum on the 

right side of (3.7), we obtain equality in (3.7), since the 

set of candidate curves includes the optimal curve. This 

yields the equation 

S(x,y) = min [Porat + 0(ae) +S (xtae, yty' Ag + cca) | if 

(3.8) 

Different values of y' will generally minimize the right 

side of (3.8) for different initial points (x,y). 

Equation (3.8) is analogous to Eq. (1.4.1) for the dis- 

crete problem of Chapter I. The choice of direction y' in
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the current problem corresponds to the choice of a U or D 

decision, the expression (3.4) replaces the arce-numbers, 

Ag is the discrete stage x-increment which equalled 1 in 

Chapter I, and y'AE + o(A&é) is analogous to the state 

increment that equalled either +1 or -1 in Chapter I, In 

both examples, and in almost all multistage decision pro- 

cesses, the state increment is a function of the initial 

decision, while the optimal value of the functional for the 

remaining problem, after the first decision is implemented, 

depends on the state increment. 

If the second partial derivatives of S(x,y) exist and 

are bounded, we can expand the right-hand term of Eq. (3.8) 

* 
about the point (x,y) and write 

S(x,y) = min [ross a4 + o(Aé) + S(x,y) + SAE y! 

+ Syy'Aé + oa | « (G.9) 

Subtracting S(x,y) from both sides of (3.9) and letting Ag 

approach zero yields the equation 

  * 
A function subscripted by one of its arguments de- 

notes the conventional partial derivative,
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0 = min [Fosse +S +5 | . (3.10) 

y' x * : 

This is the fundamental partial differential equation that 

is satisfied by the optimal value function S(x,y). 

Note that a function y'(x,y), the value of which at each 

point (x,y) minimizes the bracketed expression on the right 

side of (3.10), is associated with a solution S(x,y) of 

Eq. (3.10). This function associates with each point (x,y) 

the value at that point of the derivative n' of the optimal 

curve 7 = n(£) connecting (x,y) with the terminal point, 

We call this function the optimal policy function. It cor- 

responds to the set of arrows associated with vertices in 

the examples of Chapter I. If the function S(x,y) is known, 

its partial derivatives are also known and the value of the 

optimal y' at any particular point is easily determined by 

minimizing a function of the one variable, y'. Also, if 

y' (x,y) is known everywhere, the value of S(x,y) at any 

particular point is determined by evaluation of the criterion 

integral (3.1) in terms of the curve determined by the 

optimal policy function. Hence, either the optimal value 

function or the optimal policy function may be considered 

the solution to the problem.
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4. A CONNECTION WITH CLASSICAL VARIATIONS 

Since the fundamental partial differential equation 

will appear repeatedly during the remainder of this volume, 

it is essential that we analyze various of its geometric 

and algebraic aspects. These considerations will aid us 

in characterizing the proper boundary conditions for the 

equation and in developing the various necessary conditions, 

implied by the fundamental equation, that will occupy us for 

the remainder of this chapter, 

We begin by establishing a possible conceptual con- 

nection with the classical viewpoint. In Chapter II, on the 

classical variational theory, two types of perturbations of 

candidate curves were considered, The special type used to 

derive the Euler-Lagrange equation perturbed the entire 

candidate curve in the direction of another, arbitrary curve. 

The variation used by Weierstrass perturbed the candidate 

curve over only a small portion of its Length, the rest of 

the curve remaining unchanged. The dynamic programming 

approach involves what can be considered a variation, but 

one of a type quite different from either of the above, Over 

a small initial interval, the candidate curve is perturbed 

arbitrarily as long as it remains admissible. The remainder 

of the curve is defined to be optimal for the remaining
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problem so that each perturbation in the initial interval 

produces a dependent deformation of the remaining curve. 

While we do not know these deformations explicitly until 

we have solved the problem in complete generality, they 

are conceptually well defined. 

5. A PARTIAL DIFFERENTIAL EQUATION OF THE CLASSICAL TYPE 
  

The fundamental partial differential equation, when 

written in the form 

0 = min [row +S. +5 | > : (5.1) 

y' * y 

is not a partial differential equation of the type en- 

countered in most texts, involving as it does a minimization 

operation. Conceptually, we can convert it to the usual 

form by realizing that, corresponding to any given point 

(x,y) and value of the partial derivative 8y> there exists 

a value of y' that minimizes the expression in brackets 

in (5.1). In theory, we can solve for the minimizing y' and 

write 

yl y' Gy 8) : (5.2)



~144- 

Substitution of this result into Eq. (5.1) eliminates the 

minimization and the explicit appearances of y' and we 

obtain, in place of Eq. (5.1), the equation 

O=F yy Gay5,) +5, + Sy Guy.) (5.3) 

We now have a first-order partial differential equation of the 

classical type where a given combination of two independent 

variables, x and y, and the partial derivatives of an un- 

known function of these variables, equals zero. We pay a 

price for conventionality, however, since Eq. (5.1) is linear 

in the explicit appearances of the partial derivatives of 8, 

while Eq. (5.3) is generally nonlinear. Examples of the 

conversion from form (5.1) to (5.3) will be found in §§12-14. 

6. TWO KINDS OF DERIVATIVES 

In the discussion above, we conceived of the (x,y)- 

space of possible initial points for a given variational 

problem and we characterized two functions whose values 

depend upon the initial point, the optimal value function 

S(x,y), and the optimal policy function y'(x,y). When we 

adopt this point of view, the variables x and y are inde- 

pendent of each other. One may speak of the effect on the 

value of the dependent variable S, or upon y’, ata
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particular point (x,y) of a small change in x with y held 

fixed, or a small change in y with x held fixed. The 

symbols Sy 8,> Vy? and ¥y denote these conventional types 

of partial derivatives. A change in x or y means that we 

are changing the initial point and considering a new varia- 

tional problem. 

At other times it is convenient to recognize that the 

value of y', at a point (x,y), that is yielded by the solu- 

tion of the fundamental equation (5.1) is the optimal value 

at the point (x,y) of a where 7 = 7(€) is the solution 

curve for the particular variational problem with initial 

point (x,y). Lf we restrict our attention to this particu- 

lar problem and its solution, the value of a renders 7 

dependent upon €. Should we wish to consider each point of 

the optimal solution curve for this particular problem as 

the initial point of a new variational problem, the ordinate 

y of the initial point with abscissa x+tAf depends on the 

initial point (x,y) of the original problem and the optimal 

' at the point (x,y). In this sense, the ordinate y of y 

the new initial point is dependent on the abscissa x when 

evaluated along a particular optimal curve through initial- 

_ condition space. Let us consider the rate of change of 

S(x,y) with respect to a change in x where y is regarded as
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dependent upon x through a given differential equation 

relationship 

2 - Fey , (6.2) 

where y' (x, y) may be the optimal policy function or any other 

function. We shall use the symbol (@ S).. for this deriva- 

tive, where the denominator of the syubol indicates the 

variable to be considered independent and the subscript 

indicates the rule through which the other arguments of S 

depend upon x. 

By the chain rule for differentiation, we have the 

ds\ - @),. = S + 89 (6.2) 

which relates the two types of derivatives that we have 

equation 

defined, 

7. DISCUSSION OF THE FUNDAMENTAL PARTIAL DIFFERENTIAL 
EQUATION 

Returning now to Eq. (5.1), we see that it is equiva- 

lent to two statements. First, if y' is optimal, it must 

be chosen so as to minimize the expression
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FORY, 9") ‘ WD 
y 

Furthermore, when y'(x,y) is the optimal policy function, 

we have the equation 

F(x,y,y") ‘& =o. (7.2) 
y! 

Let us examine these two results for meaning. 

Consider a problem with fixed initial point Gy s¥Q) and 

fixed terminal point (é).m)- Suppose that the minimizing 

curve 7 = n(&) for this problem has been determined, and 

the number SX. ¥q) is the value of the integral of F(£,7,7"). 

Let us now consider a variable point (x,y) moving along the 

minimizing curve. For any such point we have 

x & 

f FG.aW dg + [FEM Ade = SCxQ,¥Q) (7.3) 
Xo x 

The second term on the left side of Eq. (7.3) equals, 

by definition, S(x,y), where y = n(x). Consequently, we 

have the equation 

x 

S(x,y) - SQigryg) = - [ FEMA) aE (7.4) 

Xo
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which holds for all (x,y) on the minimizing curve. Since 

§(X%g2¥o) is a fixed number, differentiation of (7.4) with 

respect to the variable intermediate abscissa x, with y 

dependent upon x through the optimal y', gives 

@),, = - F(x,ysy') - (7.5) 

This is Eq. (7.2). If we return to §5 of Chapter I, we see 

that Eq. (7.4) above is equivalent to property 1 if we take 

(%92¥Q) to be the coordinates of the initial point of an 

arc, (x,y) to be the coordinates of its endpoint, and the 

integral of F taken between x, and x to be the value of the 
0 

included arc, We see then, that Eq. (7.2) is the differential 

form of property 1 of discrete and finite problems. 

The incremental contribution to the value of the func- 

tional J[n] that we are minimizing (a contribution that we 

shall call a cost) associated with the curve connecting the 

point (x,y) with a nearby point (xtAx, yty'Ax), for any y', 

is, to first order, 

F(x,y,y")Ax . (7.6)



-149- 

The incremental decrease in the optimal value of the 

eriterfon functional associated with starting at the nearby 

point (xtAx, yt+ty'Ax) rather than the point (x,y), a de- 

crease that we shall call a saving, is 

S(x,y) - Stax, y+7'dx) . (7.7) 

We deduced in Eq. (7.4) that, along the optimal path, the 

cost equals the saving. Clearly, along any path other than 

the optimal path the cost exceeds the saving; that is, 

Fx, y,¥")dx ~ S(x,y) + SCxtdx, yty'Ax) 2 0. (7.8) 

Dividing by 4x and letting Ax ~- 0, we obtain the inequality 

FQY,3) + (). z0. (7.9) se 

From inequality (7.9) and Eq. (7.5), we see that the optimal 

y' minimizes the left side of (7.9). This is relation (7.1) 

and, in the discrete problem of Chapter I, is called 

property 2, The above two properties combined yield the 

equation
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O = min [Foor +S +5 | . (7.10) 
y' xy 

This is the fundamental partial differential equation, 

deduced by a discrete application of the principle of 

optimality and a passage to a limit in §3. We have shown 

here, for those who distrust the limiting process used in 

§3, that two rather intuitive statements about the con- 

tinuous problem lead to the same fundamental equation. 

8. CHARACTERIZATION OF THE OPTIMAL POLICY FUNCTION 

We mentioned in §5 that the minimizing y' in Eq. (5.1) 

could be expressed as a function of x, y, and 8y> and that 

by eliminating the explicit appearance of y’ the nonclas- 

sical partial differential equation (5.1) could be converted 

into a nonlinear, but classical, type of equation, We wish 

to point out here an alternative route. We shall show that the 

partial derivatives of the optimal value function can be 

eliminated from Eq. (5.1) in favor of those of the optimal 

policy function y'(x,y). A partial differential equation 

that is satisfied by the optimal policy function y'(x,y) is 

then obtained. To carry out this program we must assume 

that F is continuously differentiable with respect to y’, 

that the optimal y' is finite, and that y' is not constrained
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in the statement of the problem. Then, a necessary condi- 

tion for the minimization in Eq. (5.1) is that the partial 

derivative with respect to y' of the expression in brackets 

on the right side equal zero.” This consideration allows 

us to deduce from Eq. (5.1) the two equations 

Fy Guysy') + 8) = 0 (8.1) 

Fi,y,y') +5. + sy" =O. (8.2) 

Solution of (8.1) and (8.2) for Ss, and 8, yields 

S.=-F, , (8.3) 

S.=-F+ Byy! : (8.4) 

We now assume that S(x,y) has continuous second partial 

derivatives, and we take the partial derivative of Eq. (8.3) 

with respect to x and of Eq. (8.4) with respect to y. We 

“We shall discuss problems in later chapters where 
admissible y' are restricted as part of the problem state- 

ment. If y' is optimal in a bounded region, the derivative 
need not be zero at the optimal value of y'.



~152- 

then equate the second eross-partial derivatives Say and 

By" Recognizing, as we perform those steps, that y' is 

a function of x and y, we obtain the partial differential 
._* 

equation 

re ’ 
Bayt * Fytyn¥ Fy + Fyty 

- (F + F ' ' -F ry 8.5 ¢ yy! yryt¥yy yy (8.5) 

Regrouping terms, we obtain the first-order quasi-linear 

partial differential equation 

F ‘4 OF ‘yl + (Fo, 4+F '.F)=0 yty' Vx yryt¥ Vy + ¢ xy! yyt¥ y 

(8.6) 

that is satisfied by the optimal policy function y' (x,y). 

Equation (8.6) is called quasi-linear because it can 

be written in the form 

P(xsysy' Dy + QGLyy')¥, + RGY.y') = 0, (8.7) 

  ¥. 
The symbol %y denotes the conventional partial deriva- 

tive, with respect to the variable x, of the function y'(x,y).
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which is linear in the highest-order partial derivatives 

of the solution function y'(x,y). A quasi-linear equation 

need not be linear in the solution function itself. There 

is a special theory, called the theory of characteristics, 

for such equations. We shall treat Eq. (8.6) further ‘in 

§19. 

9. PARTIAL DERIVATIVES ALONG OPTIMAL CURVES 

We have noted that if, at a given initial point (x,y), 

the valué of Sy is known, the minimization operation in 

Eq. (5.1) allows the determination of the value of y', the 

derivative a of the optimal curve emanating from that 

point, Suppose that we follow the optimal curve to a 

nearby point by moving in the indicated direction y'. That 

point may now be considered the initial point of a new 

problem. If we knew 8, at this new point, we could deduce 

y' at the new point and by continuing this process could 

generate the entire optimal curve emanating from the given 

initial point (x,y). It is matural, then, to ask what the 

value is of 

ds 
—_ 
dx, 1? 

y
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where y' is the optimal policy, at a point (x,y). We 

shall also ask this question about 5+ 

The following reasoning leads to the answers to these 

questions. By the chain rule for differentiation, we have 

the results 

ds. 
x ' 

dx y! xX + Shy? (9.1) 

il tA
 

and 

tt es ' ax y" Syy + Sy : (9.2) 

Partial differentiation of Eq. (8.2) with respect to x, 

recognizing that the optimal y' depends on x, yields the 

equation 

' ' 
Fo+F 4g 45 yr+s 2h ag, (9.3) x y' ox XK KY yox 

Similarly, partial differentiation of Eq, (8.2) with re- 

spect to y yields 

' ' 
Fo+Ppeis +8 yt¢+ sig, (9.4) 

y yldy xy yy yoy
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If the assumptions made prior to Eq. (8.1) are valid, the 

terms in Eqs. (9.3) and (9.4) involving the partial deriva- 

& tives of y' can be dropped due to Eq. (8.1), and the 

equations 

ho. Syn t Syl = - F (9.5) 

and 

s +S ‘2 oF 9.6 xy yy” y ( ) 

follow. These equations, in conjunction with Eqs. (9.1) 

and (9.2), yield 

ds. 

& \ =- FY (9.7) 
¥y 

at a point of discontinuous y’ along the optimal curve, 
this product of a zero term by an infinite term requires 
special attention. An argument by Berkovitz and Dreyfus, that 
we have sketched in §34, shows that S, and 8, are continuous 

  

across a manifold of discontinuous y' if optimal curves cross 
the manifold. Consequently, the product of interest is either 
zero or finite at such a corner, and can be neglected. In 
Chapter VI we shall study cases where optimal curves follow, 
vather than cross, a manifold of discontinuous y'. Then, 
it turns out that the product term cannot be neglected,
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and 

8) @), = Fy . (9.8) 

The differential equations (9.7) and (9.8) answer our 

questions, Along an optimal curve emanating from the point 

(x,y), the quantities 5, and 5, vary with x in accordance 

with the differential equations (9.7) and (9.8). If the 

correct numerical value of 8, is known at a particular 

initial point (x,y), the minimization operation of Eq. 

(5.1), which determines the optimal y' at that point, and 

Eq. (9.8), which allows us to reapply Eq. (5.1) as x in- 

creases, determine the complete optimal curve originating 

from the particular initial point. 

Pontryagin and his associates” have presented an 

interesting modification of the above derivation. Assume 

that S has continuous second partial derivatives and that 

F has continuous first partial derivatives with respect 

to x and y. Consider the fundamental equation 

*, 
L. S. Pontryagin, et _al., The Mathematical Theory 

of Optimal Processes, K. N, Trirogoff (trans.), L. W. 

Neustadt (ed.), John Wiley and Sons, Inc., New York, 1962.
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0 = min|F(x,y,y') +S +S y' (9.9) 

y! x ¥ 

that is satisfied by S(x,y) and y'(x,y). For some fixed 

(x,y), say (Xg¥q)> suppose that ¥g minimizes the expres- 

sion 

' ' FO %qry + S. + *y| y'. (9.10) 

XoJo Xp Fo 

Let us set y' equal to ¥ and consider the function of x 

and y 

F(x, y,y¥9) + Ss. + 55% ‘ (9.11) 

By (9.9), for any point (x,y) the minimizing y' renders the 

bracketed expression equal to zero. Consequently, the 

particular number % renders expression (9.11) greater than 

or equal to zero for all (x,y). But at the point (to. ¥q)> 

expression (9.11) equals zero by (9.9). We can conclude, 

then, that 

min [Foervg) + s,. +5 5] = 0 (9.12) 
(x,y) y
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and that a minimizing (x,y) is (%95¥q)- Since (9.11) is 

continuously differentiable in x and y, due to the assump- 

tions about S and F, we have the results, at the point 

(9 +¥Q) which may be taken to be any point, 

It ° 

‘ \ Fy OgeYor¥o) + Sy Cig:¥9) +S. Cig ¥Q)IG (9,13) 

Fy (tgs FQ 07g) + Sy Og »Iq) + Syy Oy FQ)¥G =0. (9.14) 

These equations are the same as Eqs. (9.5) and (9.6) that 

we previously obtained from Eqs. (9.3) and (9.4) by using 

Eq. (8.1). 

10, BOUNDARY CONDITIONS FOR THE FUNDAMENTAL EQUATION--1 

We have defined the optimal value function S(x,y) and 

deduced a partial differential equation that S(x,y) satis- 

fies. But until we specify boundary conditions on S(x,y), 

we face the difficulty that there can be many functions 

that satisfy the fundamental equation that do not neces- 

sarily satisfy the definition of the optimal value function, 

To review, the optimal value function is defined to 

be just what its name implies: Associated with a given 

integrand F(é,,n'), a particular initial point (x,y), and 

given terminal conditions on admissible curves 7 = n(&),
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there is a curve, n = n(€) with n(x) = y, which satisfies 

the terminal conditions and minimizes the integral of 

F(&,n,m'). We denote by S(x,y) the value of the integral 

of F(é,n,n') yielded by the minimizing curve. 

The proper boundary conditions on S(x,y) will be seen 

to depend on the terminal conditions on admissible curves 

specified in the problem statement. As we have already 

seen, the form of the fundamental equation does not depend 

upon the terminal condition of the particular problem. 

If admissible curves are those that terminate at any 

point on the vertical line € = > where gy is specified, 

then 

S(E,,.y) = 0 (10.1) 

for all y. This is because, in this case, the minimum value 

of the functional J[n] given by 

81 
Jin] = [ ECé,a.n')dé (10.2) 

fy 

equals zero, the upper and lower limits of integration being 

identical, The boundary condition (10.1) determines, in 

general, a unique solution of the fundamental equation.
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For the discrete version of this result, see property 3 of 

§9, Chapter 1. 

If the terminal condition is that & and n are related 

by an equation 

n= e€) (10.3) 

which defines a terminal curve in (é,n)-space, then 

S(x,y) = 0 (10.4) 

for all x and y such that 

y =e). (10.5) 

As above, this is because, when x and y are related by 

(10.5), the initial points are also terminal points. Here, 

again, the boundary condition (10.4) determines, in general, 

a unique solution of the fundamental equation. 

11. BOUNDARY CONDITIONS--II 

The case where admissible curves must terminate at a 

specified final point (é4 7) differs considerably from the 

cases we have examined. A condition uniquely determining
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the particular solution of the fundamental equation (5.1) 

that satisfies the definition of the optimal value function 

can be stated quite simply in a form that is not the usual 

oné associated with boundary conditions for partial dif- 

ferential equations. The nonclassical condition is as 

follows: Recalling that a solution S(x,y) implies a policy 

function y'(x,y), it is necessary that the particular 

solution function S(x,y) we seek have an associated policy 

function y'(x,y) that produces curves, from all initial 

points (x,y) lying in the region of definition of S, that 

pass through the specified terminal point. This condition 

determines the desired particular solution of the funda- 

mental equation (5.1) to within an additive constant. The 

condition that S(é,.7) equal zero determines the constant. 

But this is only an indirect characterization of the 

particular solution of (5.1) that satisfies the definition 

of the optimal value function. 

In order to produce a more conventional boundary con- 

dition directly on the solution of Eq. (5.1) so that only 

the optimal value function satisfies the equation, we reason 

differently. Since n(é)) is specified to be n> initial 

points with x equal to gy and with y equal to any value of 

n other than n, are inadmissible. And, since the optimal
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value function is defined along the line x = gy only at 

the point y = Ty» at which point it equals zero, the optimal 

value function S(x,y) has no well-defined partial deriva- 

tive with respect to y at the point (é).7,))- 

If one considers the optimal curve n= ne) connecting 

any particular admissible initial point with the terminal 

point Céy 7), and if any point (x,y) on that curve is 

examined, one discovers that 8, is defined at each such 

(x,y) point with the exception of the terminal point. It 

is seen that 8° evaluated at a sequence of points that 

approach the terminal point along the curve n= né), 

remains bounded and approaches a limit. We shall show what 

this limiting value of Sy associated with a particular 

optimal curve terminating at (é) 571) must be if S(x,y) is 

to be the optimal value function for a problem with a specified 

terminal point, The limiting value of 8, will be different 

for each different optimal curve coming into the fixed 

point from differing initial points. 

A necessary condition (under the assumptions of §8) 

in order that y' minimize the bracketed expression on the 

right side of Eq. (5.1) is that the partial derivative with 

respect to y' of the bracketed expression equal zero. Per- 

forming this differentiation yields Eq. (8.1), namely
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F,+S =0. . (11.1) 

This relation must be satisfied at each initial point (x,y), 

with the exception of the point (é,.7)- Further, for 

initial point (Xgs¥Q)> %<6y> very near the terminal point 

(E,.m)> the optimal curve to the endpoint must closely 

approximate the straight line with slope 

_ "Yo 
  = = (11.2) 

17% 

which connects the initial and terminal points. Hence, 

although 8, is undefined at Cem), we have seen that it 

is defined at (x92 ¥Q) near (€,.)) and also that Fy can be 

evaluated at (Xp ¥Q) with 9 given approximately by (11.2). 

If a function S(x,y) satisfying (5.1) is to be the particu- 

lar solution that satisfies the definition of the optimal 

value function, the sum 

Foo¢*¢sS), . y! y (11.3) 

with each terr evaluated as described above, must approach 

zero as (x9 +¥q) approaches (€,5m))- This test will be 

illustrated by example in 413. 
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The verification of this sort of boundary condition 

is cumbersome in a two-dimensional space and, if the problem 

is stated in an n-dimensional space with a p-dimensional 

terminal manifold, apparently hopeless. In this case, we 

must fall back on the nonclassical conditions that S must 

satisfy the fundamental equation, must be identically zero 

on the terminal manifold, and all optimal curves emanating 

from points (x,y) in the region of definition of S and 

determined by the optimal policy function associated with 

S must intersect the terminal manifold. 

12. AN ILLUSTRATIVE EXAMPLE--VARIABLE ENDPOINT 
  

We return to the minimum arc-length problem that we 

met in Chapter II in order to illustrate the results 

developed above, Suppose, first, that we seek the curve 

n = n(&) of minimum Length joining a point (x,y), xsl, and 

the line € = 1, The functional J[m] to be minimized by the 

choice of 4(&} is given by 

1 

Jf] = J Ltn 

x 

ae, (22.1) 

We have the constraint at the initial point that
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n(x) = y 
(12.2) 

while, at the terminal line €= 1, n(Q1) is free. 

The fundamental partial differential equation (5.1) 

in the (x,y) initial-condition space is 

Oe min} Vit yi +s +s yy], (12.3) 7 x7 °y 

with boundary condition 

S(l,y) = 0 (12.4) 

Riven by Eq. (10.1). The value of y' that absolutely 

minimizes the bracketed expression on the right side of 

  

2. ans ceing caiculln et:     
fs Cerne of gov, anes ~ We obtain t Rete ny 

Cire ep al €- ger- the ferivative wirt Pease tft y cf t*e  
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bracketed expression on the right side of Eq. (12.3), the 

equation 

1 +5 =0. (12.6) 

Solving Eq. (12.6) for y', we obtain 

yi=--—. (12.7) 

Substitution of this result in (12.3) and simplification 

produces the nonlinear (but conventional) partial dif- 

ferential equation 

(12.8) 

  

This is the conversion process we discussed in abstract in 

§5. Since this is not a text on the solution of partial 

differential equations, we shall not solve (12,8) directly, 

but the reader can easily verify that the function S(x,y), 

given by 

S(x,y) =l-x, (12.9)
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satisfies (12.8) with boundary condition (12.4). The 

solution is unique. To obtain the optimal policy function 

y' (x,y), we substitute Sy determined from Eq. (12.9) in 

Eq. (12.7) and obtain 

yids,y) = 0. (12.10) 

A moment of reflection should convince the reader that 

the optimal curve 7 = n(é) connecting the point (x,y), 

x<Ll, with the line € = 1 is indeed a straight line with 

zero slope as implied by (12.10), and that the value of the 

functional (12,1) is indeed l-x, as stated by Eq. (12.9). 

13. A FURTHER EXAMPLE--FIXED TERMINAL POINT 

If the solution curve sought is required to pass 

through the final point (1,6), rather than merely reach the 

line € = 1, we would have a different situation, The 

optimal value function still must satisfy Eq. (12.8), but 

the boundary condition is either the implicit one of §11, 

or it involves limiting conditions on points very near the 

terminal point. 

From the definition of S(x,y) and the fact that the 

curves of minimum length are straight lines, we anticipate
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that S{x,y) must be given by the formula for the distance 

between (x,y) and (1,0); that is, 

S(x,y) = o-1? +y . (13.1) 

The reader can verify that S{x,y) given by (13.1) is indeed 

a solution of Eq. (12.8). By the substitution of Sy ob- 

tained by the partial differentiation of Eq. (13.1), into 

formula (12.7), we find the optimal policy function y' (x,y) 

is given by 

yy) =- Pe. (13.2) 

Differential equation (13.2) has general solution 

l-x=cy (13.3) 

which is a family of curves through (1,0). Consequently, 

the implicit form of the boundary condition on S(x,y) is 

satisfied and S(x,y) is indeed the optimal value function. 

One can also verify the equivalent explicit terminal 

condition (11.3)--namely, that the value of the expression
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Fy +8 (13.4) 

approaches zero as (x ) approaches the terminal point 0% 

(é,."), if y' in Fy is replaced by 

™17Yo 

£1-% 
  . (13.5) 

Expression (13.5) is the slope of the straight line from 

(X92 ¥q) to (6,.7)- Performing the indicated calculation, 

we see from Eq. (13.1) that 

Yo 
8, Gg2¥9) = (13.6) 

qfa-x? +93 

while 

; 
1) 270 Fyr(%go¥go¥Q) 7 - (13.7) 

lt vp, 

Substitution of expression (13.5) with &y = 1 and ny = 0 

for ¥ gives



-170- 

  

1-Xpy "Yo 

2 2 
(1-xg)" + yg 

    

‘Y= Fy1 (Xqs¥q27Q) 
   

(13.8) 

We see, in this case, that expression (13.4) exactly equals 

zero for any (xg,¥9) since (13.5) gives the correct optimal 

slope everywhere rather than an approximation to it near 

the endpoint. In the more general situation where optimal 

curves are not straight lines, the sum of expressions (13.6) 

and (13.8) approaches zero only when (gq) approaches 

(é1.7,). 

To reiterate, the implicit condition that the optimal 

policy function, implied by the optimal value function, 

yields curves that satisfy the terminal conditions is an 

intuitive and correct, but rather nonclassical, type of 

boundary condition. The equivalent explicit boundary 

condition directly on S(x,y), illustrated above, is less 

intuitively satisfying but a little more in the spirit of 

classical partial differential equation theory, 

In Figs. LII.2 and III.3 we sketch a portion of the 

optimal value and optimal policy functions for the two
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FIGURE T1I.2 

versions of the minimum-distance problem discussed above, 

We do so to emphasize the fact that we are considering 

geometric quantities with geometric as well as algebraic 

properties. 

We caution the reader that the complete analytic solu- 

tion of problems, such as we have produced above, is rare 

and our concern will be much more for what can be deduced 

from the partial differential equation characterization of 

the solution than for analytic solution. However, simple 

and completely solvable problems make good illustrative 

examples since the conclusions can easily be verified by 

other means,
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     (10,09 

FIGURE ITI.3A 

  

FIGURE III.3B
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14. _A HIGHER-DIMENSIONAL EXAMPLE 

As a final example, in order to illustrate the 

generalization of these ideas to problems of higher dimen- 

sions, let us seek the path of minimum arc-length connect- 

ing a given point with a curve in 3-dimensional space. 

The functional J is given by 

8) 
J [aco cco | - fxfient ec? ae, a4 

x 

and we seek a pair of functions m(&) and 2(&) such that 

initially, when & = x, 

n(x) = y 

(14.2) 

ea) =z, 

and terminally 

E+nt0=1 

(14.3) 

E+2n-C=1.
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The latter pair of equations determines a terminal straight 

line in (€,n,€)-space. 

The fundamental partial differential equation for the 

optimal value function, S(x,y,z), is 

Q0= min Ltytetrasg +S y'+si2tt , y y x y Zz toot 
¥ 32 

(14.4) 

The necessary conditions that are implied by the minimiza- 

tion under the assumptions of §8 are 

(14.5) 

O=F,+8 . 
zZ Zz 

These equations can be used to eliminate y' and z' from 

(14.4). This step yields the partial differential equation 

=o. (14.6) 

  

We seek a solution of (14.6) that is zero along the 

line given by
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xtyt+tz2e1 

(14.7) 

x+2y-z=21 

Rather chan attempt to solve Eq. (14.6) by formal analytical 

steps, we shall merely verify an assumed solution. The 

function 

5 10 12 6 SGuy.2) = | ig - TX - Ty - ae (14.8) 

4 
52 10 2 13,2 . 12 6 4 + Tx + Tay + 772 + Tgxy + gx - 1472 > 

obtained from a formula of analytic geometry giving the 

distance between the point (x,y,z) and the line given by 

Eqs. (14.7), satisfies Eq. (14.6) and is zero at points on 

the line (14.7). The algebra involved in verifying the final 

condition (i.e., that the optimal trajectory from any initial 

point, as determined by computing y' and z' by Eqs. (14.5) 

using the values of the partial derivatives obtained from 

Eq. (14.8), intersects the curve (14.7)) appears to be pro- 

hibitive, and is left to any doubting readers.
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15, A DIFFERENT METHOD OF ANALYTIC SOLUTION 

We shall develop in this section, and illustrate in the 

next section, a technique for the analytic solution of certain 

dynamic programming problems. The scheme that we produce is 

identical with the Hamilton-Jacobi theory of classical me- 

chanics, although our derivation is quite different from 

classical ones. This and the next section may be omitted 

with no loss of continuity. 

The present method differs considerably from the usual 

dynamic programming technique of the previous sections where 

a specific function satisfying the fundamental partial dif- 

ferential equation and appropriate boundary conditions was 

sought. As we have seen, if such a function, called the 

optimal value function, is known analytically, then dif- 

ferentiation and the solution of simultaneous equations 

determines the derivative, at each point, of the optimal 

curve emanating from that point. Integration is then re- 

quired, in the usual dynamic programming method, to de- 

termine the curve itself. 

We shall show in this section that if one can find an 

analytic solution of the fundamental partial differential 

equation containing a sufficient number of arbitrary con- 

stants, one can, in theory, determine stationary curves 

themselves merely by differentiations and the solution of 

simultaneous equations.
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To demonstrate the method, let us investigate a rather 

general problem, Consider the (n+1)-dimensional space x of 

points (&,7), where ¢ is a scalar and n is a vector of 

dimension n. Let M denote an (n+1-p)-dimensional manifold 

in x specified by the simultaneous equations 
I Oo 8, (6.7) = 

: 1spsnt1 (15.1) 

tl ° By (Em) = 

Consider the set C of all those curves n=n(&), where 

n(é) is any n-dimensional continuous vector function, that 

connect any point m of M to a fixed point in x given by 

£ =, 

™m 7%, 

- (15.2) 

ny "ae 

We wish to find that member curve of the set C which min- 

imizes the definite integral
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Se 
[F Gonce, nt) a6, (15.3) 
fn 

where on denotes the &-coordinate of the point of inter- 

section of the curve with M. Both the initial point on M 

and the curve n = n(&) emanating from that point are to be 

determined. 

We begin the new method of solution by defining a 

function S(x,y,X,¥), where y and Y are vectors and x and X 

are scalars, by 

S(x,y,X,Y) = the minimum attainable value of the 

definite integral of F ne) .0" C8) 

evaluated in terms of any admissible 

curve m = 7{&) connecting the initial 

Ll} point € X, 7 = Y on M and terminal 

point €=x, 7=y. 

* 
The function S satisfies the partial differential equation 

0 = min] F(x,y,y') - S, - S_y' (15.4) 
y! x y 

a 
  

T notati S_y' denotes ) S_ yi. ‘he no on O 

i=l +
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by the principle of optimality applied at the terminal 

point (x,y). It also satisfies the partial differential 

equation 

O = min] F(X,Y,¥') + S, + SY’ (15.5) Y' x Y 

by the application of the principle of optimality at the 

initial point (X,Y). By the definition of $, we have the 

further condition on S that 

S(X,Y,X,Y) =O. (15.6) 

Suppose, as in earlier sections, that we use the first- 

order condition implied by the minimization in (15.4) and 

(15.5) to solve for y' and Y', obtaining 

Ag
 a atx,y8,) 

(5.7) 

y! e(X,¥,-Sy) 

We then replace (15,4) and (15.5) by the partial differential 

equations of conventional form
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Q
 F GysG7,8)) - 5. - Sey,s) (15.8) 

and 
° tt F (%.¥,8(%,¥,-8,)) + Sy + Sye(K,¥,-8,) . (15.9) 

Now, suppose that we have found a function 8, (x, y,@) 

satisfying (15.8), where a is a vector of arbitrary constants 

of the same dimension as y. We call such a function a suf- 

ficiently general solution of (15.8) since it will, in what 

follows, serve our purposes. (The most general solution of 

a partial differential equation like (15.8) involves arbitrary 

functions.) Then, one can easily verify that 

8, +8, (15.10) 

where 8 is a constant, also satisfies (15.8). Let us choose 

Be- $,G,¥,0) . (15,11) 

As a result, the function 

8G 9. X,¥,0) = 8) (x,y,0) - $) (X,Y,0) (15.12)
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clearly satisfies both Eq. (15.8) and the boundary condi- 

tion (15.6) for any value of the constant vector a. We 

shall choose a so that it depends upon the initial point, 

but not the terminal point, of the specific problem. Let 

the symbol Soy denote the partial derivative of the function 

S, with respect to X. Since Sox (with @ held fixed) equals 

-s and, similarly, » and also § evaluated 2x Soy 2y Qe 
at x = X and y = Y equals zero, it follows that Eq. (15.9) 

equals -S 

is satisfied, when evaluated at the point x = X and y = Y, 

by 85- 

By using the n conditions on 85 

O=F,-S (15.13) 

implied by the minimization in (15.4), and by evaluating 

these equations at x = X, y = Y, we can, in theory, solve 

for the n constants a in terms of X,¥,Y', obtaining then 

the solution function of (15.8) in the form ° 

84 (x,y.X,¥,¥') . (15.14) 

Now that the constants o have been explicitly expressed 

in terms of X,Y,Y¥', we can write the n equations
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0 = FY.GY,Y') +8 (15.15) 3Y 

implied by the minimization in (15.5). The system of 

equations (15.15) allows us, in theory, to solve for each 

component of y as a function of x,X,Y,Y', and we have the 

n equations 

Yy = ¥,(%,X,Y,Y') 

(15.16) 

Se
 I ¥, 0%) %,¥ 4") 

for a curve y = y(x) that emanates from the fixed initial 

point (X,Y) with slope Y' and yields a stationary value of 

the integral of F to any point (x,y) on the curve. This 

form of the result is usually the final goal of the Hamilton- 

Jacobi method when used in classical mechanics. However, 

we seek a stationary curve from a point to be optimally 

determined on an initial manifold to a fixed final point, 

so we must continue the analysis. 

If the initial point (X,Y) on M is optimal, the initial 

point mist satisfy the first-order local condition that, for 

fixed final point, the value of 8, must be stationary with
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respect to perturbations in the initial point chosen such 

that the perturbed point remains on M. Recalling that the 

initial manifold M is of dimension n+l-p, we now impose the 

condition that n+l-p independent directional derivatives of 

83, taken with respect to the initial point and spanning the 

manifold M, must be zero. In particular, this must be true 

when evaluated at the point x = X, y = Y. These relation- 

ships (there will be zero such relationships if the initial 

point is explicitly specified, since then p = n+l) allow us 

to solve for ntl-p of the Y' in terms of OY K,Y.Yj5--- Yh ys 

where Yi denotes the yth component of the vector Y'. The 

components of Y' viewed as independent are not necessarily 

the first p-l. 

The condition that solution curves pass through the 

specified terminal point (Ee. 7) allows the p-1 independent 

components of ¥' and any ntl-p components of Y to be ex- 

pressed in terms of $eoNeXX,Y peeeak » where Y,,...,¥ 
1 1 

are not necessarily the first p-l components of Y. Con- 

pel p-1 

sequently, we have 

¥y = ¥, CURVY, pe Spot) 

(15.17) ° 

Yn 7 VOOR NK pe Epo tte)
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Evaluated at the initial point (X,Y), these are nti-p in- 

dependent equations for X,Yya-+¥. These equations, in 

conjunction with Eqs. (15.1) of the initial manifold, allow 

us to solve for the n+l quantities XYpo-- oY) in terms of 

(Ee.n¢) and then (15.17) becomes 

¥y = ¥y 8, 5.76) 

(45.18) 

= yys,be.m2) « 

This result asserts that those general terminal points (x,y) 

satisfying (15.18) lie on the particular stationary curve 

connecting M with the point (Bese). Stationary curves in 

the (€,7)-problem-space are then given by 

my = ¥, (6,8) 

. (15.19) 

=a
 i ¥ Cb EeoMe) » 

obtained by letting x = € and y = m in (15.18),
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If all the above steps can be carried out and yield 

unique solutions, and if minimizing curves exist, Eqs. 

(15.19) represent the minimizing curve joining the initial 

manifold M and the terminal point (E51) 

The most interesting aspects of the above development 

are: 1) only a sufficiently general solution of the funda- 

mental partial differential equation need be found, rather 

than either the most general solution or the very specific 

solution of the previous sections; and 2) the method yields 

directly the equation of a stationary curve rather than an 

expression for the derivative of a stationary curve at each 

of its points. 

16. AN EXAMPLE 

Suppose that we seek the curve of minimum length in 

(€,7,€)-space connecting the one-dimensional initial mani- 

fold M given by 

(16.1) 

(i.e., the n-axis) with the point Ces Mere), where ge 20,
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The fundamental partial differential equations (15.4) 

‘and (15.5) are, in this case, 

  

O= min 1+ yt" + zi? - S&S -Sy'-S 2! 
yi,z! xy 2 

(16.2) 

and 

: 2 12 ' ' 0 = min 1+¥Y +Z + 8, + SY' + Sz . y'og! x 4 Zz 2 

(16,3) 

The minimization in (16.2) implies the two equations 

' 
o =——_Yr s, 

L+ yi? + 2? 

(16.4) 

t 
o= z -s , 

2 Z 2 
l+y'* +a! 

with a similar result implied by (16.3), Solution for y', 

z', Y', and Z' and substitution in (16.2) and (16.3) yield 

the forms (15.8) and (15.9) of the fundamental equations
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s2+s24+ 52 21 . (16.5) x y Zz 

and 

2, 2, 2. 
8, +5, +S, 5-1. (16.6) 

The function 

8, (%,y,2,0,8) = Yea)? + (y-8)? +2 (16.7) 

represents a sufficiently general solution of (16.5) since 

it contains two undetermined constants. The function Sy of 

Eq. (15.12) becomes 

890619 52K5¥,2,058) = flea)? + (yay? + 22 
(16.8) 

- yor)? + (vB)? + 2? 

which, if a and 8 are considered functions of X, Y, and Z, 

satisfies Eq. (16.5) identically and (16.6) when x = xX, 

y= Y¥, andz =Z. 

  * 
It is interesting to note that no choice of the con 

stants @ and 8 as functions of X, Y, and Z yields the optimal
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By (15.13) we obtain 

  

  

  

  

' 0 = X . Y- 8 

vi ty 420? Vora)? + (vB)? + 2? 

(16.9) 

' 0 = Zz . Zz 

Vi ey az? VK-0y? + (yp)? + 2? 

which, solving for « and 8B, yield 

ao=X- a 

(16.10) 

Bey - v2, 

Hence, 83 takes the form 

z $4(X,¥,2,X,¥,2,¥',2") = VGe-x + 3) + G-y +Y¥ +22 

7 Vistyer az? - (16.11) 

value function for this problem, which is 

S= Yoox)? + (yy)? + Gazy? 
Yet, the method works. The sufficiently general solution used in this method of solution need not contain the 
relevant optimal value function as a special case, 

[s
 

N 
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Equations. (15.15) are 

Zz ~-Y+ YS y' y zt O-= - 

V 2 2 bey +2 VG- «+2 + Greed eae 

(16.12) 

  

6 
-ye rE) E a zt G:+bk +@ Zz 

Vi+ v2 a ge? VG@-x . +24 G- verde? 

Visy 427 - Ves 2t Zz 

  

Rather than put these equations immediately in the form 

(15.16), we now use the local stationarity condition that 

was discussed after Eq. (15.16). For the initial manifold M 

of this example, we have the condition 

S3y =0 
(16.13) 

x=X 

y=¥ 
Zz=Z 

which yields the result 

Y'=o. (16.14)
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Substituting this result into Eqs. (16.12) and solving 

yields 

(16.15) 

(x-X)2' 4.2, N Wi 

Requiring that the solution curve go through the particular 

final point Ce ngs 5) determines Y and Z' in terms of the 

terminal point: 

yung 

(16.16) 
tee 

Zz = (x-X) tex +Z 

The fact that the first equation above and Eqs. (16.1) must 

be satisfied at the initial point (X,¥,zZ) produces the 

equations 

O=xX (16.17)
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We now solve the system (16.17) for the three quantities 

X, Y, and Z in terms of &e Tes and te. (This step is 

trivial in this particular example.) Substituting this 

result into (16.16) produces the stationary curve 

y= 1% 

(16.18) 

through the terminal point (Egotg S)- We see that the 

terminal points (x,y,z) satisfying (16.18) lie on the 

stationary curve connecting the manifold (16.1) with the 

point (Ego mgs Se). In (€,,€)-space, the stationary curve 

is given by 

n= Ne 

(16.19) 

ce 
c “es: 

£ 

A separate argument based on uniqueness is necessary to 

show absolute minimality. 

The new method presented in these sections is of 

greater theoretical than practical interest. While it
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usually is easier to find a sufficiently general solution 

of a partial differential equation than the specific solu- 

tion satisfying given boundary conditions, the partial 

differential equations associated with most problems are 

too complex to be solved in either form, and numerical methods 

are required. For computational purposes, it should be noted, 

the usual dynamic programming method appears preferable since 

computers are designed to cope with specific functions rather 

than with functions containing arbitrary constants. 

17, FROM PARTIAL TO ORDINARY DIFFERENTIAL EQUATIONS 
  

The solution of the fundamental equation containing the 

absolute minimization operation has much to recommend it since 

it produces absolutely minimizing curves within the region of 

solution and, at one stroke, solves the problem for an entire 

range of possible initial conditions. However, such a stroke 

is rarely forthcoming--analytically because of the perversity 

of nonlinear partial differential equations, and numerically 

due to the prohibitive computational time and the space re- 

quired to construct a tabular solution of a partial differ- 

ential equation when there are more than three independent 

state variables.” 

*¥ 
Some techniques that are useful in the direct numerical 

treatment of the fundamental partial differential equation
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Rather than attempt the solution of nonlinear partial 

differential equations, we shall, in this volume, generally 

turn to the study of certain ordinary differential equations 

that are deduced from the fundamental partial differential 

equation (we began this program in §9). In taking this 

more narrow view, we sacrifice absolute minimality in favor 

of relative minimality, Furthermore, if numerical methods 

are required (and they almost always are), we must settle 

for the solution of a particular problem with particular 

initial conditions. 

18, THE EULER-LAGRANGE EQUATION 

We have deduced the fundamental partial differential 

equation 

0 = min [Fore +S + sy] (18.1) y! 

that is satisfied by the optimal value function. Under the 

assumptions that Fy is continuous, that no constraints are 

imposed upon admissible y' in the statement of the problen, 

  are developed by R. E, Bellman and S. E. Dreyfus in 
Applied Dynamic Programming, Princeton University Press, 
Princeton, New Jersey, 1962; also, The RAND Corporation, 
R-352-PR, May 1962.
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and that the optimal value of y' is finite, we have shown 

that Eq. (18.1) implies the two equations 

So a F(x,y,y') + s+ syy' (18.2) 

a
 0 = Fy Gsysy") +S. (18.3) 

Equation (18.3) asserts that for given numerical values of 

x, Y; Sy> and Sy» the derivative with respect to y' of the 

expression in brackets in (18.1) must be zero when y' mini- 

mizes the bracketed quantity. 

In §9, we reduced the problem from one in partial dif- 

ferential equation theory to one in the ordinary differential 

equation domain. We observed that knowledge of 8, ata 

point (x,y) allows one to determine the optimal value of y' 

at that point. Furthermore, evaluated along a particular 

optimal curve n = 7(&), the partial derivatives 5, and 8, 

satisfy the ordinary differential equations 

as" 
a) 77% (18.4) 

y 

= me) --F, (18.5)



-195- 

where S and F are viewed as functions of the one inde- 

pendent variable x along the particular optimal curve 

n = 7(&) and where y' denotes n'. We can conclude then, 

that associated with an optimal curve there exist functions 

8,0) and 8,00) satisfying differential equations (18.4) 

and (18.5) such that the derivative y' of the optimal curve 

minimizes, for each value of x, the expression 

' F+s, + Syy : (18.6) 

Furthermore, the minimum value of expression (18.6) is zero. 

The statement that the derivative of the solution curve 

minimizes an expression involving the auxiliary functions 

8) and S,@), which in turn satisfy certain differential 

equations, corresponds in form with the conclusions we shall 

draw in subsequent chapters when we study more difficult 

problems. For the Simplest Problem, however, a simpler 

form of this result can be derived. 

Assuming that 7'(£) is continuous on an interval, total 

differentiation of (18.3), regarding y and y' as dependent 

upon x through the condition that y' be optimal, yields 

ax 7 tls " . (18.7) 
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This result, combined with (18.5), accomplishes the elimina- 

tion of 8, from our results. We obtain the ordinary second- 

order differential equation 

ar» 
oa yo Fos0. (18.8) 

This equation is the Euler-Lagrange differential equation 

(see Eq. (11.20.2) in Chapter II). [Ef Fytyt #0, Eq. (18.8) 

can be written in the form 

Fy F_,cF 
yi + pe yt +7 ve, (18.9) yty? Fyrys 

If we integrate (18.5) between Xp and x, regarding y 

and y' as dependent upon x, we obtain the result 

x 

8, G0) - 8G) s+ fry dx. (18.10) 

Xo 

Elimination of sy by means of Eq. (18.3) yields the equation 

x 

Fyi = J Fidxte, (18.11) 

*o
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which is the integrated form of the Euler-Lagrange condi- 

tion, Eq. (11.20.11). 

19. A SECOND DERIVATION OF THE EULER-LAGRANGE EQUATION 

A second derivation of the Euler-Lagrange result stems 

from the quasi-linear partial differential equation 

ay! i, ay? 

be TY Fytyt ay t yy 
tat F +F ‘.-F)=0 (19.1 yty ' ry y (19.1) 

yy 

that is satisfied by the optimal policy function (see Eq. 

(8.6)). We assume that Fytyt #0, and rewrite Eq. (19.1) 

F +Foyy'-F , 
ay" roy! ie xy! yy" y Se TOT Frye . (19. 2) 

We noted in §6 that, given any function £(x,y) of two 

as 

  

variables where the second variable is dependent upon the 

first through a differential equation relationship 

2-H wy), (ag.3) 

we can write, by the chain rule,
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O53 
Let the function f(x,y) of Eq. (19.4) be the optimal policy 

oy
 

Fh
 

Md
 ' (19.4) a Me

 

function y'(x,y). The value of this function at the point 

(x,y) is the derivative of the optimal curve emanating from 

the point (x,y). Along an optimal curve, the rule relating 

y to x is 

x =y'tx,y) , (19.5) 

where y'(x,y) is the optimal policy function. Taking y'(x,y) 

in (19.4) as the optimal policy function, Eq. (19.4) becomes 

¢ ey se +e y . (19.6) 

The left side of Eq. (19.6) is the derivative, taken along 

an optimal curve, of the derivative of the optimal curve, 

Hence, it equals y", the second derivative of the minimizing 

curve. By Eq. (19,6), we see that the left side of Eq. 

(19.2) equals y", Therefore, we can rewrite (19.2) as 

Foo, t+ Foy! - F 

yt = - (19.7) 
yy
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When this second-order differential equation is written 

as 

Fo, FF 
y+ phy +=, (19.8) ryt yty' y'y 

we see, by comparison with (18.9), that we have again de- 

duced the Euler-Lagrange equation. 

Equation (19.8) follows immediately from (19.2) by 

means of the theory of characteristics. We prefer the above 

formal derivation, however, to the ad hoc invocation of a 

powerful but perhaps unfamiliar theory. While most types 

of partial differential equations relate the rate of change 

in the solution function in one direction to the rates of 

change in other directions, a quasi-linear equation relates 

the rate of change of the solution function in a particular 

direction at each point to nothing more than the coordinates 

of the point and the value of the solution at that point. 

The curves along which the solution can be extended in this 

manner are given by ordinary differential equations and are 

called characteristic curves. Since the direction, at a 

given point, in which we can deduce the rate of change of 

y', 1£ we are given the value of y’ at that point, turns & ¥ P > 

out to be given by y', we conclude that the characteristic
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curves of the partial differential equation (19.2) are 

curves satisfying the Euler-Lagrange equation for the 

variational problem with integrand F. 

In summary, we have shown how the problem of finding 

optimal curves by the solution of a partial differential 

equation leads to a problem involving the ordinary dif- 

ferential equations (18.4) and (18.5) in the auxiliary 

functions S.C) and 8, (x), and a minimization operation on 

expression (18.6). We then showed, from two points of 

view, that the auxiliary functions could be eliminated from 

the result in the case of the Simplest Problem. We obtained, 

in this way, the Euler-Lagrange differential equation. 

In a region in which the fundamental equation is valid, 

under certain other conditions stated earlier, the satis- 

faction of the Euler-Lagrange equation is a condition that 

is necessarily satisfied by the optimal curve. Suppose 

that Eq. (18.2) held but that (18.3) was not satisfied at 

the point (%92¥q) on a candidate curve with derivative ¥g 

at that point. Then, for sufficiently small &&, consider 

the curve consisting of an initial segment with derivative 

¥ over the interval (xp oXg thx], where ¥5 yielded a smaller 

value of expression (18.6) than ¥ and I¥g-yg | was suf- 

ficiently small, and a remaining segment that was optimal
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for the remaining problem with initial point (xp tax, 

Yot¥ 94x + o(Ax)). This curve could be made to lie within 

any given weak neighborhood of the candidate curve and 

yield a better value of the criterion functional. Con- 

sequently, Eqs. (18.2) and (18.3), which yield the Euler- 

Lagrange equation, are necessary conditions for a weak 

relative minimum, 

20, THE LEGENDRE NECESSARY CONDITION 

According to the fundamental partial differential 

equation (18.1), the optimal value of y' at the initial 

point (x,y) should be chosen so as to minimize the 

expression 

' F+ s+ Syy . (20.1) 

In previous sections we used the fact that, for fixed 

x, Y; 8 and Sy> and under certain assumptions, the deriva- 

tive of expression (20.1) with respect to y' must equal 

zero when evaluated in terms of a minimizing value of y'. 

The further necessary condition of ordinary differential 

calculus that the second derivative of expression (20.1) 

with respect to y' must be non-negative in order that y'
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yield a minimum value of expression (20.1) rather than a 

maximum value, is 

Forge 290. (20.2) 

This condition, which must hold at each point of an optimal 

curve since each point can be considered the initial point 

of a new problem, is the Legendre condition stated as Eq. 

(EI.22.1) of Chapter II. 

21. THE WEIERSTRASS NECESSARY CONDITION 

For expression (20.1) to take on its minimum value at 

a particular y', we have asserted that its first derivative 

with respect to y', with x, y, 55 and 5, fixed, must equal 

zero, and its second derivative must be non-negative. These 

conditions are necessary for y' to yield a relative minimum 

of expression (20.1). For the expression to take on its 

absolute minimum, as it must, we can write the following 

condition: For all ¥' other than the optimal y', the 

inequality 

Fx,y,¥') + 8, + SY! > FGuy,y') +S, + S.y! (21.1)



-203- 

must hold. Canceling the s,. terms and using the first- 

order necessary condition for a minimum (18.3) to replace 

Sy by “Fou we conclude that the inequality 

F(x,y,¥') - F(x,y,y') - @'-y OF Gyys¥") =0 (21.2) 

must be satisfied for every admissible set (x,y,Y') dif- 

ferent from (x,y,y') along an optimal curve, Defining 

E(x, y,y',¥') = F(x,y,¥') = F(x,y,y') 

- (@'-y" FL, Gays 7') >» (21,3) 

we can write the condition (21.2), which is necessary for 

absolute minimality of expression (20.1) at each point, as 

E(x,y,y',¥') = 0. (21.4) 

This is the Weierstrass necessary condition--see Eq. (I1.28.3) 

of Chapter II. 

If Eq. (18.2) holds and if the Weierstrass condition 

is violated at a point (x,y) where the derivative of a 

candidate curve equals y', a new curve that-has a quite 

different derivative, call it Y¥', at (x,y) but is optimal
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from (x+Ax, y+¥'Ax + o(Ax)) to the endpoint, will yield a 

superior value of the functional criterion. For Ax suf- 

ficiently small, this new curve will lie within any given 

strong neighborhood, but no sufficiently small weak one, 

of the candidate curve. The Weierstrass condition is 

therefore necessary for strong relative minimality. 

We have seen that Eq. (18.2) and the relative minimality 

with respect to y' of expression (20.1) at each point of a 

candidate curve imply that the curve yields a weak relative 

minimum in the sense of Chapter II. Absolute minimality 

of expression (20.1) at each point of a candidate curve 

implies strong relative minimality. Since the absolute 

minimality of expression (20.1) at a point implies relative 

minimality at that point, we see that the Weierstrass con- 

dition implies the Legendre condition. It does not imply 

the Euler-Lagrange equation, however, since Eq. (18.2) 

(as well as the stationarity condition (18.3) that is 

implied, in general, by absolute minimality of expression 

(20.1)) was used in the derivation of the Euler-Lagrange 

equation. 

Although these results were derived classically from 

various considerations, they follow from one fundamental 

principle in dynamic programming. While we have shown
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that the fundamental partial differential equation implies 

that the Euler-Lagrange, Legendre, and Weierstrass necessary 

conditions must hold along an optimal curve, we have not 

shown that these necessary conditions imply the fundamental 

equation. Indeed, they obviously do not do so, since the 

necessary conditions concern a particular curve and the 

fundamental equation holds in an entire region of the space 

of possible initial points. Consequently, these conditions 

are necessary, but not sufficient, for determining abso- 

lutely minimizing curves. 

22. THE JACOBI NECESSARY CONDITION 

We have deduced a fundamental partial differential 

equation and shown that it implies three conditions that 

curves yielding relative minima of the criterion functional 

must satisfy. To derive the fundamental equation, we as-~ 

sumed the existence and boundedness of the second partial 

derivatives of the optimal value function (see the remarks 

preceding Eqs. (3.9)). We now deduce a test for the 

boundedness of these second partial derivatives. This test 

can be related to the Jacobi condition of the classical 

theory that was discussed in Chapter II.
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We shall devote seven sections (§§22-28) to the study 

of the Jacobi condition and shall present several examples. 

We feel that our analysis, which differs radically from the 

classical approach, sheds considerable intuitive light on 

what is classically a rather shadowy subject and therefore 

merits the space we allot to it. The Jacobi condition it- 

self is probably of less practical significance than any 

of the previous three necessary conditions, and we emphasize 

that it is the novelty of our approach and interpretations, 

rather than the practical value of the conclusions, that 

motivates our detailed treatment. 

In almost all cases, the arguments leading to the 

fundamental partial differential equation will be valid 

for problems of very short duration--that is, problems with 

initial and terminal points that are close together. Hence, 

Eq. (18.1) will be valid in the neighborhood of the terminal 

point. However, some problems have the property that as 

versions of longer duration are considered, a point is 

encountered at which the structure of the solution suddenly 

changes dramatically. This is a point, in our notation, 

where a second partial derivative of S becomes unbounded. 

We shall seek such points by assuming that Eq. (18.1) is 

valid in the neighborhood of the terminal point and then
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by using Eq. (18.1) to determine if and when a second 

partial derivative of S becomes unbounded. 

The minimization in Eq. (18.1) implies, under assump- 

tions noted earlier, that the identity 

O=F,+S5 22.1 yi t Sy (22.1) 

holds for all points (x,y) at which S is defined, Partial 

differentiation of this identity with respect to y in order 

to determine § yields 
yy 

t 

O-F_,+F, 4s, (22.2) 
yy ylyloy yy 

We see that if F has bounded second partial derivatives, 

' 
s will be bounded, unless ay is unbounded and F_, , is yy ay yy 

nonzero, 

In what follows, we assume that F has bounded second 

partial derivatives and Fytyt # 0 when evaluated in terms 

of a particular curve without corners which satisfies the 

three necessary conditions derived in earlier sections. 

We derive a differential equation that can be used to de- 
ay! 

termine oO at points along that curve. At any point 

dy" wee ; . . where ae becomes infinite, we must relinquish our conclusions
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about the relative optimality of the curve, since the 

neglecting of terms involving higher derivatives of S in 

the passage from Eq. (3.9) to (3.10) may be invalid, 

The condition that Zo never becomes infinite turns 

out to be equivalent to the Jacobi condition of the clas- 

sical calculus of variations. A point where Sem) becomes. 

infinite is called a conjugate point in the classical theory 

if the terminal point (27) is specified in the original 

statement of the problem. It is called a focal point if 

the terminal point is variable. 

We shall study only the boundedness of Syy? since con- 

sideration of the other partial derivatives yields the same 

result, 

We assume that S(x,y) € 3 in some region including the 

terminal point. Consequently, in that region, Eq. (18.1) 

is valid. As we have seen before, Eq. (18.1) implies the 

two equations 

= ' O=FHt 8. + Syy (22.3) 

O=F,+S. (22.4)
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* 
Let us define an Euler curve to be an are without 

corners satisfying the Euler-Lagrange, Weierstrass, and 

Legendre conditions. We shall use Eqs. (22.3) and (22.4) 

ayt 
to determine the function So) evaluated along an Euler 

curve. 

Since (22,4) holds identically for all initial points, 

we can take the partial derivative with respect to y of 

(22.4) to obtain, as before, 

' 
it Fyry + Sy, (22.5) ° Li} FE 

yy 

ay? 
This equation gives s®) in terms of Syy To eliminate 

Syy? we take the partial derivative of the identity (22.3) 

with respect to y, obtaining 

O=F +5 +S ' 22.6 
y xy yy” ‘ ) 

1 

where the terms involving = are eliminated by use of 

Eq. (22.4). We then take the full derivative of (22.5) and 

the partial derivative of (22.6). This yields, using the 

notation of §6, 

  * 
This technical term will be used quite often in our 

discussion of the Jacobi condition.
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d ay? =(<-(F ,+F +S +58 y! 22. 
&G, vy) \ zyy ~ “yyy” (2.7) 

y 
o i" 

and 

' 
O-F +F +5 +5 yre5 . 22.8 

yy yy'8y xyy yyy yy sy c y 

Equations (22.7) and (22.8) combined yield 

; t ' 
o=(Lf(r ,+r, 22 -Fo-F 2.3 & 

dx \yy yly'ay \ yy yy! dy yy sy 
y 

(22.9) 

Substituting for 8yy by means of Eq. (22.5), we accomplish 

the elimination of S from the result 

ya - 

¥y 

  

(22.10) 

This is a Riccati-type differential equation that yields 

t 
Zw at each point of an Euler curve, along which the 

ay! 
various terms involving F are evaluated, if 3 @) is known 

at any one point,



-211- 

The expression ae is infinite, when evaluated at 

the terminal point x = ép> yun. The behavior of sty) 

can be determined by the following argument, Let us write 

nté,) asa power series expanded about the point x, where 

gy-x is small. This yields 

m(6y) = n(x) + Gr) (Ey-x) + OE ,-x) (22.11) 

Taking the partial derivative of (22.11) with respect to 

n(x), we obtain the equation 

on(és) ant 
Say 7 + SEG) (ey-x) + o(€,-x) . (22,12) 

Since n(é,) is specified, the left side of Eq. (22.12). equals 1 

zero, yielding the result 

ami) -. le on (x) tok +o(1). (22.13) 

Replacing n(x) by y and m'(x) by y', Eq. (22.13) defines the 
ay! 

limiting behavior of @) as * approaches §1- 

It follows from (22.13) that in order to determine 

ay" . : eee By (x), we seek a solution of (22.10) with the limiting
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behavior (22,13) at the terminal point. Any point x prior 
ay? 

to gy at which s@) again becomes unbounded is a conjugate 

point. At such a point Syy is unbounded, 

Another form of the above result follows from the 

transformation 

ay! ' 
Bw - 2 (22.14) 

applied to (22.10). This converts (22.10) into the linear 

differential equation in v(x} 

a dq v G,..) v"(x) + Gry) vi (x) 

¥ 

d “G Pyy:) - Sy) v(x) = 0, (22.15) 
y! 

which is the conventional form of the Jacobi differential 

equation (see Eq, (I1.24.1) of Chapter II). 

3 t 

Since > (x) was infinite at a and we sought an earlier 

point where it became unbounded, we require in Eq. (22.15) 

that v(é,) = 0 and seek an earlier point where it is zero. 

Such a point, if one exists, will be a conjugate point,
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* 
provided v(x) is not identically zero, Because (22.15) 

is linear, this proviso guarantees that vi (x) does not 

equal zero at any point at which v(x) equals zero. 

23. DISCUSSION OF THE JACOBI CONDITION 

Let us investigate further the meaning of a conjugate 

point by considering a one-parameter family of Euler curves 

n= (&) through the terminal point (€).7)). Such a family 

normally exists since the general solution of the second- 

order Euler-Lagrange differential equation involves two 

arbitrary constants, and one constant can be sacrificed to 

satisfy the terminal condition n(é,) =n). Let 

n(a,&) (23.1) 

be this family, and n'(a,&) be its derivative. At the 

particular point (x,y) (denoting ny’ at that point by y'), 

we have 

ew@ Boy = Be (23.2) 

* 
If v(x) were identically zero, the variable change 

(22.14) would be meaningless.
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or 

a ' 

22 (x) 32) (23.3) ay x) = By . - 

3a OH) 

Since the numerator in Eq. (23.3) is the derivative of the 

denominator, we see that we can identify v(x) of the trans- 

; by saps . 
formation (22.14) as 3a2 tO within a constant multiple. 

Hence, 2x satisfies Jacobi's equation (22.15) (a fact ob- 

served first by Jacobi), and equals zero at a conjugate 

point, 

We have characterized a conjugate point in terms of 

the Jacobi differential equation and have argued that the 

nonexistence of a conjugate point on an Euler curve implies 

the boundedness of the second partial derivatives of the 

optimal value function. This boundedness property renders 

our derivation of the fundamental equation valid. We can 

conclude, then, that the satisfaction of the Jacobi condi- 

tion as well as the Euler-Lagrange, Legendre, and Weierstrass 

conditions (with strict inequality in the latter two condi- 

tions) is sufficient to guarantee that an are without 

corners furnishes a strong relative minimum (among curves 

with specified endpoints) of a given definite integral
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functional. Actually, the Jacobi condition is proved by 

classical analysis to be a necessary condition. A dynamic 

programming argument that shows that the unboundedness, 

at an interior point of an Euler curve, of a second partial 

derivative of the optimal value function necessarily implies 

that the curve can be improved by choosing a new curve that 

lies within a strong neighborhood of the original one, is 

lacking at the present time, 

24, NEIGHBORING OPTIMAL SOLUTIONS 

We have seen that if a nontrivial solution v(x) of 

Jacobi's equation (22.15) that is zero at gy is known, then 

Le equals Lo, the change in the derivative of the 

Euler curve at the point (x,y) associated with a change in 

initial y value. This result yields a practical means of 

deducing, from one particular optimal curve, by the use of 

the solution of the Jacobi equation, information about 

neighboring optimal solutions. Similar results are known 

for the more general Mayer problem and will be discussed 

in §17 of Chapter Iv. 

25. AN ILLUSTRATIVE EXAMPLE 

Let us apply our results to the minimum arc-length 

problem. Suppose we seek the curve n = n(é) of minimum
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arc-length connecting the point (x,y), x<l, with the end- 

point (1,0). The first three necessary conditions lead 

us to examine the straight line between the points, The 

Riccati equation (22.10) for the arc-length integrand 

F(E,n,n") = vl + ne (25.1) 

as given by 

2 
oa [casys2y-9/2 x00 + (aty!?)73/2 [00] - 

(25.2) 

Since y' is a constant along a straight-line solution, we can 

divide Eq. (25.2) by the nonzero constant term (1ty!2y73/2 

and obtain 

2 

Tw +) =0, (25.3) 

‘This equation has general solution 

  

i zx- a + z 

Hw -——1 : (25.4) 

  

o
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3 t 

where k = sy) and, in this case, ey = 1. We have seen 

1 
in Eq. (22.13), for a fixed terminal point, that HED 

is unbounded, so the particular solution of the form (25.4) 

t 
that gives ow is 

avy = By @=sA- (25.5) 

This expression is infinite for no value of x other than 

x = 1, so no point conjugate to the endpoint (1,0) exists on 

the straight line that we are examining. This is reasonable 

since we know that for a fixed terminal point, small changes 

in the initial point always result in small changes in the 

slope of the straight line to the terminal point. 

In fact, Eq. (25.5) can be derived directly in this 

ease. For initial point (x,y) and terminal point (1,0), 

the optimal curve (straight line) has slope, at the point 

(x,y), given by 

yxy) =e. (25.6) 

Therefore, 

ow -s: (25.7) 

which confirms result (25.5).
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26. DETERMINATION OF FOCAL POINTS 

We have concerned ourselves, up to this point, with the 

equations that are used in the determination of conjugate 

points. These are initial points, given a variational prob- 

lem with fixed final point, such that a small perturbation of 

the point leads to a large change in the slope of the Euler 

curve emanating from the point. If the given variational 

problem has a variable terminal point, rather than a specified 

one, the effect of a perturbation of the initial point on the 

slope of the Euler curve emanating from the point will differ 

from the effect for a problem with a fixed terminal point, 

since perturbing the initial point will generally also affect 

the terminal point. Given a problem with a variable terminal 

point and an Euler curve that satisfies the requisite terminal 

transversality conditions,” a point on the curve at which a 

is unbounded is called a focal point. 

We now develop a general procedure for determining the 

correct terminal value of Syy for a problem with variable, 

rather than fixed, terminal point. Then, Eq. (22.5) can be 

used--once the terminal value of Syy is known--to obtain the 

ay! 
terminal value of ao) needed for the analysis, via Eq. 

(22.10), to determine a focal point. 

First, suppose that the terminal abscissa & is fixed 

  

¥, 
These conditions are discussed in detail in §29.
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but n(&,) is unspecified. Then, from Eq. (22.5) and the 

fact that S(x,y) (and therefore sy and Syy) is identically 

zero along the terminal line x = > we conclude that 

' Fo (61) 
jy =--ovl ay 6) Foy) (26.1) 

This is a finite initial condition for the backward inte- 

gration of the Riccati equation (22.10). Our form of the 

result differs from the conventional one. Classically, a 

nonzero terminal value of v(x) is used in the integration 

of (22.15). 

The determination of the proper terminal value for the 

solution function of the Riccati equation (22.10) or for the 

Jacobi equation (22.15) becomes more complicated in the 

case of a variable terminal point which is required to lie 

on a given curve n = g(é). We begin our study of this 

situation by noting that partial differentiation of Eq. 

(22,3) with respect to x, using (22.4) to eliminate x 

terms, yields 

= ' O=F + Sie + SyyY ; (26.2) 

and, doing likewise with respect to y> tyields
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O=F +S +8 ' 26.3 yo” Cxy 7 Pyy% ? (26.3) 

where (x,y,y') are evaluated along the particular Euler 

curve under investigation. Since, for a given Euler curve, 

the terminal value of x, y, and y' are known, the above 

represents two equations for the unknown terminal values 

of S|, S., and S_. Now, recall that 
xXx xy yy . 

S{x,y) =0, (26.4) 

by definition, along the terminal curve 

y=egs) . (26.5) 

By total differentiation of (26.4), where y depends upon x 

by (26.5), we obtain the equation 

tes 8, + 88 0, (26.6) 

where g' is the slope of the terminal curve (26.5) at the 

point of termination of the Euler curve. Differentiating 

(26.6) again, with y dependent upon x by (26.5), gives
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2 S.. + 28 ‘+58 ‘+S esa. 26.7 x xy® yy ye (26.7) 

By Eq. (22.4), sy may be replaced by wFye We have now ob- 

tained a third equation relating the unknown quantities Se? 

S,. » and S&S, Equation (26.7), together with Eqs. (26.2) ¥ yy ay! 
and (26.3), can be used to determine Syy and then > at the 

endpoint. 

27, EXAMPLE 

As an example we shall consider a minimum arc~ length 

problem. The integrand is 

F(é,n,n') = Vi + ne? > (27.1) 

and we take the terminal curve to be given by the equation 

(27.2) 

  

defining a semicircle with center at the origin and radius 1. 

If the Euler curve under investigation is the straight 

line 

n=cé, (27.3)
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the terminal point at which curve (27.2) and curve (27.3) 

-L aL 
intersect is (+ 2, e(lte?) 2) : 

Evaluated at this point, we have the relations 

  

x__1 gha-2e-4 (27.4) 

2,2 3/2 gv--% oe =- (re?) eo? (27.5) 
y 

yi=c (27.6) 

Fy =e (1402 3 yi te (tte (27.7) 

Fe TF) 7 Fy = 0 (27.8) 

3 -3/2 
Bytys 7 (+7) . 7.9) 

The three equations from §26 to be solved simultaneously 

are 

8S. +c¢S, =0 (27.10) KX xy 

5, + ¢S =0 (27.11) xy yy
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s 2 
s -245 4m... (27.12) KX ¢ "xy oe o 

Solution yields 

at 
s =- (lt . (27.13) yy 

From Eq. (22.5), we have the relation 

' -1 3/2 % a = (24-7) (4%) = (-*) (27.14) 

holding at the terminal point where curve (27.3) intersects 

eurve (27,2). 

Using this result in Eq. (25.4), which gives the func- 
L 
8 

; - 
tion uw in terms of the terminal point §,--here (r07) -- 

1 4 
and SECe))--here (a) --we obtain 

byt 3 = = . 

7 x- (+-’) + @-*) x 

This function becomes unbounded at x = 0, which, therefore, 

(27.15) 

is a focal point for the particular problem under examina- 

tion.
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28. DISCUSSION OF THE EXAMPLE 

Figure LII.4 shows a portion of the terminal semi- 

circle and the family of Euler curves which are straight 

lines orthogonal to it. We see that the Evler curves all 

intersect each other at the focal point € = 0. 

Let us examine the particular Euler straight line 

n= 0 (the €-axis). By drawing a small semicircle with center 

at (x9), O<xQ<1, and radius (l-x,), we see that all points 

other than (1,0) on the circumference of the small semi- 

circle lie within the large terminal semicircle of radius 

1 shown in Fig. III.4. Consequently, to reach the terminal 

semicircle at any point other than (1,0) requires a line of 

length greater than Q-x9). We see, then, that for initial 

point (0) with abscissa Xo between 0 and 1, the curve 

mn = 0 is optimal, For initial point (0,0) the small semi- 

circle so constructed coincides with the terminal semi- 

circle shown in the figure so all radial straight lines, 

including the line 7 = 0, are equal-valued and are relative 

* 
minima, For initial points on the €-axis to the left of 

*this is a special situation. Generally, it can be 
shown that a curve emanating from a point that is con- 
jugate (or focal) to the endpoint does mot yield even a 
relative minimum.



-225- 

  

FIGURE III.4 

the origin, which we have shown by Eq. (27.15) to be a 

focal point, the constructed semicircle has a radius larger 

than the terminal one, so the point (1,0) is the worst 

possible terminal point. In this case, the straight line 

to (1,0) is the longest shortest-arc-length curve reaching 

the terminal semicircular arc. This explains why curves 

with focal points on them are not optimal although they 

may satisfy the first three necessary conditions. 

Notice that if we had been studying the curve n = 0 

as candidate for optimal curve and the terminal curve were as 

shown in Fig. III.5, we would have obtained the same result 

' 
as above, since the value of = at the point (1,0) is
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Deformation of semicircie 

Segment of curve € = fiat 

FIGURE III.5 

unaffected by deforming the terminal curve at points a 

finite distance away from (1,0). Suppose that the initial 

point were (29) and at that point the vertical line is 

of the same length as the horizontal one. The absolutely 

ninimizing curve from (©), e>0, to the terminal curve 

is the vertical line; and x, were y' the slope of the 

absolutely minimizing curve, would be infinite at (x90). 

But our analysis, once we convert the fundamental partial 

differential equation to ordinary differential equations, 

is local rather than global and the Jacobi condition con- 

cerns only those Euler curves that belong to the same
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family. The relative extremal shown by the dotted line 

in Fig. IfI.5, rather than the vertical line, is the object 

of investigation when the Jacobi condition is applied, and, 

with respect to it, the point (gq .0) is not a focal point. 

One can use Fig. III.4 to see why it is that X00) 

is unbounded. Consider the straight line between (0,0) 

and (1,0). Imagine a point (0, OsxQs1, moving back- 

ward from (1,0) toward (0,0). For each value of Xo» 

perturb the n-coordinate, 0, by a fixed small amount, €, 

upward from the €-axis. Then draw the straight line from 

the origin through the point (x92) to the terminal semi- 

circle, The segment of this line between (x92€) and the 

terminal semicircle is the Euler curve from the point to 

the semicircle, The difference Ay' between the slope of 

the line so constructed and the slope, zero, of the é-axis, 

' 
divided by Ay (which equals €), approximates x), When 

ta 07 1, the slope of the new Euler curve is, to first order, 

3 hence, Ay' = € and 

m
a
 

' ' 
Sw -@ -f- 1 (28.1) 

(see Eq. (27.15)). When X= 3 the Euler curve from 

(%,€) to the terminal semicircle has slope = 2€ and 

ne
l
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ay! 2 SP@) oS 2. (28.2) 

When XQ = €, the Euler curve has slope 1 and 

bytaey al By (e) <° (28.3) 

Hence, when X= Oo, 

i g S00) = (28.4) 

Note that these results check with Eq. (27.15) for the 

solution iw of the Riccati equation (25.3). 

The reader should verify that the optimal value func- 

tion for the minimum arc-length problem with terminal 

semicircle (27.2) is given by 

S(x,y) = 1 - x + y (28.5) 

for all initial points (x,y), such that 

(28.6) 

x? + y sl.
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By partial differentiation of (28.5), we obtain the result 

2 _ x 
Syy Oy) =- ae yn . (28,7) 

x+y 

Hence, Syy equals ox? at points on the terminal semicircle 

(this checks with Eq. (27.13) which holds for the case 
ad 

x = (47) ) and is unbounded at the origin. 

29, _TRANSVERSALITY CONDITIONS 

We discussed in §§10 and 11 the global boundary con- 

ditions on the optimal value function S(x,y) that cor- 

respond to various versions of the original problem state- 

ment. We now translate these into local statements about 

properties that must hold at the terminal point of a particu- 

lar curve if it is to be optimal. We have already con- 

sidered this situation to some extent in our development 

of the Jacobi condition. 

We observed in §10 that if > the terminal value of 

the independent variable &, is fixed, but n(6,), the value 

of the dependent variable, is free, we have the result, for 

all y, 

S(é.y) = 0. (29.1)
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Hence, 

Sy(Eys¥) = 0 (29.2) 

and, by Eq. (18.3), 

Fys(8,,y.y!) = 0 (29.3) 

at the terminal point (6,5¥)- This is called the natural 

boundary condition that corresponds to unrestricted 

terminal ordinate. It relates the terminal slope to the 

point of termination of the optimal curve. 

If admissible curves terminate on the curve 

n= h(é) , (29,4) 

we have 

SGay) = 0 (29.5) 

for all x and y related by 

y = h(x) . (29.6)
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Since the ratio of the change in the value of S(x,y) to the 

change in x, if y depends on x through Eq. (29,6) for the 

terminal curve, is zero at a terminal point satisfying 

(29.6), we have the equation 

ts s+ sh =0 (29.7) 

holding at the terminal point. This becomes, upon elimina- 

tion of Ss, by Eq. (18.2), 

F+Sy'-sh'=0 29.8 y> y’ , ¢ ) 

where y' is the terminal slope of the solution curve and h’ 

is the slope of the terminal curve (29.4) at the point of 

termination of the solution curve, Using Eq. (18.3) to 

eliminate Sy> we obtain the equation 

F+ hi -y" Ey =O. (29.9) 

This is a classical transversality condition for this problem 

(see Eq. (11.31.2) of Chapter II). 

Let us now consider problems with variable initial 

point. If the initial point has specified €-coordinate, bo:
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but free n-coordinate, we know that the optimal curve mist 

originate from the point where the optimal value function 

takes on its minimum over points on the line 

x= > . 
(29.10) 

Hence, if 5, is continuous, the equation 

5, (Eq 5¥) =0 (29,11) 

is a necessary condition for the optimality of the initial 

point (Eg.¥)- This yields, by Eq. (18.3), the necessary 

condition 

Fy (Eg sy ¥) =0 (29.12) 

relating the initial point with the derivative of the 

optimal curve at that point, 

For a problem with the initial point restricted to lie 

on a curve of the form (29.4), the minimization of the 

optimal value function along the initial curve yields re- 

sult (29.9). To first order, the condition that a function 

be identically zero along a given curve (the variable terminal-
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point condition) does not differ from the condition that 

its first derivative be zero at a point on the curve (the 

variable initial-point condition). The second-order con- 

ditions differ, as we shall see in the next section. 

We consider now a more general problem where one seeks 

to minimize the definite integral of a function F that de- 

pends on the independent variable, §, on n functions n,(), 

i=l,...,n, and on their derivatives ny (4). Suppose that 

p terminal equations, p<ntl, of the form 

¥5 CEs Mo+- 374) =0 j=l,...sP (29.13) 

are specified. To deduce transversality conditions we 

reason as follows: The derivative of SQRYpoe IQ) 

evaluated at the terminal point of an optimal curve and 

taken with the Ny dependent upon € in such a way that Eqs. 

(29.13) remain satisfied, must be zero. Hence, 

n 

= ' O=S. + y sy 81 (29.14) 

i=l 

when the numbers By are such that
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ay, 5 ay, 
—i ioe a 
ot Lay, B= 0. j=1,...5P (29.15) 

i=l 

This result can be written, under suitable assumptions on 

the independence of the Eqs. (29.13), in terms of p un- 

determined constant Lagrange multipliers vi» i=l,...,p, 

as: Associated with a given optimal curve there must exist 

p constants vie i=l,...,p, such that the terminal values 

of 5, and Sy are given by 

Pp oY, 
L s+ yum te (29.16) 

i=l 

P ay 
i_ a s, + Ls, =O. jel,...,n (29.17) 

ian j 

The partial derivatives of the optimal value function can 

be eliminated from (29.16) and (29.17) by means of Eqs. 

(18.2) and (18.3) to obtain 

n 

- Ft y YE Fy 

i=l 

oY. Pp 

i= + Yeas 0 (29.18) 
1 - 

i=l
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and 

j=1,...5n (29.19) 

  

30. SECOND-ORDER TRANSVERSALITY CONDITIONS 

We turn now to second-order transversality conditions, 

As we saw in Chapter I, if a problem is so stated that the 

initial point is not uniquely specified but can be freely 

chosen from a specified set of points, such as the points 

on a given curve, and if we choose to use the backward 

characterization of optimality with boundary conditions 

specified at the terminal end, a further condition neces- 

sary for minimality is that S(x,y) take on, at the optimal 

initial point, its minimum value over the specified set of 

admissible initial points, When the set of admissible 

initial points is the line 

x= £> (30.1) 

we have seen how a necessary condition for the minimality 

of S(x,y) at the point (Eq>¥) on curve (30.1) yields condi- 

tion (29.11). The second-order necessary condition for 

minimality is that at the initial point (Sy), the inequality
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Syy(Eg+¥) 2 0 (30.2) 

must hold. This inequality can be re-expressed in terms of 

the given integrand F by using Eq. (22.5). This yields the 

necessary condition 

-F ,-F, 2 39 (30.3) yy' yly'sy ; . 

where x, y, y', and ae are to be evaluated at the initial 

point of the optimal-candidate curve. We saw in §22 that 

Xow satisfies the Riccati differential equation (22.10) 

with terminal value determined by Eqs. (22.13), (26.1), or 

as discussed after Eq. (26.7), depending upon the terminal 

conditions of the problem. 

As we saw in §29, if the initial point of the minimizing 

curve must lie on a curve given by » = h(é), we have the 

stationarity condition for the initial point that the 

derivative, with y dependent upon x by y = h(x), of the 

optimal value function must equal zero when evaluated at 

the initial point. Hence, 

Te 5. + Sybh =O. (30.4)
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This equation yielded Eq. (29.9) after elimination of S,. 

and Sy. Furthermore, the second derivative of $ with y 

dependent upon x through the relation y = h(x) must be 

non-negative when evaluated at the initial point if the 

initial point minimizes the optimal value function over 

all initial points. This observation leads to the 

inequality 

2 s + 28. h' +S h' 
xy yy 

+S hi 20 (30.5) KX y 

that holds at the initial point. Using Eqs. (22.5), (26.2), 

and (26.3) to eliminate the second partial derivatives of 

8, we obtain, in place of (30.5), the inequality 

t 2 a 2 ~ (yeh! YL yt pty 2p (y'-h') Fyty dy &y ) yy" 

- FL + y'F - Qn'r - F jh" 29 30.6 x TF, HEY y? ¢ ) 

that must hold at the initial point of the minimizing curve 

emanating from a variable initial point lying on a specified 
ay! 

initial curve. The number = is obtained by the solution 

of Eq. (22.10) with the appropriate terminal condition as 

discussed in earlier sections. If the other necessary
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conditions held and (30.6) did not, we would have chosen the 

particular initial point on m = h(é) from which emanated the 

maximum-valued curve among those curves emanating from neigh- 

boring points on 7 = h(é&) and minimizing the integral of F, 

given the initial point. 

31. EXAMPLE 

To illustrate the second-order transversality result, 

let us consider the problem of finding the curve of minimum 

arc-length connecting the two circular arcs 

A: e+ 9? =)? (31.1) 

B: e + ne =l. (31.2) 

We shall study the straight line 

n=& (31.3) 

connecting the point @°9/?,2°9/2) on A with the point 

G2, 24/2) on B, as shown in Fig. 111.6. By Eq. (27.15), 

By! = 23/2 (31.4)
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(2% 272) 

FIGURE II1.6 

for this situation. Furthermore, when x = 2 

yrel 

hl = 61 

Fy 2 24 

Fyyt 73/2 

1 =F =F =0 

-3/2 

(31.5) 

(31.6) 

G1.7) 

(31.8) 

(31.9)
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and 

nt = -29/2 | (31.10) 

Hence, condition (30.6) becomes 

= (279 (2797) 29/7). 29/2) 290. tat) 

The left side of inequality (31.11) equals exactly 

zero, This means that, to second order, optimal curves from 

nearby initial points on A yield neither a better nor a 

worse value, It is obvious from the figure that this re- 

sult is correct. 

If the initial-condition circle A were changed to the 

circle 

2 2 2 Att Céte)” + Cmte)” = (st Wie)” , (31.12) 

shown in Fig. III.7 for «€ > 0, all results above, up to 

Eq. (31.10), would remain valid, ‘The new result is that 

at xs 23/2 

2 

gst * 
h" = 
  

(31.13)
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For ¢€ > 0, this change increases the value of the negative 

second term of (31.11) and the result is that the sum on 

the left of (31.11) is negative and the necessary condition 

(30.6) is violated. It is obvious from Fig. LIL.7 that 

all initial points on A' near (-3/2,2°3?) are better 

starting points and that the curve under study is the 

minimum-length curve from the locally worst initial point 

rather than the best. 

      (ave,2y 

  e,-00% 

FIGURE III.7



-242- 

The opposite situation develops if « <Q, Then, 

(Q-3/2, 5-3/2) turns out to be, locally, the best initial 
point on A‘, 

32. THE WETERSTRASS-ERDMANN CORNER CONDITIONS 

It is shown by Berkovitz and Dreyfus, by a method 

sketched in §34 of this chapter, that under certain rather 

general conditions the optimal value function has continuous 

first partial derivatives, This result is shown also to hold 

at corner points, points of discontinuous derivatives of 

optimal curves, as long as a certain non-tangency condition 

holds. Assuming this condition, these results concerning 

the continuity of Ss, and Sy» in conjunction with Eqs. (18. 2) 

and (18.3), allow us to draw conclusions about conditions 

that are satisfied at a corner of an optimal curve, By 

Eq. (18.3), the continuity of Sy across a corner implies 

7 it Bye Gay,y') = FyiGaysy') , (32.1) 

where y'” is the left-hand derivative at the corner and ytt 

is the right-hand derivative. 

The continuity of s. implies, by Eq. (18.2) and the 

above result, the equation
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F(x,y,y") - FyiGaysy Dy" 

+ +o 4t 
= F(x,y,y' ) - Fy Gaysy! dy. (32.2) 

These are the two Weierstrass-Erdmann corner conditions 

- + + 
that must relate y' and y' at a corner point of a curve 

if the curve is to be optimal. 

33. SUMMARY 

We have now concluded the portion of this chapter in 

which the dynamic programming formalism is used to deduce, 

and interpret, various of the classical necessary conditions 

for the Simplest Problem of the calculus of variations. 

We began by deducing the fundamental partial differential 

equation by means of a discrete application of the principle 

of optimality and of a limiting procedure, Our derivation 

required the assumption that the second partial derivatives 

of the optimal value function were bounded. 

Satisfaction of the fundamental equation, under certain 

conditions on the regularity of optimal curves, is both a 

necessary and sufficient condition for optimality. It was 

shown that the fundamental equation implies that optimal 

curves satisfy the Euler-Lagrange differential equation, 

the Legendre condition, and the Weierstrass condition.
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We then developed a connection between our assumption 

of the boundedness of the second partial derivatives of 

the optimal value function and the Jacobi condition. We 

illustrated geometric aspects of our result by means of 

several examples, 

Next, problems with variable endpoints were considered 

and a connection between the classical transversality condi- 

tions and stationarity conditions concerning the optimal 

value function were established. Second-order conditions 

for the minimality of the optimal value function over the 

set of admissible initial points led to second-order trans- 

versality conditions and further relationships with the 

second-order results that accompanied the Jacobi condition. 

Finaily, the continuity of the first partial derivatives 

of the optimal value function was shown to imply the 

Weierstrass-Erdmann corner conditions. 

We see, then, that many of the necessary conditions of 

the calculus of variations can be deduced, not only from 

the classical study of optimal curves and variations of 

these curves, but also by the investigation of the optimal 

value function and its properties. While each of our 

derivations for the Simplest Problem stemmed from a 

property of the optimal value function, the final result
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was generally expressed in a form in which the optimal 

value function did not explicitly appear. 

In the next section we shall summarize the contents 

of a paper by L. D. Berkovitz and the author which treats 

the Simplest Problem rigorously and establishes many of the 

results argued formally in this book, The conceptual 

approach, while very much in the spirit of dynamic program- 

ming, differs significantly from that of this book. Then, 

in the following two sections we shall study certain 

generalized problems. Our results for these problems 

explicitly contain an appearance of the optimal value func- 

tion, The isoperimetric problem of §35 is not of the 

simple form since it involves a subsidiary condition on 

admissible curves and does not, strictly speaking, belong 

in this chapter. While problems with subsidiary conditions 

are the topic of subsequent chapters, the later problems 

are of the Mayer, or terminal control, type and do not 

involve a definite integral criterion. Consequently, we 

have chosen to append the isoperimetric problem with its 

integral criterion to this chapter.
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34, A RIGOROUS DYNAMIC PROGRAMMING APPROACH 

A paper by L, D, Berkovitz and the author” presents 

a rigorous development of many of the results of this 

chapter, and we shall summarize that paper here. We shali 

neither attempt to make mathematically explicit all as- 

sumptions nor go through tedious rigorous reasoning. Rather, 

we shall indicate the chronology and types of arguments 

employed, restricting ourselves to a two-dimensional 

simplification, in the hope of thereby making the reference 

more accessible to the interested reader. 

The paper begins by defining the set R of points (x,y)* 

such that the optimal admissible curves from the initial 

point € = x, » = y in R remain ‘in R. It is assumed that 

there exists an optimal policy function y' (x,y) that is 

continuous in an open set Q contained in R, 

Theorem 1, the proof of which we sketch below, es- 

tablishes the formula 

  

* 
Op. cit. (1964), 

‘The original paper uses the notation (t,x) rather 
than (x,y), and x in the paper is an n-dimensional vector, 
whereas we shall consider y to be a scalar in this section. 
Furthermore, in the paper our optimal value function S$ is called W and the optimal policy function y' is called Pp. 
Other obvious notational disparities also exist.
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a 

8, Gy) = J Fy (E.n(4) 9") dé 
x 

~ Fye (2,b.9' (@,)) (34,1) 

at points (x,y) in Q where the point (a,b) lies in Q and 

is on the optimal curve 7 = n(é) emanating from (x,y). In 

particular, when (a,b) = (x,y) we have 

SO y) =- FyrGauysy' Gay) ; (34.2) 

which is result (8.1) of this chapter. If Fe and y' are 

continuous functions of their arguments, then Eq, (34.2) 

shows that 5, is a continuous function of x and yong, 

Theorem 1 is proved by means of arguments that follow. 

Let » = (€) denote the optimal curve emanating from the 

point € = x, n= y. Consider the point (x,yth) and the 

curve 7 ncé) emanating from that point with the properties 

that 

1) between € = x and € = a-u, 7(&) is obtained by 

displacing n(é) a distance h in the m direction; 

2) between € = a-u and & = a, 7(é) is the straight 

line connecting the points (a-u,n(€a-u)+h) and 

(a,n(a));
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3) for — > a, n(é) coincides with n(é). 

The functions n(é) and (é) are represented in Fig. II1.8, 

Let u -2 where a is a positive constant. From the 

optimality of n(&) we have 

a-u 

S(xy) = fF (Esnle).0(@)) 68 
x 

a 

+ [Cann @) ae + stan). 34.3) 
a-u 

Since 7(é) is an admissible candidate for minimizing curve 

from (x,yth), we have 

a-u 

s(x,yth) = f FG HE).W®) a8 
x 

a 

+ [PRED ®) ae + Slam). 4.4) 
a-u 

Subtracting (34.3) from (34.4) yields 

acu . 

S(x,yth) - Say) = [ F (6,706). )) - F (en06),0" hes 
x 

a 

+ J fF @aeo.#@) -F G.n0.m ee] eb. 
a-u 

(34.5)
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FIGURE III. 8 

Dividing both sides of inequality (34.5) by h > 0 and 

letting h = 0 and a - 0, yields formula (34.1) with the 

equal sign in (34,1) replaced by a less~than-or-equal-to- 

sign, and with 8, Guy) replaced by lim sup of the difference 

quotient. 

The argument is then reversed. The optimal curve 

from (x,yth) is compared with the curve from (x,y) obtained 

by displacing the optimal curve downward a distance h over 

the interval x s € < a-u and then connecting the displaced 

curve with the fixed optimal curve as in Fig. I11.9. This 

leads to inequality (34.5) with the sense of the inequality 

reversed, and lim sup replaced by lim inf, and, hence, to 

formula (34.1).
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FIGURE III.9 

The result that 

ds 
©) 7c, (34.6) 

y 

where y' is the optimal policy, is then established, 

yielding the formula 

= ' O=-F+S +S y!. (34.7) 

This proves the continuity of 5, since 8, has been shown 

to be continuous in its arguments.
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For any choice of y', other than optimal, it is then 

shown that 

' F+s. + Sy 20, (34.8) 

and, consequently, we have the fundamental equation 

o= min [F + s,. + sy'| . (34.9) 

Next, the situation where y'(x,y) is discontinuous along 

a curve C in (x,y)-space is investigated, The family of 

optimal curves may appear, in this case, as shown in Fig. 

III.10. A point (%g+¥q) on C is considered. We denote by 

y'” the left-hand slope of the optimal curve through (xg. ¥p)> 

by yt the right-hand slope, and by %G the slope of C at 

(X9>¥q)- We assume that the partial derivatives of S may 

be discontinuous across C and write sy and 8, on the left 

of C and st and sy on the right. The formulas 

-F - oe + - ~ot 
O=F + s,. + 8,9 sF + s,. + Sy (34.10) 

= pt + tot - + ton 
O=F + Ss. + Sy sF + Ss. + Syy (34.11) 

- “yt = gt toy Ss. + Sy¥E Ss. + Sy¥¢ (34.12)
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FIGURE III.10 

are easily established. By suitably combining the above 

inequalities we obtain 

+ 7 + Syl = (s, - s,) + (sy - SDI = 0 (34.13) 

+ - + -\ oer (Ss. - 8) + (sy - Sy 20 (34,14) 

(st - sy) + (sf -s)ytteo, (34.15)
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If optimal curves cross the curve C and are not tangent 

to it, these three results imply the equations 

s. = 5, (34.16) 

and 

+ - 
Ss .=S 34.17 y 7 Sy > ¢ ) 

and Ss, and 8, have therefore been shown to be continuous 

across, such a curve C of discontinuous slope. 

Finally, the reference paper shows rigorously that 

many classical necessary conditions and other results 

follow from the above conclusions. 

35, AN ISOPERIMETRIC PROBLEM 

To illustrate quite a different application of the 

dynamic programming viewpoint, we consider what is called 

an isoperimetric problem. Such a problem has an integral 

constraint condition that admissible curves must satisfy. 

The problem is to find a curve n= n(€) that minimizes 

(E157) 

J FC6sn,m')dé (35.1) 
(Eg»%g)
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and satisfies the additional constraint relation 

(E57) 

J Samm yag =e, (35.2) 
(Eq) 

where G is a given function and 9 is a given number, 

The optimal value function is now defined to be the 

minimum value of (35.1) associated with the initial point 

(x,y) where admissible curves are subject to the constraint 

Céy>) 

J GCE.nn')dé =z, (35.3) 
(x,y) 

where z can be any number. The optimal value function 

depends, in this case, on x, y, and z, and we can write 

(é) 57) 
S{x,y,2) = min f[ F(E,n, nde , (35.4) {P} 

(x,y) 

where the set P contains all admissible curves connecting 

(x,y) with (é, 57) and satisfying condition (35.3). 

The basic recurrence relation is
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S(x,y,z) = min oe + 0(A8) 

+ Gras, yty'DE + o(Ag), ztz' Ag + ocas)| . 

Passage to the limit yields 

O=minjF+S +5 y' #5 2'] . y’ x y Zz 

where z', by differentiation of Eq. (35.3), is given by 

z'o= = G(x,y,y') . 

The analog of Eq. (18.2) is 

ro = FHS, +S y'-SG=0, 

and of (18.3) is 

Bye + 5, - S26 =o. 

(35.5) 

(35.6) 

(35.7) 

(35.8) 

(35.9) 

Differentiation with respect to x of identity (35.9), with 

y and y' considered dependent on x through the optimal 

policy function y'(x,y,z), yields
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a ' a = & ry), +S,y + Sy" - Sg - (& 6), = 0. (35.10) 

Partial differentiation of identity (35.8) with respect 

to y gives 

' ' 
FotPpwis 4g Mag y! y y" dy xy yay yy 

8 -GS_ =o, 35.11 - 6,6 ye z yz ( ) 

Partial differentiation of identity (35.8) with respect to 

z yields 

' Fae +s +s yrs 2 _ 5 g_se X= 0. (35.12) yl az xz yz yoz 22, zylaz 

Equation (35.9) eliminates three terms of Eq. (35.12), 

Eq. (35.7) can be used to replace -G by z', We see that 

' re Son + Sy2Y + S27 =0, (35.13) 

or 

a _ . 
(& 5.) , =O. (35.14)
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Consequently, when evaluated along an optimal curve, the 

equation 

S .=c, (35.15) 

where c is a constant, holds. Now, using Eq. (35.9) to 

eliminate the = terms in Eq. (35.11) and combining re- 

sults (35.11) and (35.10), we obtain the equation 

d d _ & Fy), (& 5.5), -F,- GS, . (35.16) 

Let us denote s. by -A, recognizing that by Eq. (35.15) 

A is a constant function of x when evaluated along an optimal 

curve and agreeing to treat A as being independent of changes 

in y for fixed x. Then, Eq. (35.16) can be written as 

qd 3 3 _ 
& Syren) - sys) =O. (35.17) 

In view of Eq. (35.17), those familiar with classical 

theory can see that we may identify Ss, with the Lagrange 

multiplier introduced to include a constraint such as (35.2) 

in the conventional derivation. This identification shows 

that the Lagrange multiplier introduced in the conventional
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approach has a simple physical interpretation. If, for a 

given initial point, the constraining value, z, of the isoperi- 

metric constraint (35.3) is allowed to change, the value of the 

multiplier is equal to the hegative of the resulting rate of 

change with respect to z of the optimal value of the func- 

tional being minimized subject to the constraint. This 

interpretation, however, requires one additional proviso, 

We know that the rate of change of the optimal value func- 

tion S with respect to a change in constraint level z is 

dependent upon the initial point (x,y) and, in general, 

is different for each different initial y-value for fixed 

initial value of x. Yet in writing result (35.16) in the 

form (35.17), we have to agree to regard A as independent 

of y, or Eq. (35,17) would disagree with the correct re~ 

sult (35.16). 

36. THE HAMILTON-JACOBI EQUATION 

In Chapter II, §35, we mentioned the Hamilton-Jacobi 

theory whereby the classical necessary conditions are shown 

to lead to a partial differential equation, solution of 

which embodies stationary solutions to any particular 

problem, Except for sign differences, the equations 

developed in Chapter II are the equations (18.2) and (18.3)
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that we deduced from the stronger equation (18.1), our 

fundamental equation. 

In order to obtain the partial differential equation 

exactly as stated in Chapter II, we use the forward re- 

currence relation discussed in Chapter I, §6. We define 

S(x,y) as the optimal attainable value of the integral of 

the given integrand F(x,y,y') from the specified initial 

point (692%) to the general terminal point € = x, n= y. 

We then obtain the recurrence relation 

S(x,y) = min [Porras + 0(M&) 
y’ 

+S (x-e, yoy'AE + oces)| (36.1) 

which yields, in the limit as AE - 0, 

0 = min [F -8,- sy] : (36.2) 
y 

This equation, under suitable differentiability conditions, 

implies the two equations 

8 =F- Syy" (36.3) 

Fores (36.4)
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which are those given in Chapter II. 

We might also mention that the optimal value function 

for the forward method of recursion could be made the basis 

of our entire conceptual approach. Most of the necessary 

conditions would remain unchanged. Certain results, such 

as the Jacobi condition and second-order transversality 

results, are modified. The Jacobi equation would be inte- 

grated forward rather than backward, with boundary condi- 

tions determined at the initial point rather than at the 

terminal point. For certain problems this offers a com- 

putational simplification. Since various quantities such 

by! ; . . . 
as 8, or Sy have interesting geometric or physical mean- 

ings which depend on the direction of the recurrence, the 

direction of solution should generally be dictated by the 

eharacteristics of the particular problem and the intended 

application of the results.
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Chapter IV 

THE PROBLEM OF MAYER 

1. INTRODUCTION 
  

In the previous chapter we introduced the optimal 

value function, characterized it by means of the principle 

of optimality, and used the resultant fundamental nonlinear 

partial differential equation to deduce classical necessary 

conditions for a variety of problems. We restricted our 

attention to problems with definite integral criteria. The 

value at the point (x,y) of the optimal value function S 

was defined to be the value of the given definite integral 

functional evaluated in terms of the optimal solution 

function emanating from the initial point (x,y) and satis- 

fying whatever terminal conditions were specified. The 

classical necessary conditions did not explicitly involve 

the optimal value function, so, for comparison purposes, 

we endeavored to eliminate all appearances of the function 

from our results, Only in the/ Hamilton-Jacobi’ theory did 

the function that we call the optimal value function make 

its classical debut. 

In this chapter we shall investigate a different 

formulation of the problem. Our new problem, of a type
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classically called the Problem of Mayer, has a terminal 

eriterion rather than an integral criterion. ‘That is, a 

solution curve (called a trajectory) is evaluated in terms 

of where it ultimately terminates. This evaluation does 

not depend explicitly on the route by which the trajectory 

reached its terminal point. We shall let time be the 

independent monotonic stage-variable, a role played pre- 

viously by the abscissa x. The state of the system at a 

particular time will be characterized by an n-dimensional 

vector which we call x, whereas y played the role of state 

in Chapter III. A given set of n differential equations 

determines the evolution of the states. These equations 

depend on a control or decision vector u which is generally 

of dimension less than n. Rather than choose the deriva~ 

tive vector % directly, which would be analogous to the 

choice of y' in Chapter III, we are asked to choose the 

optimal control vector u. Since the n-dimensional vector 

x is determined, given the state vector x, by a lower- 

dimensional control vector u, not all n-dimensional vectors 

& are attainable at a given point in state space, This 

property, as well as the terminal type of criterion,
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distinguishes the Problem of Mayer from the Simplest 

Problem, 

This change in emphasis to the Mayer (or terminal 

control) problem is justified by the convenience of this 

format for the study of optimal aircraft or missile tra- 

jectory problems, a prime contemporary area of applica- 

tion. The change in notation is designed to conform with 

the most frequent current usage. 

It is interesting and propitious that the dynamic 

programming results of this chapter which involve, as usual, 

the optimal value function conform quite closely in form 

(and completely in content, of course) with the classical 

results. The Lagrange multiplier functions that appear 

explicitly in the classical results are recognizable as the 

first partial derivatives of our optimal value function. 

Hence, various steps of Chapter III concerned with the 

elimination of the explicit appearance of the optimal value 

function are unnecessary in this chapter. As a result, 

the intuitive interpretation of results is aided. 

In the Berkovitz-Dreyfus paper that was discussed in 

§34 of Chapter IIL, we felt a certain obligation to justify 

rigorously various properties of the optimal value function.
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But henceforth we shall proceed formally. We shall assume 

analogous properties hold for the optimal value functions 

of this and the previous chapter. Our faith is buttressed 

by the equivalence of our results with the classical ones. 

A rigorous argument similar to that of the Berkovitz-Dreyfus 

paper will probably be constructed for the Problem of Mayer 

in the near future. 

2, STATEMENT OF THE PROBLEM 

We presented in §36 of Chapter II the form of the 

Problem of Mayer that will concern us in this chapter. 

We shall study here mainly the problem involving a scalar 

(one-dimensional) control function, which will simplify 

the notation and interpretation. The results generalize 

to the case of a vector control function in an obvious 

fashion. 

To repeat the formulation, we seek a control function 

that causes the state variables to evolve with time in such 

a manner that, when the process terminates and a criterion 

function is evaluated, no other control yields a trajectory 

with a smaller walue of the criterion at its termination. 

The actual time of termination is usually dependent upon
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the control chosen, since the termination time is deter- 

mined by the satisfaction of certain specified conditions 

involving the state variables. 

As we discussed in §2 of Chapter III, it is desirable 

in dynamic programming to state the problem in terms of 

variables designated by Greek letters, reserving certain 

Latin letters for the designation of the initial point of 

the problem under investigation. If this is done, the 

results, which hold for any initial point, involve Latin 

letters and match the resuits of the classical theory as 

we presented them in Chapter IL. 

* 
Specifically, a set of n differential equations 

& (7) = £,(6).-..,6.7,0) , isl,...,n (2.1) 

with initial conditions, specified at time TQ 

*the dynamical equations (2.1), which pervade the 
remaining chapters, are customarily written in terms of 
functions designated by £, In dynamic programming, the 
optimal value function is generally called f. It is be- 
eause of this conflict, as well as because of the connection 
with Hamilton-Jacobi theory discussed in Chapter III, §36, 
that we chose the name § for the optimal value function 
in this book.
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EQ) = & i=l,...,n (2.2) 
0 

are given, A dot above a function indicates differentiation 

with respect to T or t. For a specified choice of the 

piecewise continuous control function v(T), solution of the 

differential equations (2.1) with initial conditions (2.2) 

determines a set of functions 

&,(7) i=l,...,n (2.3) 

called a trajectory. The function v(T) is to be chosen so 

as to yield a trajectory with the property that at some 

(mot necessarily explicitly specified) future time Ta 

set of equations 

ty (Eee oG ta) Sebeeapen 2.4) 

holds. Among the control functions v(T) with this property, 

that one is sought which yields a trajectory that renders 

minimum a given criterion function 

#287) (2.5)
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when (2.5) is evaluated in terms of the terminal time and 

states of the trajectory. 

Equations (2.4) are called terminal conditions, the 

portion of (8).+-+.8,,7)-space satisfying (2.4) is called 

the terminal manifold, and the function (2.5) is the 

exiterion function. A control function v(T) that is piece- 

wise continuous and which yields a trajectory satisfying the 

terminal conditions (2.4) is called admissible. The ad- 

missible control function v(t) which minimizes (2.5) is 

called the optimal control function and the set of. funetions 

(2.3) associated with that control function is designated 

the optimal trajectory. 

3..THE OPTIMAL VALUE AND POLICY FUNCTIONS 

t) Let R designate the set of ail points (Xp see Xo 

having the property that there exists an admissible tra- 

jectory emanating from the initial point in (Ey 0000087) 

space given by 

& (7) i=l,...,n (3.1) 

  

Trajectories containing points CEyoe- 0857), other than the
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terminal point, such that (yo. om st), given by (3.1), lies 

on the boundary of R are called abnormal; we shall not con- 

sider such trajectories here, Trajectories containing only 

points interior to R are called normal. There exist no ad- 

missible trajectories from points exterior to R. That is, 

ne piecewise continuous control yields a trajectory emanat- 

ing from a point exterior to R that intersects the terminal 

manifold. 

We introduce the optimal value function § defined in 

the region R by means of the definition 

S(x +X) = the minimum value of 3 attain- 
et 

able by an admissible trajectory 

consistent with (2.1) and (2.4) 

emanating from the initial state 

f = Kpre ees B, =x, at time 7 = t, 

Associated with the initial conditions (3.1) there is 

an optimal value of the control u, which we designate by 

a(x) ,...5%,,t) : (3.2) 

The function UGy 5-5) ,t), which associates an optimal 

control with each admissible initial point, will be called 

the optimal policy function,
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4, THE FUNDAMENTAL PARTIAL DIFFERENTIAL EQUATION 

Let us consider a problem with initial conditions (3.1) 

where (x,,...,%_,t) is interior to R, and let us use the 
1 n 

particular control function 

DCT) tsTSt+ar (4.1) 

over a time interval of length Ar, where Ar is sufficiently 

small that the state at time t + Ar is interior to R.- 

If the functions a in the dynamical equations (2,1) have 

bounded partial derivatives with respect to their arguments, 

the state at time t + Ar is given by 

g_(etar) = 0) + £ CGC), iX,(E),t,0) Ar + oar) , 

i=l,...,n (4.2) 

where 

a = v(t) . (4.3) 

* ~ 
We assume that v(T) is continuous over the interval 

(t,t+Ar] with no loss of generality; see Chapter III, §3.
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The optimal trajectory from the state given by Eq. 

(4.2) to the terminal manifold (2.4) has value 

s Gy + £47 + o(AT),. 265%, + far + o(AT), tan) 

(4.4) 

by the definition of 8. 

The terminal value (4.4) is attained for the problem 

with initial condition (Ryo eee yet) if the particular 

control (4,1) is used over the interval tsTst+AT and the 

optimal control is used thereafter. Since the minimum 

attainable value cannot exceed any particular attainable 

value, we see that 

SQxyo.e. sot) < § (, + £47 + o(Ar),... 54d") 

(4.5) 

Furthermore, the optimal control yields equality in 

(4.5). Consequently, we have the equation 

S(xy 5+ ++ 5X5) = min [: (x, + £,47 + o(ar) ae. era) | > 

u 

(4.6)
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where the £. on the right side of (4.6) depend on u as 

indicated in Eq. (4.2), 

Assuming that the second partial derivatives of § are 

bounded,” we can expand the right side of Eq. (4.6) in 

Taylor series to obtain 

S(x,,--+.%),) = min S(x,,-...%),t) 

n 

+ Y 85, fi8" + Sar + o(ar) |. (4.7) 
i=l 

Subtracting S(x),-.65%),) from both sides of Eq. (4.7) and 

letting Ar - 0 yields the fundamental partial differential 

equation, holding at points in the interior of R, 

n 

0 = min ys f£+s.] . (4.8) 
a fas EB? 

Equation (4.8) also holds at boundary points of R if the 

appropriate partial derivatives are treated as one-sided 

derivatives. At points on the boundary of R, in general, 

  * 
We return to this assumption in §13 below,
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only the single value of the control u that yields a tra- 

jectory remaining on the boundary of R is admissible. (if 

a control exists at a boundary point of R that produces a 

trajectory that becomes interior to R, by a displacement 

argument it can generally be shown that the initial point 

does not lie on the boundary of R and a contradiction can 

be established.) Hence, while Eq. (4.8) holds, no important 

consequences of the minimization operation in (4.8) can be 

deduced at a boundary point of R (such as the condition that 

the derivative with respect to u of the bracketed expression 

in (4.8) equals zero}. As a result, many of the arguments 

of later sections cannot be justified at a point on the 

boundary of R. 

5. A CONNECTION WITH THE SIMPLEST PROBLEM 

Note that if there were only one state variable €, and 

if the notation of Chapter III were used so that t were 

replaced by x, x by y, and u by y', and if Eq. (2.1) took 

the particularly simple form 

E(t) = £CE,T,u) =v, 6.1) 

then Eq. (4.8) would resemble the fundamental equation for 

the Simplest Problem: namely, the equation
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0 = min [ + syy' + s, | . (5.2) 
y" 

However, in Eq. (4.8) the term F is missing because we now 

have a terminal rather than integral criterion. Also, the 

terminal boundary condition on § must be modified for the 

Mayer problem, as we shall see below. 

6. INTERPRETATION OF THE FUNDAMENTAL EQUATION 

The fundamental partial differential equation (4.8) 

has a natural geometric interpretation. Let us consider 

the optimal control function 

o(7) tsTsT (6.1) 

yielding the trajectory 

a7) i=l,...,n (6.2) 
tsTsr 

connecting the initial point 

Tet i=1l,...,n (6.3) 

EM i i 

t *
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with a point @,(7,) week (7,),T on the terminal mani- 
bei? ns ie Ly 

fold 

%5 (£169 ..1-6,09,9) =0. jel,...,psn (6.4) 

This trajectory terminates at time 7, and the criterion 
L 

function, evaluated at that time, is the number 

3 (Boye eB ety) . (6.5) 

Consequently, 

S(x,,+...%,.t) = 4 (ep. Repen)- (6.6) 

Since the trajectory (6.2) is optimal from (apo. + Xt), it 

must be optimal from any intermediate point on the tra- 

jectory to the terminal manifold; otherwise, a better tra- 

jectory from Crys. +2¥,2t) would exist. It follows that 

the optimal trajectory from any intermediate point on (6.2) 

to the terminal manifold also has value 

BoD ryo7) (6.7)
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Therefore, the function S is constant when evaluated along 

an optimal trajectory, or, equivalently, its derivative is 

zero, Hence, we can write 

ds 
(8) =O, (6.8) 

u 

where the symbol on the left in Eq. (6.8) denotes the time 

derivative of S where the states are considered dependent 

upon time through the dynamical differential equations 

xk, = EG 1 + 2%) 2b, 9) i=l,...,n (6.9) 
1? 

and the optimal control policy 

UCR ees RoE) . (6.10) 

Not only must the optimal value function assume the 

same value when evaluated at any point of a particular 

optimal trajectory, but any control W other than the optimal 

one at a given point must lead to a state with larger or 

equal minimum attainable terminal value of ¢. For this 

reason, for any control @ other than the optimal control, 

we must have
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$8) 20. (6.11) 
(®, 

This result combined with Eq. (6.8) yields 

0 = min (8) (6.12) 

u u 

which, when written out explicitly, is the fundamental 

Eq. (4,.8)--namely, 

n 

0 = min 8S. £, +5 . (6.13) 
u |) x, 1 t 

isl 

The above two intuitive properties that lead to the 

fundamental equation for the terminal control problem were 

deduced for the discrete version of the problem in §13 of 

Chapter I, and analogous properties for the Simplest Problem 

were presented in §7 of Chapter III. 

7, BOUNDARY CONDITIONS FOR THE FUNDAMENTAL EQUATION 

The value of the optimal trajectory starting, and 

simultaneously terminating, at a point (ey perey ey 7) on the 

terminal manifold (2.4) is equal to the criterion function 

BEy acne bye) (7.1)
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evaluated at that point. Thus, the optimal value function 

is identically equal to the function @ at points on the 

terminal manifold; that is, 

S(xy5+++5%,,t) = o(x, +++ s%) (7.2) 

for all sets (xy 2-46 Xt) such that 

Tat 

(7.3) 
6,074) = x, iely...yn 

satisfies Eq. (2.4). 

If only one terminal condition--for example, the 

terminal time--is specified, then p = 1 in Eq. (2.4) and 

S is defined by (7.2) on an n-dimensional manifold. In 

this case, there is, generally, a unique solution of the 

partial differential equation (6.13) satisfying the 

boundary condition (7.2). 

However, if further terminal conditions are specified 

(i.e., p > 1), the boundary condition (7.2) does not de- 

termine a unique solution of Eq. (6.13) since S is defined 

terminally on a manifold of dimension less than n. To re- 

solve this problem, we note that any solution of (6.13)
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determines an optimal control policy ue) 5. .2% st) that 

minimizes the bracketed expression on the right side of 

(6.13). That control policy determines the optimal tra- 

jectory from any initial point in R. A further condition 

on the solution of (6.13) is, then, that the optimal tra- 

jectory from any admissible initial point, as determined 

by the control policy associated with the solution of (6.13), 

must intersect the (nt+l-p)-dimensional terminal manifold. 

This implicit condition, combined with boundary condition 

(7.2), determines, in general, a unique solution of the 

fundamental equation (6.13). 

8. DISCUSSION 

Our discussion above parallels that of §§10 and 11 of 

Chapter III, The basic difference is that the optimal 

value function was identically zero along the terminal mani- 

fold for the Simplest (integral criterion) Problem, but 

equal to the criterion function @ for the Mayer (terminal 

control) problem, 

Note that for the terminal control problem, the term 

F in the fundamental equation for the Simplest Problem is 

replaced by zero, and the boundary condition that S is equal 

to zero on the terminal manifold for the Simplest Problem 

is replaced by the condition that S$ is equal to 3.
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In the Bolza formulation of the problem, one considers 

both a definite integral of F and terminal evaluation of 

the function #, the criterion being a weighted combination 

of the two. Then the fundamental partial differential 

equation contains F and the boundary condition involves 3. 

Consequently, the reasoning we shall introduce in this 

chapter, together with that of Chapter ILI, characterizes 

the solution of the Bolza problem. 

9. TWO NECESSARY CONDITIONS 

The fundamental partial differential equation (6.13) 

is equivalent to the two conditions: 

1) the optimal value of u, corresponding to a given 

state Gaye) at time t, minimizes the 

expression 

n 

Ys, £4 8,3 (9.1) 
. i 
i=l 

2) when fy is evaluated in terms of the optimal u, 

we have the equation 

n 

D 8x,fi * Se 7 Oo. (9.2) 
i=l
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If the functions fy are continuously differentiable 

in u, if the problem statement places no bounds on admis- 

sible values of u, and if u*, the optimal value of u, is 

finite, * then a condition that is necessary if u* is to 

minimize expression (9.1) is that the partial derivative 

of (9.1) with respect to u, with the state held fixed, 

equal zero when evaluated at u*. We conclude, then, that 

nag, 
i Tsa8] <0 0.9 

L 
i=l u* 

since the optimal value function § and its partial deriva- 

tives depend on the state but not explicitly upon the 

control, § being defined in terms of the optimal control. 

Equation (9.3) can, in principle, be solved for u* as 

a function of the state Gyre), the time t, and the 

partial derivatives of S. This expression for u* can be 

substituted for the appearances of u as arguments of the 

functions Ey in Eq. (9.2). Then Eq. (9.2) is a conven- 

tional type of partial differential equation, generally 

nonlinear, that is satisfied by the optimal value function S. 

  * 
We shall assume these to be the cases unless stated 

otherwise. We also assume that the trajectory is normal, 
as discussed in §§3 and 4,
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The condition that, in a region of normality R in 

which the second derivatives of S are bounded, the optimal 

value function S satisfies this new partial differential 

equation with boundary conditions as developed above, is 

necessary, but not sufficient, for minimality because Eq. 

(9.3) is necessary, but not sufficient, for minimality. 

10, THE MULTIPLIER RULE 

We have deduced that, if the correct values of the 

partial derivatives of the optimal value function are known 

at a particular point, condition (9.1) determines the optimal 

value of the control function at that point. Furthermore, 

condition (9.3) is a necessary condition for optimality. 

Once we know the optimal value of the control u cor- 

responding to the initial condition (x 2X) at time t, yore 

the dynamical differential equations 

x = £,(x),....%),0,u) i=l,...,n (10.1) 

determine the way in which the states (which we view as 

new initial conditions) change with time along an optimal 

trajectory. If we knew also how the partial derivatives 

of the optimal value function varied with time along the
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optimal trajectory, we could continue the process of 

determining u from the minimum condition (9.1) and thereby 

develop the entire optimal trajectory emanating from 

Gyo xe t)- That is, we would like to be able to compute 

‘dS 
x. 

a gel,...yn 
u 

where this symbol denotes the time derivative of the 

partial derivative of S with respect to x,, the states xy 

evolving with time according to the dynamical equations 

(10.1) evaluated in terms of the optimal control u de- 

termined by condition (9.1). 

By the chain rule for differentiation we have 

as n n 

—i|) = x = 
dt d Sox Xi + St y By Fe + Sot 

ini i 3 i int Ui i 

(10.2) 

Partial differentiation of (9.2) with respect to *; yields 

(10.3)
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Combining these two results, with the aid of (9.3) which 

* 
eliminates the a term, we obtain a system of ordinary 

i 
differential equations that is satisfied by the partial 

derivatives of S along an optimal trajectory--namely, 

‘ds n 
x. of, 
7 =. y 8. - jel... 40 (10.4) 

u i=l i j 

Note that along a particular trajectory, the functions 5, 

J 
are regarded as functions of the one independent variable, 

time. Also, arguing similarly, 

as) n ae, 

Be) YS ae (20.5) 
a i=l 

Now that we know how the partial derivatives of the 

optimal value function S, as well as the state variables, 

vary as functions of time along an optimal trajectory, the 

necessary condition (9.3) may be used to determine the con- 

trol u at each time t, 

*special care must be taken at a point where the 

optimal control is discontinuous (see the footnote to §9 
of Chapter III). Equation (10.4) to follow is valid if 

optimal trajectories cross a manifold of discontinuous 

control, but not if they are tangent to such a manifold.
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The result that, associated with a normal optimal 

trajectory, there exist functions Ss, (te) and 8, (t) satis- 

fying. (10.4) and (10.5) and, furthermore, u satisfies Eq. 

(9.3), is called the multiplier rule in the classical theory, 

The functions S(t) are written as A, in the classical 

notation and are Lagrange multiplier functions associated 

with the constraining differential equations (10.1). For 

reasons of brevity and conformity, we shall often refer 

to the functions Ss, {t) and 5, @) as multiplier functions. 
j 

Reasoning analogous to the above, for the Simplest 

Problem, is found in §9 of Chapter III. 

11, THE CLEBSCH NECESSARY CONDITION 

A control u determined by solution of Eq. (9,3) may 

not yield the absolute minimum of expression (9.1) but, 

rather, may be either a maximizing or only relatively 

minimizing control. 

Returning to expression (9.1), we invoke a second- 

order necessary condition of differential calculus for a 

relative minimum, The second derivative of a function to 

be minimized must be non-negative when evaluated in terms 

of the minimizing argument. ‘This yields the further neces- 

sary condition, eliminating most controls that yield rela- 

tive maxima of expression (9.1),
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  seo. (11.1) 

Inequality (11.1) must hold when evaluated in terms of the 

control, the states, and the multiplier functions associated 

with a particular trajectory at time t. The above condition, 

necessary for relative minimality of (9.1), is called the 

Clebsch condition for the Mayer problem and is analogous to 

the Legendre condition (Chapter II, §22) of the Simplest 

Problem. An analogous condition from multidimensional 

differential calculus holds if the control is multidimen- 

sional. 

12, THE WELERSTRASS NECESSARY CONDIFION 

For expression (9,1) to be absolutely minimized by the 

control u at a point (xy oe+- 2% ,t) of a trajectory with 

associated values of s, and S, given by the multiplier 

i 
rule (10.4), it is necessary that the inequality 

n n 

D8, f1 Cee) + Ss. s 3 8 FOL Rae YD + s, 

isl i=1 

(12.1)
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hold for every element (x. ree Es Sy see oS, 28.) of 1° 

the trajectory, where U is any admissible control such 

that U # u. Subtracting S, from both sides of inequality 

(12.1), we have the Weierstrass condition for the Problem 

of Mayer. 

The overall situation for the Mayer problem parallels 

that discussed in §21 of Chapter III on the Simplest Prob- 

lem. Relative minimality of expression (9.1) at each point 

of a particular trajectory is necessary for weak relative 

minimality of the trajectory while absolute minimality of 

(9.1) is needed for strong relative minimality of the 

trajectory. Only the satisfaction of the fundamental partial 

differential equation (6.13) at each point of the region R can 

guarantee absolute minimality of the associated trajectories. 

13. A FOURTH CONDITION 

In order to deduce the fundamental equation we assumed 

that the second partial derivatives of S were bounded. If 

one assumes that these derivatives are bounded (and con- 

sequently that the fundamental equation is valid) in some 

neighborhood N of the terminal point, the results of the 

above sections can be used to develop a matrix Riccati 

differential equation, the solution of which is the matrix,
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(Sy » of second partial derivatives of S. Points, if 

any, at which the solution is unbounded cannot lie within 

the region N. Such points are called conjugate or focal 

points for the Mayer problem and trajectories containing 

such points are not optimal. 

In the following sections we shall study the second 

partial derivatives of § and produce results that are 

analogous to the Jacobi condition for the Simplest Problem. 

Our path will be eased somewhat by the fact that we are 

no longer trying to eliminate all explicit appearances of 

S from the results, as we were in Chapter III. Just as in 

the earlier case, our analysis will also yield a scheme for 

adjusting the optimal control if the states at some point 

of an optimal trajectory are perturbed slightly. We call 

this consideration guidance. Most practical rocket tra- 

jectory problems are not really solved by the determina- 

tion of the optimal trajectory, but require also a guidance 

scheme to correct the inevitable deviations from optimal. 

14. THE SECOND PARTIAL DERIVATIVES OF THE 

OPTIMAL VALUE FUNCTION 

In §9 we deduced the two fundamental necessary conditions 

ds : 
) =0 (14.1) 

u
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and 

a fas) _ 
&@), =O. (14.2) 

Equation (14.1) states that the optimal value function is 

constant along an optimal trajectory and (14.2) asserts 

that the derivative of the optimal value function in the 

optimal direction is stationary with respect to the control. 

In expanded form these equations are 

n 

vs f+ 5, =0 (14,3) 
ke=1 

and 

n ag. 
28,50" =0, . (14.4) 

k=l 

respectively. 

We now seek to compute the time derivative of each of 

the second partial derivatives of S. The desired deriva- 

tives can be written as
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‘ds . 
X;X, i=l,...,n 

dt . j=1,...,7 (24,5) 

By the chain rule for differentiation, we have 

as. x n 

—ii\) . : 
dt d Sx xox ik + 5. x.t . (14.6) 

u kel ij ij 

Partial differentiation of (14.3) with respect to Ky yields 

n n $f, fe 
y Sf, + y s (—K+ KS jig 20, 

Uy k x, 8x, eu 38x, tx. 

kel ** k=1 * + 

(14.7) 

Using identity (14.4) to eliminate one term of (14.7), and 

then differentiating (14.7) with respect to x) produces 

  

n n n 
of, af. af. 

vs f+ Js Eye) VS. 5 a Xx, k XX ox. u_soox, x, Ks ax; 
kel 74 k=1 3 2 ka “2 

n 2 2 

+ Js Pee 2 Fe aw +8 = 0 (14.8) x, 3x, ex, 8x, du ax, x,x,t . .
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Combining this result with (14.6) gives 

‘ds n n 
%,%, _. 5 of, ‘ af, du . 5 af, 

dt hy y xX, x, du 3x, y KX, Ox, 

keL J 2 ki J 

526 
a? f, 
__k Su_ 

34 3x, ox, = + Sxpeu Ox, ou ox, . (14.9) 

This is a differential equation for the functions Ss. x (t) 

ij 
along an optimal trajectory, but it contains terms in 

ou 
Seo CThe value of S(t) is, at the moment, unknown to us. 

j . 

To remedy this situation, we take the partial derivative of 

(14.4) with respect to x obtaining 

  

  

2 
a *e 3 f, 

k du - 

is wae + Is, 2,80 * 5 Ox, = 0. (14.10) 

If 

a ae, 
s #0 (14.11) 

y *3u2 , 

we can solve (14.10) for a and substitute the result in 

J 
(14.9). Then we have a set of differential equations for
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the functions Sx (8), i=1,...,m;j=1,...,n, which, if 

we know Ss, (t), iel,...sn, and have values for Sy? 

i=l,...,n;j=1,...,n, at one point of an optimal trajectory, 

allows the determination of the set of functions Sox. at 

each point of the trajectory. 7? 

15. A MATRIX DIFFERENTIAL EQUATION OF RICCATI TYPE 
  

Let the control u be an r-dimensional vector and de- 

fine the following matrices whose dimensions are shown in 

parentheses; 

S = (is, ) (a x n) 

L 

£, 
A= x= (n x n) 

£? 

B -G) (nm x r) 

n a7e 

1 Sx, Som (a xn) 
jer KE 

; — ou. Ac 

a Ll} 

o il}
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5 a5 eu, = (r xr) 

ou, 

Fe= @) : (x x n) 

Then we can put the results of §14 into compact matrix 

notation. The solution of Eq. (14.10) for F, assuming that 

EL exists, yields 

F=-EUp’s~ gly, (5.1) 

Substitution of this result in the matrix form of Eq. 

(14.9) produces the Riccati matrix differential equation 

- 5 = 8A - spe tats - spe’p + ats + 6 - prze-tgts - plenty 

(15.2) 

The solution of this equation with suitable boundary con- 

ditions is the matrix, Gs, x ), of second partial deriva- 

aj 
tives of S.
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16. TERMINAL VALUES OF THE SECOND PARTIAL DERIVATIVES OF 
THE OPTIMAL VALUE FUNCTION 

Returning to the terminal control problem that was 

stated in $2, suppose that only one terminal relation 

(2.4)--say, 

Y,=T-T=0 (16.1) 

--is specified, the state variables being free at the 

terminal time T. Let the criterion function be 

(6 (2) 50058, (D) . (16.2) 

Then, at the terminal point of a trajectory, we have the 

result 

a2g 
Sx, = 3E, 88, . i=l,...,n (16.3) 

J J j=l,...,n 
T T   

The case where the terminal manifold is of lower 

dimension than n (that is, where more than one terminal 

relation is specified) is much more complicated. As we 

saw in Chapter III, while the first partial derivatives
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of the optimal value function, 8. > may be undefined at 

such a terminal point, their limiting values along 4 given 

optimal trajectory do exist. In §18 we shall see that these 

values for the terminal control problem can be expressed 

in terms of multipliers v; that depend on the particular 

trajectory. However, the second partial derivatives of S 

may become unbounded as the terminal point of a particular 

optimal trajectory is approached along the trajectory, just 

as did a and Syy in §22 of Chapter III. If this is the 

case, then behavior in the limit can be determined much as 

it was in Chapter III, although the algebra is very in- 

volved and we shall not go into the details here. 

Suppose that the terminal values of Sox. have been 

determined. Then by integration one can find the particu- 

lar solution of the differential equation (15.2) that 

yields the second partial derivatives of S at each point 

of a given trajectory satisfying the multiplier rule. tf 

Ss. x (t) remains bounded at all points of interest, other 

td 
than perhaps the terminal point of the trajectory, the 

passage to a limit in the derivation of the fundamental 

partial differential equation is valid. If 5, x becomes 

ij 

unbounded at some point other than the terminal one, the 

passage is not necessarily valid. Consequently, we require
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that S,. x (t) remain bounded. As we indicated in Chapter 

i 
III, a satisfactory argument establishing the necessity 

(rather than sufficiency) of this condition is currently 

lacking. 

17, THE GUIDANCE PROBLEM 

Consider a specific problem of the form given in §2. 

Let Ty) represent the initial time and let the initial values 

of the state variables at time TF) be given by 

£7) = SO . i=l,...,n (17.1) 

Let »(T) be the optimal control function for this specific 

problem and let Bom denote the value of the ie) state 

at time 7 along this trajectory, which we shall call the 

nominal optimal trajectory. This optimal trajectory 

terminates at time T)- 

Now suppose that this trajectory is to be followed by 

a mechanical system (which we take to be a rocket) and that 

at some time T = t it is observed that the states are not 

g.@), as desired, but z(t) + 86, (t). The 66, (t), which 

we assume to be small, may have been caused by mechanical 

malfunctions resulting in a control that was a(t) + 6v{T)
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for ToSsTSt; or, perhaps the assumed dynamical differential 

equations describing the evolution of state were in error 

due to some unexpected influences, such as wind or fluctu- 

ations in atmospheric density. Control corrections designed 

to return the vehicle to the original optimal trajectory 

=,0) could be attempted, or a terminal guidance scheme 

could be developed which attempts to match the terminal con- 

ditions g,(7) of the nominal optimal trajectory. However, 

if it is still desired to minimize the original criterion 

® subject to the terminal conditions % = 0, neither of 

the above schemes is optimal. In reality, once a deviation 

such as described above has been observed, we have a new 

variational problem, with initial time t and initial states 

€,(t) + 58, (t). We desire the optimal trajectory for this 

new problem. Consequently, we need to know how the 

optimal control for the above problem would change if the 

states at some intermediate point of the nominal optimal 

trajectory were varied. 

In the preceding sections we have designated the optimal 

control, when it is viewed as a function of the initial 

state, by 4(Ky s+ XE) where T= t, §,) = is the 

initial state. In this notation, if we knew 2, the rate 

J 
of change of optimal control with state, evaluated at points 

on the nominal optimal trajectory determined by
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wir), 

then the linear rule 

n 

Bv(t) = t= 86,(e) (17.2) 

ja? 

would give, to first order, the change in optimal con- 

trol associated with the change in state of 68, at time t. 

But we saw in §15 that the matrix of site), where 

u was an r-dimensional control vector, is given by Eq. 

(15.1) in terms of the matrix of second partial derivatives 

of S and other quantities that are known along an optimal 

trajectory. These second derivatives of S are given, in 

turn, along the nominal optimal trajectory by solution of 

the set of differential equations (15.2), with the ap- 

propriate terminal boundary values for the problem. 

The solution of the guidance problem is achieved, then, 

by the following computations. First, the optimal tra- 

jectory for the given problem is determined. This calcu- 

lation yields the states, controls, and first partial 

derivatives of S$ as functions of time. Then the matrices 

A, B, C, D, and E defined in §15 can be determined as
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functions of time along the trajectory. Also, once the 

terminal point and time are known, the matrix of second 

partial derivatives of S can, in theory, be evaluated 

there. (Since, for many problems, these second deriva- 

tives are unbounded at the terminal time, they should be 

evaluated at a time shortly before termination, at which 

time they are finite.) Then the Riceati differential equa- 

tion (15.2) can be numerically integrated to determine the 

n(ntl) /2 functions” Sy x CE)» and this computation in turn 

will yield the set of a Functions F(t) by (15.1). All of 

these computations are performed when the optimal trajectory 

is being determined and before the actual trajectory is 

flown. The vector function F(t) is stored in the guidance 

computer of the vehicle, as well as the functions 2, (0) 

and B(t) describing the optimal trajectory. During flight, 

the actual states are monitored and the deviations 66 ,(t) 

from the nominal optimal trajectory are determined. Then 

Eq. (17.2), which in matrix notation for an r-dimensional 

control and n-dimensional state looks like 

“There are n(n+1)/2 functions 5, x {t) rather than n? 

i 
because of symmetry, xx, (t) equaling Sxjx,60-
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dvu(t) = F(t) 6&(t) , (17.3) 

yields the control adjustment 6u(t) that compensates for 

deviations 56, (t) in state at time t from the nominal tra- 

jectory. The correction determined by (17.3) should be 

computed and applied continuously along the trajectory. 

(A slight modification in the derivation yields the control 

corrections if the state deviations are sampled only at 

discrete times.) Note that only the simple linear opera- 

tion (17.3) need be performed during the actual flight, 

when time is at a premium. 

18. TERMINAL TRANSVERSALITY CONDITIONS 

As in the case of the Simplest Problem, we can use 

obvious properties of the optimal value function, such as 

those developed in §7, to deduce results pertinent to the 

multiplier rule of §10. We have, at some loss of generality 

(see §28), converted the optimization problem from one in- 

volving the partial differential equation (6.13) to one 

concerning the ordinary differential equations (10.1), 

(10.4), (10.5), and minimum condition (9.1). We now obtain 

sufficient boundary conditions to make the solution of the 

system of ordinary differential equations a well-posed problem.
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Proceeding from the particular to the general, let us 

suppose initially that the terminal time | for the prob- 

lem is specified and that no other conditions at termina- 

tion are prescribed a priori. Then, 

S(x. xT )= #66687) (18.1) 
rt? 1 

for all terminal points Gy aces sy) By partial differentia- 

tion of (18.1), we see that the equations 

s = i=l,...jn (18.2) 

are n terminal conditions that the multiplier functions-- 

i.e., the partial derivatives of S--must satisfy. If the 

initial time and states are specified, the differential 

equation problem is then well-posed. 

Of course, if ¢ fails to depend explicitly on some 

x, then kK? 

s =0 (18.3)
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: ; ae th sae is the appropriate boundary condition on the k multiplier 

function. 

We consider next the case where a single, but more 

general, terminal condition 

¥CEy sees s7) = 0 (18.4) 

is specified. Consider a point (xyo.e eK ty) such that 

the point 7 = tp &. = Ry lies on the terminal manifold 

(18.4). We denote independent variations in a component of 

the state %, by ox, - Changes in any quantity @ depending 

on %, that result from these independent changes are de- 

noted by d@, Then, varying x, at the terminal time ty and 

considering the effect of this variation on the dependent 

values of 6 and ¥ when they are evaluated at the (perhaps 

perturbed) terminal time and also the effect upon the 

terminal time ty itself, we have the equations 

a8 = 2h 5 de | OX; tay dey (18.5) 
J t 1 

fy 

¥ . 
dy SK bx, + { dt, s (18.6) 

j t 1 
t
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where dty is the change in the terminal time, Using the 

fact that dY must equal zero if ¥ = 0 is to be the stopping 

condition both before and after the variation, we may solve 

for the first-order change in terminal time aty resulting 

from a perturbation in x, of bx, 

  

  

1] ay 
dt, =-F = 6x, . (18.7) 

1 ¥ On, j 

ty ty 

Therefore, 

= | 22 3| an dé = on -7 sx, bx, . (18.8) 

J ‘ J 

ty ty ty 

& 
Since a is the ratio, evaluated at time ty, of the change   

in the value of the terminal criterion @ (due to a change 

of bx, in state x) to the change bx, we have the result 

that 

  
_ 28 s =e (18.9)
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Let us now consider the general problem with p terminal 

constraints 

vp CEporeer 8.7) = 0 j=l,...,psn (18,10) 

(see Eq. (2.4)). 

Let a trajectory start at time 7 = t in state §(t)) = LD 

Xy> i=l,...,n, and let these values satisfy Eqs. (18.10) so 

that the initial point is also the terminal point. Then, 

S(x),-+-5*,,t4) = 8(x),---5%,0t)) : (18.11) 

If the values of Kypoe eX, and t are varied by amounts 

6x1 ,+++ 56%), and bey in_such a way that Eqs. (18.10) remain 
  

satisfied, the change in the optimal value function S-- 

since the new point Oxy + 8x) 5+. 2%, + bx, ty + 6t,) is 

still a terminal point--is merely the change in 4, Hence, 

n 

dS = v8 bx, +S, oe . 1 
isl 7 1 

y 

n 

_ a6 ae = Ve bx, +S Ot, , (18.12) 
i 1 

i=l 
t
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where, since (18.10) must remain satisfied, we have the p 

equations relating the variations bx, and bey (letting 

ge = x, and T = ty in (18.10)) 

n 
ay ay, 
A —t - = La, Sx, + a, §t, 0. jel,....p (18.13) 

i=1 

ty 

The satisfaction of (18.12) subject to constraints (18.13) 

is equivalent to 

n n 

36 3 } 5 bx, + 5.0% y ox, bx, + 3st bt, 

i=l i=. * 
yey ty 

P 9 ay ay 
- —i —i 5 ¥ ¥ 3, bx, + a bt,) (18,14) 

jel =1 

" 

where the bx, and ot, can now be varied independently and 

the v, are constant Lagrange multipliers which are unique 

if the rank of the px(nt+l) matrix 

Heys] OY: 

Ox, ety        



~305- 

* 
is p. Equation (18.14) can be written 

n n p ay 

_ ae _ i 
y 5, 8x, + aaa! = y oS ) "5 oy bx, 

i=l i=l j=l 

ae oy th 

wo P 
4 

ob —i +(¢ y»; Sct ) 5e, (18.15) 
1 4 

and, since the bx, and ty are to be treated as independent, 

this implies the ntl equations 

35 Po soay, 
Ss. | "Sel 7 ¥ ¥ sx i=l,...4n (18.16) 

L L : L 
jl 

ty ty ty 

P ay 
- 2% _ i 8. =e y; so: (18.17) 

1 L 5a 1 

Identifying S, with AE and using Eq. (9.2) to replace 

iL 

S, ; we see that conditions (18.16) and (18.17) are identical 

1 

  

* 
We consider here only the normal case where the rank 

is indeed p.
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with the classical result stated in §41 of Chapter It, 

Eqs. (41.8) and (41.9). 

We discussed in Chapter II how, if the initial values 

of the state variables are specified, the above equations 

represent the appropriate number of boundary conditions and 

the problem is well-posed. 

Note from Eqs. (18.16) and (18.17) that if x, appears 

in neither the criterion function nor the constraint equa- 

tions, a = 0 at the terminal point. This corresponds to 

the fact that changing such a state variable at the end- 

point affects neither the criterion function nor the 

terminal time and, hence, does not affect the optimal value 

function 5, 

19, INITIAL TRANSVERSALITY CONDITIONS 

Equations (18.16) and (18.17) are (n+l) terminal con- 

ditions on the differential equations that are satisfied 

by the multiplier functions. The remaining (n+l) conditions 

on the (2n+2) differential equations for states and multi- 

pliers are the initial values of the state variables, if 

these are given. At initial time 7 = ty» the equation 

is,] =0 (19.1)



-307- 

holds if the initial value of the state variable E. (ty) 

is not specified. This equation follows from the defini- 

tion of $, and the fact that an unspecified initial state 

Xi should be chosen so as to minimize S, just as it was 

in §29 of Chapter III. 

L£ the initial point is to be chosen optimally from 

among the points on 4 specified manifold, the problem is 

one of minimizing the function S subject to constraints. 

First-order stationarity conditions similar to Eqs. (18.16) 

and (18.17) are obtained. A second-order condition, to be 

developed in §25, also applies. 

20, HOMOGENEITY 

One special aspect of these results deserves mention. 

Multiplying the criterion function @ for a given problem 

by a positive constant k does not affect the optimal tra- 

jectory for the problem. The trajectory that minimizes 

time to a given terminal manifold, for example, also 

minimizes ten times the terminal time. Such a change of 

scale does, however, affect S. and 5. for the problem. 

Recalling the definition of s, it is clear that changing 

the scale of the criterion simply changes the scale of § 

and its partial derivatives, multiplying them by k. (The
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reader can verify that the optimal control, as given by 

the multiplier rule, is unaffected if 8. is replaced by 

k Sy and Ss. by k §..) Thus, should a trajectory be found 

that 1) emanates from a given initial point, 2) has as- 

sociated with it multiplier functions sg, () and §,@) and 

control u(t) which satisfy the multiplier rule, 3) inter- 

sects the specified terminal manifold 

vy. =0, j=1,...,p (20.1) 

and 4) such that there exist Pas j=1,...,p, and a number 

k such that 

38 P ay, 
Ss. =ko] -k 5 st (20.2) 

L 1 : 1 

jel 
sy ty e 

isl,...,n 

P by 
=, 22 —i S| =kst} -«& LY»; x (20.3) 

jel 
f Ty aT 

(rather than Eqs. (18.16) and (18.17)), this trajectory is 

extremal and the true 5. (t) and S(t) (in the sense that 
i
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S represents the optimal value of $) are 1/k times the 

ones found above. 

Because of this homogeneity property of the multiplier 

functions, it is often convenient to arbitrarily set one 

multiplier function equal to 1 at either the initial or 

terminal point and thereby reduce the problem by one dim- 

ension. This procedure is mathematically proper but it 

must then be realized that the multipliers so determined 

cannot be interpreted as partial derivatives of the optimal 

value function. 

21. A FIRST INTEGRAL OF THE SOLUTION 

If the dynamical equations 

By = Ep Eqeee bye T sD) i=l,...n (21.1) 

are not explicitly time-dependent, we see by Eq. (10.5) 

that SL is constant along an optimal trajectory. Then, by 

Eq. (9.2), 

y. Ss. fy =- Ss, = constant . (21.2)
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This result constitutes a first integral of the solution, 

with the value of the constant depending upon the problem 

Statement, 

Note that if neither the criterion @ nor the equations 

of the terminal manifold 

¥5 Byers 857) =0 gjel,...5p (21.3) 

explicitly depend upon time T, then, evaluated at the 

terminal time th, 

s =0, (21.4) 

so the constant in the first integral equals zero. 

Also, if the terminal time is to be minimized--i.e., 

8(6y5+--.8 57) = 7 (21.5) 

and (21.3) is independent of any explicit appearance of 

T--then
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(21.6) 

so the constant in Eq. (21.2) equals 1. 

22, THE VARIATIONAL HAMILTONIAN 

In the conventional notation of modern control theory, 

the expression 

y sf; Q2. 

is denoted by the symbol H and called the variational 

Hamiltonian. We have already seen that the quantity 8, 

i 

is often written as Aye so, in the classical notation, 

He eres . (22.2) 

Many of the above results are conveniently written in 

terms of the Hamiltonian. If the re are viewed as functions 

of time (which they are when evaluated along any particular 

trajectory) rather than functions of state (which they are 

in the more general sense of dynamic programming), the 

multiplier rule (10.4) can be written
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A =-H jel,...,n (22.3) 

: j=l,...,n (22.4) 

  

In this notation, the Weierstrass condition requires that 

H be minimized over the set of all admissible controls u. 

While all this symmetry and simplicity is admirable, 

we reject it because H lacks the geometrical meaning that 

the derivative of the optimal value function given by 

n 
as\ ($) = ¥ s, £, + 8, (22.5) 

u . i 
i=l 

possesses, From Eqs. (22,1) and (22.5), we see that 

ds 
H= =) - Ss. 3 (22.6) 

u 

and, unless the identity 

8. =0 (22.7)
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holds for all t (as it does in one of the special cases 

discussed in §21), the Hamiltonian function H of optimal 

control theory has little geometrical or physical meaning. 

23. CORNER CONDITIONS 

It was shown in §9 that two fundamental conditions 

hold at each point of an optimal trajectory: The deriva- 

tive of the optimal value function is zero; and, the value 

of the derivative for any control other than the optimal 

one is non-negative. Furthermore, it can be shown that 

the partial derivatives of the optimal value function are 

continuous along an optimal trajectory--even across a corner, 

a point of discontinuous control. * 

The fact that the time derivative of the optimal value 

function is zero, both before and after a corner, and the 

continuity of Ss. (t) and S(t) imply the corner condition 
L 

n nh 

8, FG eee te) = YS £(x,,....% 6.07) » (23.1) x, iv 1 bey x, isl n 
t=. + i=. + 

“Using dynamic programming, this result has been es- 
tablished rigorously for the Simplest Problem under certain 
assumptions; see L. D, Berkovitz and S, E, Dreyfus, A 
Dynamic Programming Approach to the Nonparametric Problem 
in the Calculus of Variations, The RAND Corporation, RM- 
4329-PR, December 1964, While a similar argument should 
hold for the Problem of Mayer, the details have yet to be 
rigorously worked out.
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where u indicates the control just before the discontinuity 

and at is the control just afterward. 

The stationarity condition (9.3) that the control 

satisfies on both sides of the discontinuity implies that 

. of, i vs. srl = vs, ol - (23.2) 
i= i : i 

A discontinuity in control u along an optimal tra- 

jectory can occur only if the corner conditions (23.1) and 

(23.2) are both satisfied. 

24. AN EXAMPLE 

To illustrate some of the above results, let us con- 

sider the problem of steering a particle, moving with con- 

stant velocity in (€,,6,)-space, from the initial point 

(15%), specified at time t, to the terminal point (44%) 

in such a way that the time of termination of the process is 

minimum. The dynamical equations are assumed to be 

gy =v cos v (24,1) 

é&-vsine, (24.2)
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where v(T) is the control function and the velocity v is 

a specified constant, The criterion function for this 

minimum-time-of-termination problem is 

(E.E.7) 27, (24.3) 

and the terminal conditions are 

¥1 (Eq 08557) = 6 - xy = 0 (24.4) 

¥y (Ey 897) = b - X= 0. (24.5) 

This is, of course, merely the minimum-distance problem 

disguised as a terminal control problem. 

The fundamental partial differential equation for this 

problem is 

vsinu+t s,| (24.6) 0 = mins vcos u+S 
xy x. 

u 2 

and the boundary conditions are the implicit condition that 

optimal trajectories from any initial point (x1 1X5) should 

reach the terminal point (eq 9%) > as well as the condition 

that
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$0444 >¥o1>0) =t. (24,7) 

The reader can verify that the function 

-e42 fay zi S(X) Xy,0) eet Cxq47 + (x54°-% » (24.8) 

with u given by 

-1 *217*2 
nosy: (24.9) 

11*1 
u(x 5X50) ta 

satisfies both Eqs. (24.6) and (24.7) and that trajectories 

emanating from Ox Xy) reach (x We actually ob- 821) 
tained (24.8) and (24.9) by recognizing that the particle 

should follow a straight-line path toward Gy ) and 
121 

that the time of arrival equals the initial time plus the 

time of transit. 

Since we cannot, generally, solve the fundamental 

partial differential equation as we did in this special 

case, let us turn to the ordinary differential equation 

analysis associated with the multiplier rule. This leads 

to the results:
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8, és, as 
x =( 3: ae} =95 (24.10) 

u u u 

at the terminal time 7 > 

Ss, =l, 

"1 

s,. =- 45 (24.11) 
1 

"1 

Fx, Hho 5 

"] 

the optimal control u is given by the equation 

Ss 

*2 _ 2 
tanu sg ey constant ; (24.12) 

x an 
1 

and 

O=1l-v, vecosu-v,vsinu. (24.13) 
1 2
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The requirement that optimal trajectories must reach 

(142%) dictates that 

, Y= kGy xp 

(24.14) 

g = Kota Xp) > 

where k is some constant, and (24.13) leads to the result 

k= 1 . (24.15) 

v \feqye)? + (547%)? 

  

  

Therefore, 

5, _. 1 7 *1 

v on” + (py-%))" 

(24.16) 

s =. *91 — *2 
  > 

2 
2 2 

vV\ [x4 -8) + (%y 47-5) 

a result that may be checked by partial differentiation of 

Eq. (24.8).
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25. SECOND-ORDER TRANSVERSALITY CONDITIONS 

Having developed, discussed, and illustrated various 

first-order conditions that are satisfied by optimal (and 

all stationary) trajectories, let us turn next to more 

complicated conditions. 

Once an equation is established for the second partial 

derivatives of the optimal value function, as it was in 

§§14-16, second-order transversality conditions are easily 

produced, If. an initial manifold is specified but the 

precise initial point is free on that manifold, the optimal 

initial point must be the point of the initial manifold 

at which the optimal value function assumes its minimum 

value. No local condition, however, can characterize such 

a point. As noted in §19, a first-order condition neces- 

sary for this occurrence is the stationarity condition that, 

when evaluated at the initial point, the differential of 

S,. dS, which is given by the equation 

n 

dS = vs, bx, + S,0t , (25.1) 

ist 

equals zero for all perturbations ox, and 6t such that the 

perturbed initial point still lies on the given initial 

manifold.
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A second-order necessary condition is that the second 

differential, d’s, when evaluated at the initial point, be 

non-negative. This yields the condition 

n nN n 

r ¥ Sy 5epox, +2 Ys. pOxjot + 8 5? 
Rix, ivgj xe L tt 

ist jer * 4 i=l 

n 

2 2 + y S, 6x, + S.6°t = 0 (25.2) 
4 1 
i=l 

for all admissible perturbations 5x, , bt, 07x, at. 

The above situation parallels that discussed in §30 

of Chapter III and an illustrative example of the use of 

a result like (25.2) is found in §31 of Chapter III. 

26. PROBLEM DISCONTINUITIES 

We turn now to a brief treatment of certain modifica- 

tions of the original problem statement of §2. We have 

assumed so far that the right sides of the dynamical 

equations 

€, = £, (6p .---5 6,570) iel,...,n (26.1) 

are continuous functions of their arguments and that the 

state variables are continuous functions of time. Let us 

examine the situation if, when a certain equation
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9(E),-..58)57) =0 (26.2) 

is satisfied, either the form of the f; changes or a state 

jumps discontinuously to a different value. We call this 

a problem discontinuity. 

For example, the latter of the above two phenomena 

occurs in missile trajectory applications if, when a certain 

condition is satisfied (usually that the mass decreases to 

a certain value), a stage is dropped and mass decreases 

instantaneously by a given finite amount. 

We now show that the situation described above re- 

sults in a finite discontinuity in those multiplier func- 

tions 8. (t) for which Xe explicitly appears in the equation 
L 

OG... 5x58) =0 (26.3) 

which determines the time of the problem discontinuity, 

Consider what the expression 8, means when evaluated at 
i 

atime just after the time of the problem discontinuity 

(we denote this quantity by st ), and what S. » the value 
iL L 

of 8, just before the discontinuity, signifies. A change 
i 

in the state x just after the discontinuity implies a 

change in optimal trajectory and a change in the value of
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the terminal criterion 8, and st equals the rate at which 

the optimal terminal value of ¢ changes as x; changes. 

This is its usual meaning, since the problem, starting 

after the point of discontinuity, is a perfectly conven- 

tional problem, Now examine Ss. - A change in a state x 

appearing in Eq. (26.3) now has two effects. Not only does 

it change the remaining optimal trajectory, as above, but 

it changes the time when the problem discontinuity occurs, 

Unless the terminal value of the criterion 3 is insensitive 

to first-order to the actual time of the discontinuity 

(this situation occurs in practice when the time of the 

problem discontinuity is chosen optimally rather than de- 

termined by a given relation such as (26.3)), this second 

effect of a change in x, must be added to the usual one when 

5. is computed. The vanishing of this extra term at the 
L 

time of the problem discontinuity results in a discontinuous 

5x6) 

If we denote by th the time of the problem discon- 

tinuity associated with a particular optimal trajectory 

(i.e., the time when Eq. (26.3) is satisfied), and if we 

let St represent the rate at which the terminal value of 

@ changes if the time of the problem discontinuity is varied 

but the initial state is unchanged, our verbal discussion
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above takes the mathematical form 

at + as D 
Sy, (p) = 8p) + Seb] Se 

L D 1 

D 

dt _ et as_ “*p ag 
= 8, (tp) +\ 36° Go” ox D 

"D 

+ as_ 1 38 =o (ry + (22 328 
Xi D sty Q x. 

fp 

_ ot ae _ 
= S, (tp) +k ox i=l, 

L L 

%D 

and 

- et 238 
$,. (tp) = 8, Cy) +k SL . 

"p 

(26.4) 

(26.5) 

We see that the discontinuity in the vector multiplier 

function Sy (t) is proportional to the vector of partial 

1
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derivatives with respect to x of the relation determining 

the time of the problem discontinuity. 

To determine the constant of proportionality k we 

observe that the time derivative of the optimal value func- 

tion must equal zero, both before and after the problem 

discontinuity, and u must minimize this derivative, both 

before and after the discontinuity. Consequently, 

n n 

V sy f+ sp = Ys. +8 i-l,...,n (26.6) 
cae . i 
i=l i=l 

and 

oy af OB ogy 
sy. wt ¥ 8g. o> i=l,...,n (26.7) 

i=l * i=. * 

where the functions fj, or the value of a state variable, 

or both, will be different on the two sides of the problem 

discontinuity (the difference being specified explicitly 

as part of the problem statement). Furthermore, the 

optimal control u will generally be discontinuous at the 

time of the problem discontinuity. If the sy are assumed 

known at time tb just before the problem discontinuity, the 

st in Eqs. (26.6) and (26.7) can be expressed, by means of 

Eqs. (26.4) and (26.5), in terms of the known s and 

i
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a0 
3x, 

i 

and the unknown constant k. Then, viewing Eqs. (26.6) and 

(26.7) as two equations in two unknowns (these being the 

constant of proportionality k and the jump in the optimal 

control u), one can solve for these numbers just after the 

problem discontinuity, and, with the st (t) and srct) given 

by (26.4) and (26.5), one can then continue the solution 

via the multiplier rule. 

L£ the time of the problem discontinuity were specified 

by an equation independent of the states, such as 

O@=t-t, =0,; (26.8) 

only Ss, would experience a discontinuity. 

If the time of the problem discontinuity is not 

specified by an equation of the form (26.3), but can be 

chosen optimally, then the discontinuity should oceur when 

k, as determined by the simultaneous equations (26.6) and 

(26.7), equals zero. Only then is the result stationary 

as a function of the time of the problem discontinuity



~326- 

since k is proportional to s. Higher-order necessary 
D 

conditions to separate the worst time of the problem dis- 

continuity from the best are easily devised. 

27, OPTIMIZATION OF PARAMETERS 

Suppose that the dynamical differential equations 

contain certain design parameters as well as, or instead 

of, the control function, Part of the problem is then to 

choose these parameters, as well as the control, optimally. 

Let the dynamical equations be 

€, = Eyes bey oes OTs Vd i=l,...yn (27.1) 

where the a, are parameters (aspects of the system con- 

figuration) that must remain constant during the problem, 

the actual constant value to be chosen optimally. 

We define the optimal value function by 

SQq +++. 8. 8pr+ ast) = the minimum value of ¢@ 

attainable by a trajectory consistent 

with (27.1) and the terminal conditions 

(2.4) starting from the initial point 

& =X); & = Xs wees a = 4, at 

time T = t with the constant parameter 

values fixed at Q) = ays+-s5a = a.
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The function S satisfies the relationship 

SOEs eo Rape eee saat) = min SQxy + £,47 (27.2) 

+ o(AT),...,x +f Ar + o{AT) ,a,,..-,4,,ttAr) > 

or, in the limit, 

n 

0 = min ¥ 8, +s]. (27.3) 
uw i=l L 

This equation, in turn, implies the equations 

n 

0 = ¥ 8, £, + 8, (27.4) 
oy ok 
i=1 

and 

n af, 
O= Sy i (27.5) 

L 
i=1 

We have seen that the functions Ss. satisfy the 

. j 
differential equations
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‘ds n x, at; 
ao): VS. te jel,...,n (27.6) 

u i=t * J 

along an optimal trajectory. Let us compute 

ds 

— at (27.7) 

u 

since we shall require the values of 5a at the initial 

j 
point for later analysis. We have, by the rules of dif- 

ferentiation, 

as n 

—i)-. G V8. ft San: (27.8) 
uo ist J+ 3 

No S, , terms appear in Eq. (27.8) because the a, which 
13s 

multiply these terms are zero, the parameters a, being 

constant. Partial differentiation of the identity (27.4) 

with respect to ay yields the equation 

n n SE, BE, a, 
o= yd 5.x. fa + Sat + y 8. 3a, + ou 3a, 

ist Jt j tN i=l 

(27.9)
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Combining Eqs. (27.8) and (27.9), using (27.5), to eliminate 

3 ; 
the S term, gives 

‘ds n 
a, of, . 

az =- YS. ae j=l,...,m (27.10) 

u isa * 4 

The function Sa (t) describes how a change at time t in 

J 
one of the constant parameters, a> with the new value of 

the parameter used throughout the remaining process, affects 

the terminal value of 4. At points on the terminal mani- 

fold (2.4), changing a parameter does not affect the terminal 

value of &. Consequently, 

S, =O. jel,...,m (27.11) 

The differential equation (27.10) with terminal 

boundary conditions (27.11) determines Ss, at each point of 

an optimal trajectory. If the a, are to be chosen optimally, 

for a problem starting at time t in state (poe: 2H)> then 

it is necessary that S$ must be stationary with respect to 

the a, when evaluated at the initial point; that is,
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s =O. jel,.e.ym (27.12) 

Second-order conditions, and conditions that must hold 

if the a, must satisfy some specified relationships 

Bi (Oy oe ++ 9) =O, =1,...54 (27.13) 

are easily determined by the methods of §§19 and 25. 

In short, the parameters a5 can be treated as addi- 

tional states, satisfying the dynamical differential 

equations 

ao, = 0, (27.14) 

that are free to be chosen optimally at the initial point. 

28, A CAUTION 

Qur derivational route for both the Simplest Problem 

and the terminal control problem has been to proceed from 

a fundamental partial differential equation to ordinary 

differential equations and conditions concerning the solu- 

tion of the ordinary differential equations. It is obvious
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what we have gained by this conversion, Ordinary dif- 

ferential equations, even large sets of them, are much 

easier to solve numerically on a digital computer than is 

a partial differential equation. It is perhaps not quite 

so obvious what we have lost. 

First of all, consider a region R of (eps eam t)- 

space, from each interior point of which there exists an 

optimal trajectory remaining in R and reaching the terminal 

manifold, and in which the optimal value function has 

bounded second partial derivatives. Let a function $ 

satisfy, at interior points of R, the fundamental partial 

differential equation with appropriate boundary conditions 

as developed in earlier sections. Then, the trajectories 

generated by the optimal control function associated with 

the optimal value function are absolutely minimizing tra- 

jectories with respect to all trajectories remaining 

entirely within R. Such is the power of the fundamental 

partial differential equations. 

Now, let us suppose that we are given a control func- 

tion u(T) and resultant trajectory é. satisfying the 

specified initial and terminal conditions and the given 

dynamical equations. Then, if associated multiplier func- 

tions (i.e,, partial derivatives of S) and multiplier
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numbers vs can be found satisfying the multiplier rule 

with the appropriate boundary conditions (18.16) and 

(18.17) and with v(T) satisfying (9.3), and if the tra- 

jectory contains no conjugate points, the trajectory 

furnishes a weak stationary value of the criterion 3, 

That is, admissible small perturbations of the control 

u(T) do not affect, to first order, the value of 3. 

If the Clebsch condition with strict inequality is 

also satisfied along the trajectory, the solution furnishes 

a weak relative minimum of &, Admissible small perturba- 

tions of v(T) result in an increase in the terminal value 

of 8. 

If the Weierstrass condition is also satisfied at 

each point of the trajectory, the trajectory furnishes a 

strong relative minimum of 4. To understand this state- 

ment, recall that the control v(7T) determines the éy the 

time derivatives of the states. A discontinuity in v(7) 

(i.e., a large change) results in a discontinuity in é(r) 

but not in &(T). A strong relative minimum means that 

all admissible small changes in the actual trajectory &(T), 

even those caused by discontinuities in the control func- 

tion v{T), yield larger values of &.
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Yet all of the above conditions do not guarantee 

absolute minimality. Suppose that given initial and 

terminal manifolds can be connected by two different tra- 

jectories, each yielding a strong relative minimum of % 

in its own neighborhood. Then, each trajectory will have 

associated with it different multiplier functions, etc., 

satisfying all the above necessary conditions. This can 

happen because there is no uniqueness-of-solution theorem 

for nonlinear differential equations with two-point boundary 

conditions. For this reason, finding one such set allows, 

in general, no stronger conclusion than strong relative 

minimality. Only if sufficient convexity is present to 

guarantee a priori that only one strong relative minimum 

can exist is it possible to use the ordinary differential 

equation analysis to prove absolute minimality. 

29. SUMMARY 

The techniques and resuits of this chapter on the 

Problem of Mayer, or the terminal control problem, do not 

differ significantly from those of Chapter III. The 

principal novelty of this form of the problem is that the 

classical results involve a set of associated multiplier 

functions. Since these functions are recognizable as the
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partial derivatives of the optimal value function, quan- 

tities entering naturally and necessarily in the dynamic 

programming analysis, the problem of establishing equiva- 

lence with classical results is greatly simplified. 

We have investigated optimal trajectories for problems 

whose solutions exhibited no peculiar behavior requiring 

special treatment. We treated, as a result, the most 

general and, at the same time, the simplest situation, 

(Certain special cases requiring a modification in method- 

ology will be investigated in Chapters V and VI.) We 

invoked the principle of optimality and used standard 

dynamic programming concepts to produce a fundamental 

partial differential equation, This equation was compared 

and contrasted with the principal result of Chapter III. 

Then it was shown how the fundamental equation implied 

the multiplier rule (a stationarity condition analogous to 

the Euler-Lagrange equation of the Simplest Problem), the 

Clebsch condition (a second-order necessary condition 

analogous to the Legendre condition), and the Weierstrass 

necessary condition for strong relative minimality. A 

relationship between the Jacobi condition and the second 

partial derivatives of the optimal value function was 

developed and the connection of this analysis with the



-335- 

guidance problem was discussed. Following the pattern 

of Chapter III, we then presented first- and second-order 

transversality conditions and corner conditions, Finally, 

just as at the end of Chapter III, we treated certain 

generalizations of the basic problem that did not Lead 

to analyses sufficiently new to justify treatment in a 

separate chapter, 

We turn now to certain problem generalizations that, 

by their importance, merit and, by their nature, require 

special treatment.
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Chapter V 

INEQUALITY CONSTRAINTS 

1, INTRODUCTION 

In Chapter IV we deduced the fundamental partial 

differential equation for a problem of the Mayer type. 

We then studied various conditions, usually concerning the 

solution of an associated set of ordinary differential 

equations, that the fundamental equation implied, Such 

conditions, in a region in which the assumptions leading 

to the fundamental equation are valid, are necessary con- 

ditions for absolute minimality. Toward the end of Chapter 

IV we considered certain modifications of the problem 

statement and their effect upon the results. 

In this chapter we consider one more modification; 

one which occurs so often in applications and which so 

drastically affects certain results, that we devote a 

separate chapter to the subject. We shall treat problems 

for which either admissible control functions or admis- 

sible trajectories are restricted, by inequality con- 

straints included in the statement of the problem, to lie 

within a specified region. Of course, should the optimal 

solution of the problem, ignoring the inequality constraints,
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happen to satisfy the constraints, then the solution is 

also optimal for the constrained problem, Consequently, 

in order that our results differ from those of the previous 

chapter, we shall be concerned with situations where the 

constraint is meaningful and a portion of the optimal 

trajectory lies on the boundary of the constrained region. 

We shall seek conditions that the optimal trajectories for 

such problems must satisfy. 

2. CONTROL-VARTARBLE INEQUALITY CONSTRAINTS 

The first type of inequality constraint that we shall 

consider is of the form 

a(vo) <0. (2,1) 

This constraint, involving only the control (or controls 

if v(7) is a vector function), is to hold at all times. 

We designate by U the admissible region of control space. 

If the control function must be non-negative, then 

(2.1) takes the form 

-vs0., (2.2)
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Or, if vw is bounded between Ky and K,> we can write the 

single inequality 

(v-K) (u-K,) 20, (2.3) 

Such inequalities occur quite naturally in missile 

trajectory problems, where only non-negative thrusts, 

bounded above by some physical limit, are permitted. Or, 

the radius of curvature of a maneuvering vehicle may be 

limited by how great a deflection of thrust is mechanically 

possible, 

3. THE APPROPRIATE MULTIPLIER RULE 

We deduced in Chapter IV that the optimal value func- 

tion S satisfied two properties. First, it took on the 

same value when evaluated at any point on the particular 

optimal trajectory connecting a specified initial point with 

the terminal manifold. This led to the conclusion that 

ds 
(2) =0, (3.1) 

u
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where u is the optimal control. If the partial derivatives 

of S exist, Eq. (3.1) can be written as 

n 

ys, +8, = 0 . (3.2) 

i=l 7 

Second, we showed that the optimal value of the control 

associated with any particular initial point (xy oe kt), 

a value denoted by u(y e+e sot), should be chosen so as 

to render the derivative on the left in Eq. (3.1), con- 

sidered as a fumction of u, absolutely minimum. 

We then used the condition necessary for a finite 

minimizing control, if u is not bounded by an inequality 

constraint and the functions f£, are continuously dif- 

ferentiable in u, that 

mw (Ofy 
VS.ar 7? (3.3) 

i=l * 

in order to derive the differential equations 

ds.” n af 

_i\ .. wi j= i vs > jel,...,0 (3.4) 

i=1 

K, Ox 

u + J
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as» a ae; 
He) 77 LS ae G5) 

for the time derivatives of the partial derivatives of § 

along an optimal trajectory. 

We now pursue the same course, as far as allowable, 

for the case where the optimal control u is bounded at 

each point of state space by the inequality constraint 

g(u) sO. (3.6) 

We write, as before, the desired time derivative of the 

partial derivative of S$ as 

as, n 

— i). je iz y Sn fe t 8g j=l,...,9 (3.7) 
uw isl J? J 

by the chain rule for the derivative of a function whose 

arguments are functions of the independent variable, Then, 

as previously, we take the partial derivative of (3.2) with 

- respect to x,, recognizing that u depends on x,, to obtain P 5 8) Pp 7
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. ef of du 
b xX fi + St + y Sx. 3x ju ox, } o izl +4 J i=l * 

j=1,...,0 (3.8) 

From (3.7) and (3.8) we see that 

as, n af, n af, —ij) =. ys —i_ ys —i) du dt K, OX, x, ou ox, * 
u isl * J i=1 J 

j=l,...,n (3.9) 

Then, in our previous derivation, we used (3.3) to 

eliminate the second term on the right of (3.9), thereby 

obtaining the multiplier rule (3.4). A similar process 

produced Eq. (3.5). 

For the constrained problem, if the absolutely mini- 

mizing value of u at a particular time is finite and lies 

in the interior of the admissible region of control space, 

U, defined by (3.6), Eq. (3.3) is indeed a necessary con- 

dition for minimality, and the rule (3.4) is seen to hold. 

We designate this situation as Case I. 

If, on the other hand, the minimizing admissible u 

lies on the boundary of U, then the expression
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5 af; 
) 5, oa (3.10) 

i=l 

will not in general equal zero when evaluated in terms of 

the optimal u. We call this Case II. 

Let us examine a particular optimal trajectory and 

let us regard the states xy and partial derivatives 5. 

as functions of time along that trajectory. Ata given 

time t, the quantities x, (t), 84,6 and §,() have 

specific numerical values. The time derivative of the 

optimal value function, taken with the Xp dependent upon 

the time through the control u, which need not be the 

optimal control, is given by 

n 

K(t,u) = v8, f +S. (3.11) 
* L 
i=l 

At time t we are to minimize K(t,u) with respect to u in 

order to determine the optimal value of u. For fixed t, 

let us plot K(t,u) as a function of u, Case 1, when graphed, 

may look like Fig. V.1, where, perhaps, values of u between 

cy and fos and those between cy and cy> 

equality (3.6) and are therefore admissible. Then, u* in 

satisfy the in- 

the figure is the minimizing value of u and
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FIGURE V.1 

aK =0, (3.12) 

so that both Eqs. (3.2) and (3.3) hold there, 

in Case II, however, the regions of admissible u 

might be the same as above but K(t,u) for fixed t might 

look like the function shown in Fig. V.2. Then, c., is the 
3 

minimizing admissible value of u, and both Eq. (3.2) and, 

since fy lies on the boundary of the region defined by 

(3.6), the relation
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of
 

24
 

{
 

e
t
 . 

FIGURE V.2 

g(c,) = 0 
(3.13) 

holds. However, Eq. (3.3) is violated since 

dK 
da =1 

(3.14) 
¢ 

for the situation shown in Fig. V.2.
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If a component of state, X5> is varied by an infini- 

tesimal amount at a fixed time t, the quantities 8 s x? > 1 t 

and f, are perturbed infinitesimally,” and, therefore, the 

function K{t,u) is infinitesimally perturbed. In Case I, 

the optimal value of u is also perturbed infinitesimally, 

and the ratio of the change in u to the change in x, is 

the finite quantity #. In Case II, if the minimizing 

control ey is unigue at the fixed time that we are con- 

sidering (there could be a tie such as shown in Fig. V.3), 

then cy remains the optimal control after an infinitesimal 

perturbation in ¥5> and, therefore, 

ax =0. (3.15) 

Since either Eq. (3.12) or (3.15) holds, if the optimal 

control is unique at a point in time, the last term on the 

right of Eq. (3.9) is zero, even if the optimal control lies 

on the boundary of U. Hence, we have the usual multiplier 

differential equations 

  

x 
We assume the continuity of the partial derivatives 

of S, This assumption is valid except when optimal tra- 
jectories are tangent to a manifold of discontinuity in 
control,
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  + + + + u ‘4 e \LA, ts & 

  

FIGURE V.3 

ds.” a of, 

ao =e VS. . jel,...,n (3.16) 

u isl * J 

Consequently, while the derivation is a bit more involved, 

no modification of the multiplier differential equations 

is required for problems with control-variable constraints 

as long as the optimal control function is unique at. each 

point in time.
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In case of non-uniqueness of the optimal control at 

a4 particular instant of time, such as in the case in Fig. v.3 

or the even more extreme case of Fig. V.4, it is not clear 

in Eq. (3.9) that the last term on the right is zero at that 

instant. A finite change in the time derivative of 5. at 

an _ instant would have no effect on the function 5, (et) itself 

for a continuous process. One is concerned only it the 

second term on the right in (3.9) is infinite, so that there 

isa discontinuity in 8. - But an argument of the type 

mentioned in §34 of Chapter III shows that the partial 

derivatives of S are continuous across such a corner if 

a non-tangency condition holds, and the multiplier equation 

(3.16) remains valid. 

  
FIGURE V.4
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4, A SECOND DERIVATION OF THE RESULT OF §3 

The derivational technique used in the Latter part of 

§9 of Ghapter III can also be used here to yield the con- 

clusion that the multiplier differential equations are not 

modified along a boundary segment of an optimal trajectory. 

The fundamental equation 

n 

0 = min 
ueU 

8, Fy + Ss. (4.1) 

ist * 

holds for all x at which S$ is defined. We assume that S$ 

is twice continuously differentiable. Let (x,t) denote a 

point on an optimal trajectory for which the optimal con- 

trol, a, lies on the boundary of U. From the identity 

(4.1) we see that, if we set u equal to @ and consider the 

funetion of x and t 

Tn 

y 8, FGoet) +S, , (4.2) 

i=l 

this expression assumes the value 0 at (x,t) = (X,t) and 

cannot assume a smaller value for any other (x,t). Since 

expression (4.2) assumes its minimum over all (x,t) at 

(x,€), the partial derivative of expression (4.2) taken



-350- 

with respect to any component of state, with u held fixed 

at U rather than considered a function of the state, equals 

zero at (kt), and we have the result 

(4.3) 

which, in conjunction with Eq. (3.7), yields Eq. (3.16) of 

the previous section. 

We shall use the above type of reasoning at two other 

points later in this chapter. While it represents an 

auxiliary method of derivation here and also at its next 

appearance, in §15 it appears to be the only way of using 

dynamic programming to obtain the desired result. 

Let us summarize the basic result, which we deduced for 

normal problems whose optimal trajectories exhibit certain 

regularity properties, for a problem with control constrained 

to lie within a specified set U: Associated with an optimal 

trajectory, there exist multiplier functions 8, (e) satis- 
L 

fying the differential equations 

ds_ ~ a 
(Es) afi isl n 4,4) : / =. y 5, x desey ¢ 1   

uo
 me
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and 

aa
a 

Ne
 

ae
 

(4.5) 

such that the optimal control u renders the expression 

n 

V8, + S, (4.6) 
. i 
i=l 

minimal over all u in U and the minimum value of (4,6) 

equals 0. 

This coincides with the result deduced in Chapter IV, 

except we have now shown it to hold when the control is 

restricted to the elements of a set U. In Chapter IV the 

admissible choices of control at any given time were un- 

constrained, 

The above result was derived by Valentine in the 1930s 
* . 

by modifying classical arguments and recently was rederived 

—_ 

*P, A. Valentine, ''The Problem of Lagrange with Dif- 
ferential Inequalities as Added Side Conditions," Contribu- 
tions to the Calculus of Variations, 1933- 1937, University of Chicago Press, Chicago, 1937, Pp. 407-448,
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* by the eminent Russian mathematician L. S. Pontryagin, 

who termed it "the maximum principle." These derivations 

require less restrictive assumptions than those used in 

this book.* 

5. DISCUSSION 

The result that Ss, (t) and §,.(¢) are computed along 

J 
an optimal trajectory by the same differential equations ,* 

whether the optimal control lies on the boundary of the 

admissible control region or not, can be justified and 

clarified heuristically. 

*, 

L. S. Pontryagin, et al., The Mathematical Theory 
of Optimal Processes, K. N, Trirogoff (trans.), L. W. 
Neustadt (ed.), John Wiley and Sons, Inc., New York, 1962. 

tyor more information about the relationships between 
various classical arguments and those leading to the 
maximum principle, see M. R. Hestenes, "Variational 
Theory and Optimal Control Theory," Computing Methods 
in Optimization Problems, A. V. Balakrishnan and L. W. 
Neustadt (eds,), Academic Press, New York, 1964, pp. 1-22. 

‘consider two problems that differ only in that one 
contains a constraint on admissible control and one does 
not. Since the constraint affects admissible trajectories, 
the statement in the text that the same multiplier dif- 
ferential equations apply along optimal trajectories for 
the two problems does not imply that the optimal value 
functions for the two problems are identical, nor that, 
at a given point in (x,t)-space, the two optimal value 
functions have the same partial derivatives.
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First, consider an optimal trajectory for an uncon- 

strained problem. The optimal control function u(t) has 

the property that the value of the criterion is unaffected 

to first order by first-order perturbations of the control 

function; otherwise, a better control function would exist, 

This property is called stationarity and is assured by the 

satisfaction of the Euler-Lagrange equation (for the 

Lagrange Problem) or the multiplier rule (for the Mayer 

Problem). To determine, for a stationary trajectory, the 

first-order effect of a change in initial state on the 

terminal criterion (a nonzero effect, in general), one can, 

for the above reasons, assume that the control function is 

unaffected by the small change in initial state. By de- 

termining how the initial-value perturbation propagates to 

the terminal point given a fixed control (this is what the 

multiplier, or adjoint, equations do) one can determine 

the functions S, (4) and $_(t) along the trajectory. 

An inequality-constrained trajectory is not stationary 

in the above sense. When the control is at its bound, it 

is generally true that a first-order change in control 

that violates the boundary will improve the value of the
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criterion function to first order, but such a change is 

prohibited, For portions of such a trajectory for which 

the optimal control is not at its bound, first-order con- 

trol changes do not affect the criterion to first order. 

Let us examine a particular optimal trajectory and let 

us regard the states and Sx, as functions of time, We 

designate the derivative of the optimal value function, 

regarded as a function of the control u at time t, by 

K(t,u), just as in §3, so that 

n 

K(t,u) = y S, Ce), (t,u) + 8 (t) G.1) 
i=l * 

and 

K(t,ux) = 0 (5.2) 

if u* is the optimal control at time t. Then, the function 

D(t), given by 

n 
3f, = SK(t,u) = i 

D¢t) du b 8,30 G.3) 
: LZ 

ux i=l ux
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(which is zero along an unconstrained optimal trajectory), 

is a measure of how the terminal criterion is affected by 

a change in u. We shall cail the function D(t) the control 

impulse response function. The total first-order change in 

the terminal criterion @ resulting from a first-order change 

6u(t) in the control function is given by the formula 

th 
ds = J D¢eouCt) dt. (5.4) 

to 

Since the value of a definite integral is not affected by 

a finite change of the integrand at an isolated value of 

the independent variable, it follows that no finite change 

in control 6u at an instant of time affects this value. 

However, D(t) can be interpreted as the effect on Aé of 

an impulsive change in u at time t (a change at the instant 

of time t so great that its time integral over that instant 

of time equals 1); or, alternatively, the quantity 

D(t)At (5.5) 

can be viewed as the change in the terminal criterion re- 

sulting from a unit change in u lasting over a time interval 

of length At.
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If the optimal control function for a constrained 

problem, with initial time ty and terminal time ty is at 

its bound during the time interval {ty,tg] and at an in- 

terior point of the control space U during (tg,tg] and 

Ct3,t,], where tgst)<t,<ty. the control impulse response 

function (5.3) will generally appear as shown in Fig. V.5, 

although D(t) can be discontinuous at to or ts if the 

optimal control is discontinuous there. (The appropriate 

sign of D(t) when it is nonzero will be the subject of the 

next section.) 

  

FIGURE V.5
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With the help of the above observations, we now can 

investigate the differential equations for the functions 

S(t) along an optimal trajectory, during part of which 

the control lies at its bound. As with the unbounded con- 

trol case, the multiplier equations compute the effect of 

initial-condition changes on the terminal criterion, the 

control held fixed. In the unbounded case, we observed 

that this was proper because along an optimal trajectory 

the criterion is, to first order, necessarily insensitive 

to first-order control changes. Along a trajectory, during 

part of which the control is at a bound, this insensitivity 

property does not apply when the control is at the bound 

(which is when D(t) # 0 in Fig. V.5). A small change in the 

initial state at time t, t,stst,, does not affect the 
0 2? 

optimal control when it is at its bound (since it stays at 

its bound) except that it changes, to first order, the time 

ty when the constraint takes effect, and t3 when it ceases 

to restrain. However, this time change is first order and 

the control change during this interval (if u is continuous) 

is first order so the contributions to the integral (5.4)-- 

namely, 

t tat 

J (eu dt (5.6) 

to
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and 

t,tae 

J D(t)6u dt (5.7) 

fy 

--are second order and, therefore, negligible. Consequently, 

for the case of a control constraint which is independent of 

both time and the state variables, if the optimal control 

function is a continuous function of time, then the method 

of computing the 8, «&) is unaffected by the constraint. 

This conclusion also holds for an optimal control func- 

tion that jumps discontinuously to or from the boundary since 

a first-order change in the time of the jump cannot affect 

the result to first order, or the time of the jump would not 

be optimal. This is really the meaning of the Weierstrass- 

Erdmann corner conditions that must hold at the time of 

such a jump. 

We shall presently see that if the constraint involves 

both the control and the state variables, the method of 

computing the function 8, (e) is indeed modified. Then we 

shall show why the above heuristic reasoning fails to apply 

in that case and why this modification was to be expected.
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6. THE SIGN OF THE CONFROL IMPULSE RESPONSE FUNCTION 

The quantity 

éf. 
i 

n 

D(t) = y sor (6.1) 
i=1 + ux 

can be interpreted as a measure of the influence of control 

changes on the terminal value of the criterion, as we saw 

in the previous section. It is zero along an unconstrained 

optimal trajectory and along portions of a constrained 

optimal trajectory for which the optimal control lies at 

an interior point of U. When the optimal control takes on 

a value at its bound, this quantity is generally nonzero. 

We plotted a typical function D(t) in Fig. V.5 of the 

previous section. 

An interesting conclusion can be drawn about the sign 

of the control impulse response function D(t) which equals 

the rate of change of the derivative of the optimal value 

function with respect to the control variable. If the 

problem is a minimization problem and the optimal u is 

bounded below and is at its boundary, then it must be that 

the derivative of S would decrease if u could decrease 

(more precisely, it cannot decrease as u increases), so 

D(t) 20. / (6.2)
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The function D(t) will also be non-negative along the 

constraint for a maximization problem with u bounded above, 

For a minimization problem with u bounded above, or a 

maximization problem with u bounded below, one can see that 

D(t) < 0 (6.3) 

when the optimal value of u lies on the constraint, 

Consequently, one can deduce a priori the sign of the 

quantity D(t) when the optimal control is at its bound. 

If it should assume the wrong sign, the trajectory under 

study cannot be optimal, and a perturbation in the control 

away from the bound toward the interior of u will lead to 

an improved value of the terminal criterion @, 

7. MIXED CONTROL-STATE INEQUALITY CONSTRAINTS 

We now consider a minimization problem with the ad- 

missible control, at time T = t in state (6,7)... 8 CTY) 

= (x -»%_), restricted to those values of u satisfying n 
yee 

an inequality constraint 

B(x,5--.5%,,0,u) so, (7.1)



~361- 

For an airplane trajectory problem, the altitude, h, 

and velocity, v, are typical state variables. One control 

variable is generally the angle of attack o--the angle 

between the axis of the plane and the velocity vector. Too 

great an angle of attack can cause a stall, with the upper 

bound of permissible angles of attack usually depending 

upon altitude and velocity. This leads to a natural con- 

straint of the type (7.1). Also, the heating rate and the 

forces of acceleration depend on the angle of attack, the 

altitude, and the velocity. As a result, inequality con- 

straints such as (7.1) often must be imposed due to 

structural limitations. 

8, THE APPROPRIATE MODIFICATION OF THE MULTIPLIER RULE 

Our analysis proceeds just as in both the uncon- 

strained and control-constrained problems, until Eq. (3.9), 

as.’ nag, nag. —1)-- ys —i. s —i)au dt xox, x, ou ex. ” 
u i=l J NGe1 J 

j=l1,...,n (8.1) 

is obtained,
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Suppose now that, for a particular trajectory, the 

optimal control is unique and is at its bound at a given 

instant of time, so that equality holds in (7.1)--namely, 

B(x),--.5% 6,4) =o. (8.2) 

Let us assume that g, #0. The quantity au needed in 

Eq. (8.1) can be obtained by partial differentiation of 

the identity (8.2) with respect to yo the control u being 

dependent upon 5. This yields 

28 4 38 8 Lg . j=l,...,n (8.3) 

Solving for a and substituting in (8.1), we obtain 

  

nag, 
gs —i)\2a. 

‘ds n y %,3u 3x, 
x. of, :_ i 4 

~—— Jj) =- y gs —i«y™Mel 
dt x, Ox, og ° . ij 

u i=1 3u 

j=l,...,n (8.4) 

All the terms on the right in (8.4) are computable during 

that portion of an optimal trajectory when u is given by
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(8.2), so (8.4) represents a differential equation for the 

partial derivatives of S along the boundary portion of an 

optimal trajectory. During that portion of a trajectory 

when the optimal u is an interior point of the admissible 

region defined by (7.1), the expression 

n 

ys — (8.5) 

equals zero, so the last term on the right in (8.4) is 

omitted, 

A similar result for the variable t--namely, 

©) 
--is easily derived. (In reality t is just the (n+1)8 

(8.6) 

  

component of the state, but we have chosen to write it 

separately.) 

Note that if the constraint depends only upon u and 

not the state, as it did in §2, then 2B and 38 equal zero 

and Eqs. (8.4) and (8.6) duplicate the result for that
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problem, which in turn duplicated the result for the un- 

constrained problem. 

9. THE CONVENTIONAL NOTATION Se EE LAR NOTATION 

In the conventional notation, the result (8.4) appears 

as 

nh . af, 3 
Aya y Aap te se ; jel,...yn (9.1) 

wi j 

where 4; and w are time-dependent Lagrange multiplier func- 

tions. Our derivation confirms this result and tells us 

that we can give the multipliers a physical interpretation 

by means of the relationships 

A, = Ss. jel,...,n (9.2) 
j 

af, 
i 

i du 

(9.3) 
2g 
éu 

or 

—i_ oe oF L (9.4) , Ox, Ou Og 
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along the boundary 

g=0. (9.5) 

10. A SECOND DERIVATION OF THE RESULT OF §9 

We can reason somewhat as in §4 to obtain the result 

(9.1). If we denote by the symbol U(x,t) the set of ad- 

missible controls given the state x at time t, the funda- 

mental equation holding in a region of (x,t)-space is 

O= min ys f+s.]. (o.1) 
ueU(x,t) z 

Consider a point x = x, t = ¢ at which the optimal u, U, 

lies on the boundary of U(X,t). Then, the expression 

ds . 
(2). given by 

u 

®). - is Sind +5, (10,2) 

is non-negative at all points (x,t) such that 

a € U(x,t) , (10.3)
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and equals zero at x = %, t = Tf. Hence, for all (n+1)- 

dimensional vectors v such that 

ve(x,t)-v s 0, (10. 4) 

where 

ve) = 65)... 8, (6.8) ,8, (c,,0) 
nh 

and where we assume vg # 0, we must have 

t 
» BEB) woo, (10. 6) 

a 

Equation (10.6) asserts that $8) with U fixed, must be 

nondecreasing as the point (dD is perturbed in any 

direction in (x,t)-space having the Property, assured by 

(10.4), that g(x,t,a) is a nonincreasing function of (x,t), 

and, hence, that U remains an admissible control at the 

perturbed point. If (x,t) is perturbed in a direction such 

that the value of g(x,t,0) remains zero, then (x,t) can
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also be perturbed in the opposite direction and U remains 

admissible at points (x,t) in both directions. That is, 

if v is such that 

Ig(x,t).v=0, (10.7) 

then both v and -v satisfy (10.4), and we must have 

as _ vi oe = 0 (10.8) 

for (10.6) to hold. From (10.7) and (10.8), we conclude 

that there exists a number #, which may depend upon the 

point ,t), such that the vector equation 

dt 
v (46.5) = 4 ve(X,£) (10.9) 

  

holds, and, hence, that 

n 

3 ~ 3 tu a Vs, £,@,t,0) +s, = py O8(x, tu) | 
i=l * j 

g=l,...,n (10.10)
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Consequently, for any point (x,t) such that the optimal 

control lies on the boundary of U(x,t), we have 

n n af 

—i., BSB ). Bx, +S + y. 8, 3x, us, (10.11) 
i=l *4 J ist J 3 

jHl,...,n 

which, combined with the result 

ds n 

az = ). 8. pt Sy gs (10.12) 

yields (9.1). 

By substituting Eq. (10.9) into inequality (10.6) and 

comparing the result with inequality (10,4), we see that 

w<O. (10. 13) 

11. DISCUSSION 

We have seen from two different viewpoints that, for 

a portion of an optimal trajectory during which the control 

lies at its bound, the differential equations for 8, (te) 

and §,¢e) are modified from what they were for unconstrained 

and control-constrained problems, We shall now explain 

this difference,
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If the optimal control u*(t) lies at an interior 

point of the admissible region during time intervals 

7 . . : + (tg.ty] and [t,,t,] and at its bound during time [ty,tg], 

where tgs<ty<ta<ty» a plot of the control impulse response 

funetion 

af, 
D(t) = Ps — (11.1) Ky oa 

isl u® 

will typically appear as shown in Fig. V.6, We have dis- 

cussed the meaning of this result in §5. Recall that 

3 

FIGURE V.6
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S(t), in the unconstrained case, is equal to the ratio 

of the first-order change in the terminal criterion # 

resulting from a first-order change in state x, at time ¢t, 

to the change in xy. The control function is held fixed 

in this process, For a constrained problem of the type 

that we are now investigating, a first-order change in 

state at time t, toststy, results in a first-order change 

in the time ty when the constraint becomes operative and 

also in the values of states at the time t This change 2° 

in the state values, unlike the pure control-constraint 

case of §3, results in a first-order change in control 

during the time interval of constraint [ty,tg]. The total 

effect is then the direct effect of the change in state at 

time t, control held fixed, plus 

t gtht 3 

J D(e)ou(t) dt , (11.2) 
t gta 2 

where 6u is dependent upon the change in state and is not 

generally zero. Since the length of the above interval of 

integration and the function D(t) are finite and since 

6u(t) is a first-order quantity, the net contribution of 

(11.2) to Ae is a first-order quantity, and, therefore,
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non-negligible. It is this additional effect of changes 

in state at times before the mixed control-state con- 

straint becomes binding--namely, the effect of the result- 

ing control change along the boundary--that leads to the 

modification in the differential equations for S, (6) and 

$e). Similarly, a first-order change in state at time 

t, toststy, when the trajectory lies on the constraint, 

changes the control used up to time t3 and this affects 

the terminal value of & to first order. 

12, THE SIGN OF THE NEW MULTIPLIER FUNCTION 

The modified differential equations for 8. (t) and 

1 
S(t), Eqs. (8.4) and (8.6), when written in the conven- 

tional form (9.1), contain a multiplier function p(t) 

given by 

(12.1) 

We have seen that the numerator of (12.1) equals D(t), the 

partial derivative with respect to u of the time derivative 

of the optimal value function.
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Since we are minimizing 5, we are, at each point in 

time, minimizing over u the derivative K(t,u) of the optima? 

value fumection. If the constraint (7.1) prevents our choice 

of the absolutely minimizing value of u, we have two possible 

situations: Either 

1) K(t,u) would decrease if u were increased, but 

the constraint (7.1) prevents us from increasing 

u to take advantage of this decrease; or 

2) K(t,u}) would decrease if u were decreased, but 

the constraint prevents us from decreasing u, 

Recall that D(t) represents x evaluated in terms of the 

optimal admissible u. In Case 1, D(t) < 0, but 28 > 0, 
sO we cannot increase u without violating (7.1). In Case 

2, D(t) > 0, but 8 <0. In either case, we conclude that 

Dt) 2 4 (12.2) 

and, consequently, that 

w<0d 
(12.3) 

when p #0, This result is in agreement with conclusion 

(10.13) which was deduced somewhat differently.
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If we were maximizing, or if the sense of inequality 

(7.1) were reversed, we would conclude that was greater 

than zero by the same argument. 

13. STATE-VARIABLE INEQUALITY CONSTRAINTS 

In the following sections we shall consider a terminal 

control problem of the type discussed in Chapter IV, but 

where, in addition, admissible trajectories must lie in a 

region of state-variable space such that the inequality 

h(E),---8,7) 5 0 (13.1) 

is satisfied. 

We have seen how inequality constraints simultaneously 

and explicitly involving. both the control variable and the 

state variables may be incorporated into the standard format 

of Chapter IV. The time derivatives of the partial deriv- 

atives of S merely satisfy a modified differential equation 

along a boundary. Otherwise, the results are just as in the 

unconstrained case. 

When the constraint equation (13.1) does not contain 

the control variable, the device of §8 whereby a was 

computed by partial differentiation of the boundary equation
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8%, ,---.%),t,u) =0 (13.2) 

fails, since, in this case, the boundary equation is inde- 

pendent of u. 

In a previously published paper” we modified the type 

of argument employed in §8 in order to deduce necessary 

conditions involving a reduced set of partial derivatives on 

a boundary segment. As a result, the conditions we derived 

were not really extensions of the results for the uncon- 

strained, control-constrained, and state-control constrained 

cases, but differed considerably in form. Other authors? 

have maintained a complete set of multiplier functions and 

deduced conditions rather similar to those for the earlier 

problems. These conditions, however, involved discontinuities 

in the multiplier functions (jump conditions). In Berkovitz- 

  * 
S. E. Dreyfus, "Variational Problems with Inequality 

Constraints," J, Math, Anal. & A 1., Vol. 4, No. 2, April 
1962, pp. 297-308; also, The RAND Corporation, P-2357, 
August 2, 1961. 

tr. V. Gamkrelidze, "Optimal Processes with Bounded Phase Coordinates," Izv. Akad, Nauk SSSR Ser. Mat., Vol. 24, 1960, pp. 315-356, L. D. Berkovitz, "On Control Problems with Bounded State Variables," J. Math, Anal. & A 1., Vol. 5, No. 3, December 1962, pp. 488-498. A. E. Bryson, et_al., "Optimal Programming Problems with Inequality Con- straints, I: Necessary Conditions for Extremal Solutions," J. AIAA, Vol. 1, No, 11, November 1963, pp. 2544-2550,
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Dreyfus,” an equivalence is established between the results 

involving jump conditions and those of Dreyfus referenced 

above. In the following sections, we shall use an argument 

similar to that of §10 to obtain results completely analogous 

in form to those of the earlier problems. We determine, and 

interpret, a full set of multiplier functions associated with 

a given optimal trajectory. These functions do not, in 

general, have jumps. Our results appear to agree in form 

with those of Chang. * They do not, of course, contradict any 

of the results given in the above references. 

14, THE OPTIMAL VALUE FUNCTION FOR A STATE-CONSTRAINED PROBLEM 
  

Consider the set R of initial points T = t, &, = x5 

such that an admissible trajectory connects (x,t) with the 

specified terminal manifold. If the satisfaction of the in- 

equality constraint 

h(Ey,-.-58),,7) <0 (14.1) 

is required in the problem statement, then R includes, at 

most, points (x,t) such that 

  

aL, D. Berkovitz and S, E, Dreyfus, The Equivalence 
of Some Necessary Conditions for Optimal Control in Problems 
with Bounded State Variables, The RAND Corporation, RM- 
3871-PR, October 1963. 

ts.s.L. Chang, “Optimal Control in Bounded Phase Space," 
Automatica, Vol. 1, No. 1, January-March 1963, pp. 55-67.
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h(x, ,.-..x%),t) <0. (14.2) 

We define the optimal value function at points of R by the 

usual definition 

S(x),-+-5% 50) = the minimum value of the criterion 

$ that can be obtained by an ad- 

missible trajectory starting at 

time 7 = t in state §,(7) = x. 

If we designate by U(x,t) the set of admissible controls at 

the point (x,t), we see that § satisfies, at points of R, 

the fundamental equation 

n 

0 = min vs, f, +s]. (14.3) 
ueU(x, t) t=-1 tt 

At points on the boundary of R at which 

h(x) ,.-. 5%), t) =0, (14.4) 

the partial derivatives of § are one-sided into the interior 

of R. 

At interior points of R, admissible values of u are
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not constrained by the inequality constraint (14.1). If£ 

we denote by U, Gt) the set of admissible controls at a 

point (x,t) such that 7 = t, gm =X satisfies strict 

inequality in (14.1), the fundamental equation becomes 

n 

0 = min Ss f,+5 (14.5) 
uel, (x,t) Z yt t 

at such points (x,t). The set a will contain all finite 

values of the control variable unless constraints other than 

(14.1) are also present in the problem statement. 

We now argue formally that Eq. (14.3) can be replaced 

by Eq. (14.5), even at boundary points such that Eq. (14.4) 

is satisfied. At boundary points, UL G,t) is defined to 

be the set of controls that are admissible if the inequality 

constraint (14.2) is ignored, We assume that S is con- 

tinuously differentiable (in a one-sided sense at boundary 

points) and fy is continuous in its arguments. Suppose 

that at a boundary point (Kt) a control belonging to U,, 

but not to U, rendered the expression
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n 

J sf, +8, (14, 6) 
i=. * 

negative, so that minimizing over elements of Uy is dif- 

ferent from minimizing over elements of the smaller set U. 

Then, that control would render (14.6) negative for points 

(x,t) satisfying strict inequality in (14.2) and lying in 

the neighborhood of (x,£). But this would contradict (14.5). 

Hence, we have that the equation 

n 

O= min 
ueU, (x,t) 

8, £; + 8, (14.7) 

isl * 

holds at all points (x,t) of the set R, including boundary 

: * 
points. 

*this argument cannot be used in the case of a mixed 

control-state inequality constraint. If a point (x,t), with 

the property that the optimal control, u, at that point is 

at its bound, is perturbed slightly, the set of admissible 

controls is only slightly changed. Hence, an inadmissible 

control at the point (x,t) for which S is negative will 
remain inadmissible after the perturbation and no contradic- 

tion can be established.
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15. DERIVATION OF A MULTIPLIER RULE 

We now derive the differential equations that are 

satisfied by 5. along an optimal trajectory. We consider 

a trajectory, a portion of which consists of points T = t, 

&™ = x satisfying Eq. (14.4). Let (x,t) denote a point 

on the boundary segment and let U be the optimal control at 

that point. Assume that no other inequality constraint is 

simultaneously binding at (x,t). We assume further that 

there exists a unique hyperplane tangent to R at the point 

(x). 

Arguing as in §10, we now examine @). which is given 

u 

by 

n 

(8). - Ss, £,6,t,0) +s, (5.2) 
u : L 

i=l 

and which we regard as a function of x and t. This func- 

tion assumes its minimum value at (&,t). Assuming that 

vh #0, for all (n+1)-dimensional veetors v such that 

vh(x,t):v s 0, (15.2) 

where
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x,t 

wh, ¥) = (6, OD soak, (56,0) sh, 625853) 
n   

(15.3) 

we must have 

V (GE5) 20. (15.4) 
~ u 

The above results imply that 

u 

> (G5) “v= 0 (15.5) 

for all v such that 

wh, t)-ve0. (15.6) 

Hence, we can conclude that the vector equation 

v (ge9), = p wh(x,t) (15.7) dt 
u 

holds for some scalar yw, where 4 depends on the point (0 

and can be written as u(t) if one considers states x, (t) 

along a particular trajectory. Consequently, at any point
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of an optimal trajectory that lies on the boundary (14.4), 

we have 

n 

b Sx Fa + “x, t + 5 5,5 , - uCedee 
ist 73 

j=l,...,0 (15.8) 

This allows the conclusion 

of, 
Psat ae + a(S 

i=l 

j=l,...,n (15.9) 

This result, together with result (14.7), is the multiplier 

rule that holds during a boundary portion of an optimal 

trajectory. We can also conclude that 

u(t) <0 (15.10) 

by the same argument as given in §10. 

We determine w(t) as follows: At a point on the 

boundary (14.4) where the optimal control u is finite and 

not at a boundary point of U, Gx, t) (i.e., no inequality



-382- 

constraint other than the state-variable constraint is 

binding), we have, from (14.7), the condition 

n ae, 
= —i 0 Vs, ag - (15.11) 

jel ? 

Differentiation of this equation yields 

6 (28 Js & Su : (15.12) 

If we multiply the yeh equation of the set (15.9) by 
of, 
ws and sum the resulting n equations, we get 

n 5 at, n n af, at 

y dt du y ys Ox, 3u 
gel u isl] jer * 3 

+ u(t) yoo oe a (45.13) 
jal 

If 

3 
Bal wh: £) |~ #0, (15.14) 

where
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f= (£ f£,1), (15.15) 

combining (15,12) and (15.13) yields the equation for p(t) 

BE, Of, 

5 is “3k, w ~ x, 8, kG 

w(t) = S5Licl . (15.16) 
af, 
—i ah 
du Ox, 

1 j 

  

M
s
 

j 

Tf a does not involve u, so that (15.14) is violated, 

Eqs. (15.12) and (15.13) yield 

non n 
af, of, 

o- d Lye du "BS, 3 de (5.17) . ; ij isl j=l j=l 

Differentiation of this equation and the use of (15.9) yields 

an expression for u(t) unless h is independent of u, in which 

ease further differentiations are necessary, 

We conclude then, that along a boundary portion of an 

optimal trajectory for a state-variable constrained problem, 

the partial derivatives of the optimal value function satisfy 

the differential equations (15.9) where, generally, uw is 

given by (15.16) and satisfies inequality (15.10). Along 

unconstrained portions of the trajectory, the usual multiplier
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rule holds. The partial derivatives are, in general, con- 

tinuous at junction points since such points are, at worst, 

corners in the usual sense. 

16. GENERALIZATIONS 

The above results can be extended to include more com- 

plicated situations, We shall consider the case here where 

there are two state-variable inequality constraints, 

hs0 (16.1) 

and 

gsd, (16.2) 

and two control variables, uy and Uy. Consider a point (x,t) 

at which both 

h=0 (16. 3) 

and 

g=0 (16.4)
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hold, We assume that a unique (n-1)-dimensional tangent 

plane to R exists at (x,t), that 

wh #0 (16,5) 

and 

we0, (16.6) 

and that both h and g depend upon ay and Uy. 

assert, in the argument of §15, that for all (n+1)-dimensional 

We can only 

vectors v such that both 

vhev =0 (16.7) 

and 

veve0 
(16.8) 

hold, the equation 

y (2). =0 (16.9)
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must hold, Equations (16.7), (16.8), and (16.9) imply 

that there exist scalars Hy and Hy» dependent upon the 

point (x,t}, such that the vector equation 

°@,-. H, vh + wy %B (16.10) 

holds. Consequently, 

(Ss 5) - Sse 2, E+ wy (eS x By (t) SB 

jel,...,n (16.11) 

is the appropriate multiplier rule, 

The multiplier functions #, (t) and Hy (t) are determined 

by differentiation of the equations 

af. 
—i- D5. = 0 (16.12) 

j 

and 

¥ 8,55 =o, (16.13) 
j 2 

much as in the previous section.



-387~ 

17. A CONNECTION WITH OTHER FORMS OF THE RESULTS 

In the papers of Berkovitz” and others, multiplier 

functions a, (2) appear that may be discontinuous at junc- 

tion points and which satisfy a different differential 

equation from ours during portions of an optimal trajectory 

lying on a boundary. Specifically, along a boundary it is 

asserted that, under certain regularity conditions, in- 

cluding condition (15,14), 

of, (Fe 

“Ba , ~ vce) OK” jel,...jm 0 (17.1)   

where v(t) satisfies the equation 

n 

Us wi, vE@ =o. (17.2) 

At a junction point it is asserted that, in general, the 

A, are discontinuous and that the discontinuity in the 

vector A is proportional to the vector Yh. 

It can be verified that the identification 

  

Op. cit,
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t 

a, 5, - f eeryar Bee i=l,...,n (17.3) 

to 

Be yey , (17.4) 

where to is the time at which the trajectory intersects the 

boundary, renders the results above consistent with those 

of $15. If we take 

AJ =S i=l,...,n (17.5) 

at points not on a constraint boundary, we see that AG 

jumps at the exiting junction, which occurs at time the 

by the amount 

ba 
f ucryar he. (17.6) 
by + 

Should (15,14) be violated, but should 

ay o, (17.7)
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then the classical results read 

n at oo 

. i oh : Apr Era - (ESS jesse yn (47.8) 
. 4 J i=l 

n af ~ 
oh De + u(ejSBeo. (7.9) 

i=l 

Then ag and 8, can be identified off the boundary, while 

iL 

on the boundary the identification 

  

t t Tf . 

_ ah 
Aus Se, feq@man a, - if J wcrperyar, ox; 

£5 ff 

(17.10) 

pep (47.11) 

holds, Consequently, at the exiting corner at time t im 

ay jumps by amount 

1 17 an 
f e@mar Bee + [ f ucrdar,ar, 3x (17.12) 

£9
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18, SUMMARY 

We saw in Chapter IV that, associated with the optimal 

trajectory for an unconstrained problem, there exist multi- 

plier functions, Ss, (), i=1,...,n, and $,.¢t), satisfying 

certain differential equations. These functions also 

satisfy certain initial and terminal relations, depending 

on the specifications of the problem. The optimal control 

function minimizes, at each point, the derivative of the 

optimal value function--this derivative can be expressed in 

terms of the multiplier functions--and can be determined by 

setting the partial derivative with respect to the control 

of the derivative of the optimal value function equal to 

zero. 

In this chapter we have seen that if the control func- 

tion is explicitly restricted by an inequality constraint, 

the optimal trajectory still has multiplier functions as- 

sociated with it satisfying the same differential equations 

and the same boundary conditions as in the unconstrained 

case. The optimal control still minimizes, over all admis- 

sible controls, the derivative of the optimal value function, 

When the optimal control lies at its bound, however, the 

minimization does not imply that the control pulse response 

function D(t) (i.e., the partial derivative with respect
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to the control of the derivative of the optimal value 

function) equals zero. 

When a constraint involving both control and state is 

imposed, the differential equations for the multiplier func- 

tions Ss, (t) and S,(t) must be modified. Again, the optimal 

control minimizes the derivative of the optimal value func- 

tion over all admissible controls, with the minimization 

implying that the control impulse response function equals 

zero when the optimal control lies at an interior point of 

the admissible control space, but not necessarily that it 

equals zero when the control is at its bound. 

Finally, we have considered constraints involving only 

state variables. We obtained a modification of the multi- 

plier rule that applies during that portion of an optimal 

trajectory that lies on the boundary of the admissible 

region of state space. This rule resembles the modified 

rule for problems with mixed control-state constraints. The 

only difference is that the function u(t) appearing in the 

result for state-constrained problems is determined, when 

the optimal trajectory lies along the boundary, from the 

condition that the control impulse response function is 

zero--a condition that is not generally valid for problems 

with control, or mixed control-state, inequality constraints.
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Chapter VI 

PROBLEMS WITH SPECIAL LINEAR STRUCTURES 

1, INTRODUCTION 

In this brief chapter we shall investigate certain 

problems for which the optimal trajectories do not exhibit 

the regularity properties assumed in earlier chapters. It 

appears that, on an individual basis, these problems can 

still be handled successfully by dynamic programming tech- 

niques. At present, the catalogue of special problems that 

have been so treated is incomplete, and what we present 

here concerning certain situations is far from rigorous, 

The troublesome types of problems that we shall in- 

vestigate have what seem to be particularly simple forms 

and appear frequently in the literature. While it is 

certainly advisable to study simplified problems before 

attacking the complicated situations found in nature, the 

properties of the simplified problems that are treated in 

this chapter turn out to be atypical of the properties of 

most practical problems, For this reason, we feel that 

these special types of problems have been receiving undue 

emphasis and that a short chapter near the end of this 

book is their appropriate habitat. There will be no loss
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of continuity for the reader who is little interested in path- 

ological problems and who proceeds directly to Chapter VII. 

2. SWITCHING MANIFOLDS 

A point on an optimal curve or trajectory at which the 

derivative or control is discontinuous is called a corner. 

Consider the region R of admissible initial points for a 

given variational problem. Let the optimal curve from some 

particular initial point A have a corner at B and suppose 

that the optimal curves from neighboring initial points have 

corners that lie on a manifold containing B; see Fig. VI.1. 

Then the set of corner points constitutes a switching mani- 

fold M in state space. 

  

FIGURE VI.1
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The study of problems with special structures almost 

always involves the investigation of switching manifolds. 

In the situation shown in Fig. VI.1, optimal curves are 

said to be non-tangent to the switching manifold and, by 

the argument outlined in $34 of Chapter III, the general 

theory is shown to be applicable with no modification. 

However, should portions of optimal curves be tangent to, 

or coincident with, a switching manifold--such as in the 

case shown in Fig. VI,2--some of the arguments of earlier 

chapters are invalid. These are the special cases that 

will concern us in this chapter. 

FIGURE VI.2 
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3. A PROBLEM THAT IS LINEAR IN THE DERIVATIVE 

The problem to be investigated first has a definite 

integral criterion. We wish to choose an admissible 

function 

n(é) , 

with 

n(Eq) = N% 

ny) =m > 

subject to the constraint 

-~lsn@) sl 

such that Jin! given by 

gy 
Jin = f [ace.m + BCE.) n'| dé 

£5 

3.1) 

(3.2) 

(3.3) 

(3.4)
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is minimized. The functions A and B are nonlinear functions 

of the independent variable & and of the value n of the 

solution function at the point &. The integrand of (3.4) 

is linear in the derivative n’ of the solution function, 

4, ANALYSIS OF THE PROBLEM OF $3 

Consider the (x,y)-space of possible initial points 

(4.1) 

n(é) a Me
 

for the variational problem of §3. We designate as region 

I that portion of (x,y)-space for which the optimal value 

of n' is +1, the upper bound of admissible values allowed 

by the inequality constraint (3.3). The portion of (x,y)- 

space for which -1 is the optimal choice of n' is designated 

as region II. 

A region, containing interior points, in which the 

optimal 7' assumes values between -1 and +1 cannot exist. 

This assertion is proven as follows: In such a region, the 

fundamental equation
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0 = min [a + ny" +S +syy'] (4,2) 

ly! |s1 x oY 

would be valid, as well as the condition 

B+S _ =0 (4.3) 

‘that is necessary unless an extremal admissible value of 

y' is optimal. For Eq. (4.3) to hold identically in the 

region, the equation 

d Gc + 5), =0 (4.4) 

must hold in the interior of the region for all y' (the 

notation used in Eq. (4.4) was defined and explained in 

§6 of Chapter III), Also, since the multiplier rule given 

by Eq. (III.9.8) of Chapter III is valid in such a region, 

we have 

‘ds 
¥y =e . t a), 4y Bylo (4.5) 

y 

where y' is the optimal value of the derivative n'. From 

Eqs. (4.4) and (4.5), we conclude that the equation
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BL- A =0 (4.6) 

must hold at all points of the region. But, Eq. (4,6) 

represents a curve in (x,y)-space, not a region with an 

interior, and a contradiction to the assumption of the 

existence of such a region has been established. A curve 

rather than a region, therefore, separates regions I and 

Il, 

While we have established Eq. (4.6) if there were a 

region in which the optimal value of y' were neither +1 

nor -l, we have not yet established that the curve separating 

regions I and II is described by Eq. (4.6). This is because 

we have yet to establish the validity of the multiplier rule 

(4.5) at a point on the curve separating regions I and II, 

since the regularity assumptions that were used to derive 

(4.5) are not valid at such a point. 

Suppose that, on the boundary curve--designated y = g{x)-- 

separating regions I and II, the optimal value of n' equals 

neither +1 nor -1, but assumes a value g' somewhere between 

these bounds. Then the optimal curve, emanating from a point 

on y = g(x), coincides with the curve y = g(x), and the non- 

tangency assumption concerning a switching manifold is vio- 

lated. We wish to characterize the curve y = g(x) in this
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case, Geometrically, we are investigating a situation 

such as is shown in Fig. VI.3, where the segments with 

arrows are portions of optimal curves to a specified 

terminal point. 

  

FIGURE VI.3 

At every point of (x,y)-space, the equation 

O= min |A + By! +) (4.7) 
ly" fst y!
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holds, At points in the interior of region I, Eq. (4.7) 

implies the results 

op atee si) 4 51) (4.8) 
x y 

B+ 5) <0 (4.9) 

since the y' value of +1 is optimal. We use the super- 

script notation to indicate the region since we have not 

shown, at this point, that the partial derivatives of S are 

continuous across the boundary curve y = g(x). In region II, 

we have 

o=a-p4+ 5D _ g(11) (4.10) x y 

B+ sn) >0. (4.11) 

At points in the interior of regions I and II, the optimal 

policy function exhibits sufficient regularity (in fact, 

constancy) to allow the derivation of the results 

@ =), => AL - By! (4.12)
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and 

dS 
x y' => Ay > Boy! 4.13) 

by the method of §9 of Chapter III. Here, y' is the 

optimal slope. Since, by assumption, optimal curves follow 

(rather than cross) the switching curve y = g(x), we can- 

not yet assert that the two different one-sided partial 

) ana gD 
x x 

derivatives S and » evaluated at a point on y = g(x), 

are equal, nor that st) equals st), 

Each point of y = g(x) is a corner point for both 

curves coming down from above and up from below. Con- 

sequently, at points on the curve y = g(x) the equations 

O=B+ s) (4.14) 

and 

O=B+t s(t) (4.15) 

hold. Hence, assuming that B is a continuous function of its 

arguments, we conclude that
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sO) 2 sD 
y 

y (4,16) 

and, since S is continuous across y = g(x), we also have 

that 

3) = GD | (4.17) 

We see, then, that the optimal value function has con- 

tinuous partial derivatives across the switching curve 

y = g(x). 

In the interior of both regions I and II, the result 

d 
rae + 5) , = B.. - Ay (4.18) 

follows from Eq. (4.13). Since in the interior of region 

I the control y' = +1 is assumed optimal, the expression 

B+s (4.19) 

must be less than zero (see Eq. (4.9)). Furthermore, ex- 

pression (4.19) must equal zero along y = g(x), each point 

of which is a switching point. Consequently, the deriva- 

tive of B+ Sy taken along an optimal curve must be non-negative
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in the interior of region I at points in the neighborhood 

of y = g(x). Therefore, 

BL - Ay 20 (4,20) 

in region I in the neighborhood of the curve y = g(x). Bur, 

expression (4.19) must be positive in region II and zero 

along y = g(x). Hence, 

(Ke + 5,)) £0 (4.21) 
y 

in region II at points in the neighborhood of y = g(x), and, 

consequently, 

BL - A, <0 (4.22) 

in that neighborhood. Results (4.20) and (4.22) in com- 

bination--assuming A and B have continuous partial deriva- 

tives in their arguments--imply that the equation of the 

curve y = g(x) must be 

B- A =O, (4,23)
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The curve given by Eq. (4.23) is called a singular are by 

some authors. Both classical analysis* and a special argu- 

ment built upon Green's theorem? confirm that a problem of 

the sort we are treating can have singular arcs--arcs along 

which y' does not take on either of its extreme allowable 

values--as long as the singular are satisfies Eq. (4.23). 

We see (from the fact that the derivative of B+ 8, 

equals zero along a singular arc given by Eq. (4.23)) that 

along a singular are the result 

‘ds ‘aB 
_z = -{(= =. - tee - , 
@ y! (2), Px 7 By? fy 7 By Oe) 

holds. Consequently, the multiplier equation (4,13)--which 

is easily seen to hold under regularity assumptions--also 

holds without modification along a singular are in the 

above special case in spite of the non-validity of the 

non-tangency assumption required in previous derivations. 

  ¥ 
G. Leitmann, "Maximum Range for a Rocket in Hori- 

zontal Flight," J. Appl. Math. & Mech,, Vol. 27, No. 3, 
December 1963, pp. 867-872. 

‘a, Miele, "Extremization of Linear Integrals by 
Green's Theorem," Chap. 3 in Optimization Techniques, 
George Leitmann (ed.), Academic Press, New York, 1962.
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5. DISCUSSION 

The above problem, which is linear in the control but 

not in the state, becomes quite complicated when generalized 

to more than two dimensions. However, the heuristic reason- 

ing presented above would still seem to permit analysis. 

The solution of higher-dimensional problems that are linear 

in the derivatives appears to involve singular surfaces, 

and, thus, the synthesis of the optimal curve can be very 

involved, 

6. A PROBLEM WITH LINEAR DYNAMICS AND CRITERION 

We have studied a problem with a criterion that was 

linear in the decision variable but nonlinear in the stage 

and state variables. We concluded that the optimal curve 

for such a problem could contain a segment along which the 

derivative was not at its bound, and we found the equation 

for such a segment. We also concluded that the partial 

derivatives of the optimal value function were continuous 

across such a segment, and that they satisfied the usual 

multiplier rule along such a segment. 

We turn now to a different problem, It is even 

simpler in formulation than the problem of §3 in that it 

contains no nonlinear aspects at all. Just as the study
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of the problem of §3 turned out to be more complicated 

than the investigation of the general problems of earlier 

chapters, the solution of our new problem involves even 

more special arguments than the solution of the problem of 

$3. It will be found, for the problem of this section, 

that there exist switching surfaces across which the partial 

derivatives of S are discontinuous, and, furthermore, that 

the differential equations that are satisfied by the partial 

derivatives of S must be modified for segments of optimal 

curves that are coincident with the switching surfaces. 

Let us consider a time-optimal control problem. A 

control function 

v(T) t.stTst (6.1) 

is to be chosen, subject to the control inequality con- 

straint 

-lsov(r) <1. t.stst (6.2) 

The control yields a trajectory 

&,(7) isl,2 (6.3)
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in accordance with the linear differential equations 

&(7) = & 

(6.4) 

& (7) =v 

with initial conditions, at the specified time tg. 

&, (ty) = g i=1,2 (6.5) 
0 

The time t, at which the terminal conditions 

&(t)) =0 i=1,2 (6.6) 

are satisfied is to be made minimum by the choice of the 

control function. 

The inequality constraint (6.2) is essential to the 

problem, Without it, the difference between the terminal 

time ty) and the initial time ty can be made arbitrarily 

small by the use of an impulsive (unbounded) control. This 

is because the special problem we are considering has Linear 

dynamics and the criterion does not explicitly involve the 

control variable,
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Equations (6.4) result when the one-dimensional second- 

order dynamical equation 

£(t) =o (6.7) 

is written as a first-order system. In terms of the one- 

dimensional model, we seek to drive the controlled object 

to rest (i.e., zero velocity) at the origin in the least 

possible time. 

7. INVESTIGATION OF THE PROBLEM OF §6 

Let us consider the general initial point 

ret 

&() =x, (7.2) 

&() = x, > 

and define the optimal value function S(X).%5,t) by 

S(x,,x5,¢) = the time of arrival at the terminal 

point (6.6) of a particle moving 

according to the dynamical law (6.4) 

where its initial position, at time rc, 

is Oxy %5) and the control u(t) that 

minimizes the time of arrival is used.
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Let us call regular any region of (x) .x,,t)-space where 

the optimal control policy ux, X50) is a continuous func- 

tion of its arguments or where there is a manifold of dis- 

continuous control (as long as trajectories are not tangent 

to the manifold). The optimal value function satisfies the 

fundamental partial differential equation 

Q-= ea ee + s,4 + :,| (7.2) 

in a region of regularity. In such a region, S, is constant 

along an optimal trajectory and we can deduce, from the 

boundary condition 

$(0,0,t) =t, (7.3) 

that 

8 el. (7.4) 

At any point of regular behavior of optimal trajectories, 

the two multiplier equations
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  \ o
 

ds 
xy _ 

dt 
u 

as 

dt ; -s 
u *y 

hold when u is the optimal control since, as we saw in 

(7.5) 

  

Chapter V, the multiplier equations are unaffected by the 

introduction of inequality constraints on control alone. 

Since the expression in (7.2) that is to be minimized 

is linear in u, at a point: of regular behavior of optimal 

trajectories either 

u=ti1, (7.6) 

or 

u=#-1, (7.7) 

or 

s =0 (7.8)
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holds. The left side of Eq. (7.8) is the coefficient of u 

in (7.2). I£ Eq. (7.8) were to hold along an optimal 

trajectory over an interval of time, then u could conceiv- 

ably assume an intermediate value between +1 and -1 during 

that interval. But for (7.8) to hold during an interval, 

all the time derivatives of the left side of Eq. (7.8) must 

equal zero, But, by (7.5), this would mean that Sx must 

equal zero, which would contradict Eq. (7.2). Consequently, 

it is impossible, at regular points, for u to assume an 

intermediate value between -1 and +1 during a finite in- 

terval of time. 

But if u assumes only the values +1 or -1, no more 

than two different optimal trajectories lead into the origin. 

Optimal trajectories from initial points not on one of these 

two trajectories must ultimately intersect one of these two 

trajectories and then switch controls and enter along it. 

This means that optimal trajectories do not always cross 

these manifolds of discontinuous control leading into the 

origin, but, sooner or later, follow them. This violates 

the non-tangency condition that was assumed at regular 

points, which in turn means we must expect to encounter 

irregular conditions and must distrust, when a tra- 

jectory coincides with a switching manifold, our previous
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derivation of the fundamental equation (7.2) and con- 

clusions extracted from it. 

8. FURTHER ANALYSIS OF THE PROBLEM OF §6 

Consider the situation where optimal trajectories all 

intersect a switching manifold M from the same side, and 

then switch control and follow the manifold. An example 

of such a case is shown in Fig. VI.4. Trajectories and 

the manifold M actually exist in the 3-dimensional (ty XQ, t)- 

space, but the projection of M onto the (x, ,X)-plane defines 

  my   
FIGURE VI.4
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acurve. This is because a change in the t coordinate of a 

given initial point (4) 0%y,t), with x and Xy held fixed, 

does not affect the x] and Xo coordinates of the switching 

point on the associated optimal trajectory, but only the 

value of S, the time of termination. Initial points 

(x) 5%5,t) that we shall study have coordinates (&1 2%) 

lying in the region R and may have any values of the t 

coordinate, Since we have seen that the control can 

assume only its extreme values, the control variable equals 

either +1 or -1 in the interior of R and takes on the other 

value on the switching manifold M. 

We saw in §7 that our prior results about S and its 

partial derivatives hold in the interior of R. Consider 

a particular optimal trajectory with a segment that is 

coincident with the switching manifold M. The same terminal 

time is associated with each point Gry sXy ot) on the tra- 

jectory, and, consequently, the time derivative of the 

optimal value function is zero, We have, therefore, the 

equation 

+8) uD ag, (8.1)
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where u™) indicates the control that yields motion along 

M, and the partial derivatives are one-sided into R. As 

before, S. obviously equals 1 since time is being minimized 

and the dynamics are not time-dependent, 

Since Eq. (8.1) holds identically along a particular 

trajectory lying on M, we can differentiate the equation 

to obtain the result 

ds ) G 

1 
O= x, + 

2 dt 
Gd 

Furthermore, since M is a manifold of discontinuous control, 

  
  

or 

  

*2) ul) 45 Od, (8.2) 
a) *1 

the coefficient Ss, of the control variable in Eq. (7.2) must 
2 

equal zero at all points on M. Therefore, 

Ss, = 0 (8.3) 

holds identically on M and, differentiating Eq. (8.3) with 

respect to time, we obtain 

as, 
(2) =0. (8.4) 

ae
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Substitution of this result into Eq. (8.2) yields 

as. 8 al 
1 

dt . (8.5) 
af) a 2 

These equations give the rate of change of Se and Sx, 

along a trajectory lying on the switching manifold M, 

These results differ from those of Eqs. (7.5) which held 

at points lying in the interior of R. Our new result is 

not contradictory, since the assumptions used to derive 

Eqs. 7.5)" are not valid along M, where an infinitesimal 

change in state to an interior point of R results in a 

finite change in control. 

The trajectories through (x) Xp st)-space that lead 

into admissible terminal points (0,0,t,) are independent 

of the absolute time t and lie in either the surface 

(8. 6) 

  

* 
See Chapter IV, Eq. (IV.10.3), where we used the fact 

that the partial derivative with respect to u of the ex- 
pression being minimized equals zero and the assumption that 
3u 
x is finite in order to deduce the multiplier rule.
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which results when a = 1, or the surface 

X, 20 

1 (2 _ 
FX + x) = 0, (8.7) 

which occurs when at = -1; the projections of these 

trajectories onto the (x, .*,)-plane are shown in Fig. VI.5, 

where the arrows indicate the direction of the projected 

paths through (x) .X5)-space corresponding to increasing 

time. Note that Sx, is a linear function of time (see 

Eqs. (7.5)) at points not on the manifold M, and equals 

zero at points on M, Consequently, there can be at most 

one discontinuity in control along any optimal trajectory, 

since a linear nonconstant function has only one zero. 

As a result, any optimal trajectory starting from a point 

in region I in Fig, VI.6 must use control 

ue-l (8.8) 

  

* : We have seen that S. # 0 at a point on M, Since Ss. 
1 1 

is continuous and is constant along trajectories in R which 
intersect M, it cannot be zero at any point in R,



ebtx=0 
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Re 

  

  
FIGURE VI.5 

 



-419- 

   



-420- 

until the curve 

- x, =0 (8.9) N
i
r
 

* 

is reached; then, control 

us4+l (8.10) 

brings the trajectory to the origin, Similarly, any tra- 

jectory at a point in region II uses control 

u=+1 (8,11) 

and then reaches the origin along the curve 

+x, =0 (8.12) 

N
i
r
 

* 

with 

ue-l. (8,13) 

We can now use this information about optimal tra- 

jectories to compute the optimal value function explicitly
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and, thus, verify results (7.2), (8.1), and (8.5), It 

turns out that 

2 S(x1.%5,t) ett Xo + 2 x5 + 2x1) (8.14) 

in region I, and 

S(x,,%5,t) = t - x, + 4/2(x2 - 2x.) (8.15) 1°"2? 2 2 1 . 

in region II, The square-root term is always taken to be 

non-negative, The function S is continuous across the 

switching manifolds. 

In region I, including the switching manifold (8.6), 

partial differentiation of Eq. (8.14) yields the result 

  S. = 2 (8.16) 
46,2 

2(x, + 2x1) 

and 

2x, 
Ss =s1+4 . (8.17)  
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* 

This is consistent with Eqs. (7.2) and (8.1). In region 

II and on its switching manifold (8.7), we have 

s. -- + (8.18) 
1 \/2 (xs - 2x1) 

and 

2x5 
Ss. =———4—_ -1, (8,19) x 

2 \)2 5 - 2x1) 

which again checks with prior conclusions, Furthermore, 

from (8.16) we see that, along the switching manifold (8.6), 

we have 

--k S.=-a- (8,20) 

(We use the minus sign because 5 is non-negative by 

1 
Eq. (8.16) and x, is negative along (8.6).) Consequently, 

2 

“Note that for points on the switching curve 3 5 ~ ey 

= 0, the numerator of the quotient in (8.17) is negative and 
the denominator is positive, so the ratio is -1,
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as. & 8, a 

a “Gr (8.21) (™) Xo 2 

as asserted in Eq. (8.5). 

9, DISCUSSION 

Note that the functions Sx, Or g7) and Sy, 298) 

are not continuous functions of the arguments xy and Xo 

across the manifold separating region I from region II, 

In fact, they jump from a finite to an infinite value. 

This fact would cause us somé dismay in our development 

were it not for one important fact: Trajectories do not 

cross the manifold of discontinous Sy and 9x5" If they 

did, an argument of the type given in the Berkovitz- 

Dreyfus paper could be developed to show that the partial 

derivatives were continuous. We see then that the linear 

problems with bounded control have solution trajectories 

using only extremal values of the control variable (called 

bang-bang control). For such problems, the state space 

may be separable into regions, each of which has the 

property that all trajectories originating in the region 

Stay in the region. Then, in each individual region, the 

fundamental equation is valid, as are deductions from it
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as long as special care is taken when studying points on 

the boundary of the region, The fact that the partial 

Gerivatives of the optimal value function are discontinuous 

across manifolds separating such regions is of no great 

concern, 

It is interesting to note that the formulas for the 

time derivatives of the partial derivatives of S$ differ, 

along the switching boundaries, from their usual form. In 

the classical literature, where multiplier functions appear 

in place of the partial derivatives of S, no such modifica- 

tion in the formulas for derivatives of multipliers takes 

place, The conclusions about the optimal control based 

upon the classical form of the results turn out to be 

identical with ours, but we have the interesting phenomenon, 

in this linear case, that the classical multiplier functions 

differ numerically from our one-sided partial derivatives, 

and, therefore, the classical multipliers cannot be in- 

terpreted as partial derivatives of the optimal value 

function, In fact, the classical multipliers apparently 

have no physical or geometrical interpretation,



10. SUMMARY 

We have 

with special 

that violate 

We have seen 

vidual basis 
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presented and discussed two examples of problems 

structures. These problems have solution curves 

our earlier hypotheses concerning regularity. 

that such problems can be handied on an indi- 

by dynamic programming techniques. Doing so 

has both advantages and disadvantages. On the credit side 

of the ledger, the expressions appearing in our analysis 

possess useful physical and geometrical interpretations. 

This property is not shared by the classical results. On 

the debit side, special arguments are necessary for each 

problem, with the form of the results differing for dif- 

ferent problem statements. Another debit, but one that we 

feel is transient, is the current lack of completeness or 

rigor in the specialized arguments that have been developed.
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Chapter VII 

STOCHASTIC AND ADAPTIVE OPTIMIZATION PROBLEMS 

1. INTRODUCTION 

In earlier chapters we dealt with deterministic 

problems. In the Simplest Problem of Chapter III, for a 

specified initial point, the choice of a policy y' (x,y) 

uniquely determined a curve y = y(x) and also the value of 

the criterion functional J[y(x)]. In the subsequent chapters 

on the Problem of Mayer, the specification of a control 

policy u(x,t), for given initial values of the state vari- 

ables x and time t and for given dynamical equations, com- 

pletely determined a trajectory and a value of the terminal 

eriterion, 

We turn now to a class of problems, not considered in 

the classical variational literature, where the specifica- 

tion of a control does not uniquely determine a trajectory. 

The dynamical equations for a typical problem in this 

chapter will contain random variables as well as the usual 

state-dependent and control-dependent terms. These random 

variables may depend upon the time, the state, or the con- 

trol, or they may be independent of all three, As a result 

of this randomness in the evolution of a process, the



-428- 

selection of a Particular control function (if the control 

is viewed as a function of time) or a control policy (if 

the control depends on both the time and the state) de- 

termines a probability measure defined over the space of 

all possible trajectories, but does not determine which 

trajectory actually occurs, We postulate, as before, a 

criterion functional that associates a value with each 

trajectory. The expected value of the criterion functional 

associated with a particular control is then to be calcu- 

lated by weighting the criterion value of each possible 

trajectory by the probability (density) of its occurrence 

and summing (integrating) over all possibilities. This 

yields a scalar expected value associated with each control 

function or policy. We shall seek a way of determining, 

for problems of the foregoing type, the control policy which 

has associated with it the minimum expected value of the 

criterion. 

An elaborate theory justifies the use of an expected 

value criterion in a stochastic environment where the 

process is to evolve only once. This theory is based on 

the determination of a "utility," which is a function as- 

sociating real numbers with consequences by means of a



-429- 

* person’s personal evaluation of preferences among gambles. 

The expected value of the utility is then optimized, In 

this context, our criterion function should be interpreted 

as a utility function. 

We shall be concerned inittally with processes which 

evolve by discrete steps, since the concept of a sequence 

of random variables is intuitively easier to erasp than 

the concept of a continuous stochastic process. For such 

problems, we shall obtain by the principle of optimality 

@ recurrence relation characterizing the optimal expected 

value function, In those cases where we consider the 

continuous problem, we shall find that a fundamental partial 

differential equation is obtained as the limiting form of 

the recurrence relation, just as it was for deterministic 

problems. One of the most interesting and important 

properties of dynamic programming is that neither the 

techniques nor the results need be significantly modified 

to include problems with stochastic aspects, 

*T, Von Neumann and 0, Morgenstern, Theory of Games and Economic Behavior, Princeton University Press, Princeton, New Jersey, 1947; also, L. J. Savage, The Foundations of Statistics, John Wiley and Sons, Inc., New York, 1954,
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Actually, most practical and realistic control problems 

are neither deterministic nor stochastic as we have defined 

them. Both of these models lack an important aspect of 

almost all behavior, and certainly of optimal behavior: 

the learning element, When learning is present, we speak of 

adaptive control processes. While the dynamics of a 

stochastic control process involves incomplete knowledge, 

the nature of the uncertainty (i.e., the density functions 

of the random variables involved) is known initially and 

no new information about the underlying dynamics becomes 

available as the process evolves, In an adaptive process, 

information about the underlying dynamics (perhaps about 

the initial conditions of the problem, perhaps about the 

means or variances or other parameters of the density 

functions for the random variables in the dynamical dif- 

ferential equations, or perhaps about the form of the 

equations themselves) becomes available as the process 

evolves, The optimal control policy then reflects 1) the 

initial uncertainty about the problem dynamics and the 

desire to reduce this uncertainty, and 2) the ultimate 

and basic desire to minimize the objective criterion.
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This chapter is only an introduction to the vast 

domain of stochastic and adaptive optimization problems, 

and we shall be more concerned with concepts than with 

results, 

While the application of what we have called “dynamic 

programming ideas" to deterministic variational problems 

is fairly new, these ideas and the additional ones developed 

in this chapter are not entirely novel to the treatment of 

stochastic and adaptive problems, A considerable litera- 

ture in statistical decision theory, some of it preceding 

the coining of the term “dynamic programming," develops 

and uses the ideas presented in this chapter. Therefore, 

the reader should not embark upon research in this area 

without consulting this literature, * With particular re- 

gard to the stochastic and adaptive generalizations of 

  

*Some important contributions are: 
Howard Raiffa and Robert Schlaifer, Applied Sta- 

tistical Decision Theory, Division of Research, Graduate 
School of Business Administration, Harvard University, 
Boston, 1961, 

Abraham Wald, Statistical Decision Functions, John 
Wiley and Sons, Inc., New York; Chapman and Hall, London, 
1950.
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variational problems that we shall treat, current research 

is directed toward adapting this body of statistical know- 

ledge to multistage and, ultimately, continuous decision 

problems, 

2, A DETERMINISTIC PROBLEM 

Let us begin by considering a simple three-stage 

discrete deterministic control problem of the type inves- 

tigated in Chapter I. Given the directed network shown 

in Fig. VII.1, we wish to determine that path from vertex 

A to line B which has the property that the sum of the 

numbers written along the three arcs of the path is minimum. 

Let us denote by U the decision to choose the diag- 

onally-upward arc from a vertex, and by D the choice of 

the diagonally-downward arc. Suppose that we consider 

that we are at the vertex A at time 0, at either the vertex 

diagonally up from A or the one diagonally down from A 

(depending upon the decision at A) at time 1, and at one 

of the three vertices one step from B at time 2. We can 

then determine a path by specifying a decision (either 

U or D) at time 0, a decision at time 1, and a decision at 

time 2. By examining all eight possible sequences of three 

decisions, we discover that the path produced by the sequence 

of decisions D-U-D (diagonally downward, then upward, then
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FIGURE VII.1 

downward) has sum-of-arc-numbers zero and is the unique 

optimal solution. We shall call a designation of the optimal 

sequence of control decisions to be followed from a given 

initial vertex to the termination, the optimal open-loop 

control function 

The continuous analog of this problem is the search 

for the derivative function '(&) (or the control function 

u(T)) that yields a curve that connects specified initial 

and terminal manifolds while minimizing a given criterion. 

We obtained an open-loop characterization of the solution
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function in earlier chapters by converting the fundamental 

partial differential equation to a system of ordinary 

differential equations. 

A second way of presenting the solution to the above 

problem is to associate with each vertex of Fig. VIL.la 

decision, either U or D, that is the initial decision of 

the optimal sequence of decisions yielding a path from 

that vertex to the terminal line. This set of decisions 

associated with vertices is efficiently determined by 

proceeding recursively backward from the terminal line. 

We initially record the optimal decision and minimum sum 

to termination (encircled) at each vertex along the line 

C, in Fig, VII.2, and then use the circled numbers to 

determine the optimal decision and minimum sum associated 

with each vertex on the line D, and, finally, with the 

vertex A; this yields Fig, VII.3. We shall cali a designa- 

tion of the solution that associates an optimal decision 

with each possible initial stage and state of the system 

(i.e., with each vertex) the optimal feedback control 

. * 
policy. 

  

A policy is a function of both the stage and the state 
variables, We use the term “control function" here in a 
special sense to indicate a control that is a function of 
one variable, the stage.
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  FIGURE VII.2   
FIGURE VII.3
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This is, of course, the dynamic programming view that 

ied in earlier chapters to the fundamental partial dif- 

ferential equation that is satisfied by the optimal value 

function and the associated optimal policy function. 

The interpretation of Fig. VII.3 is that the optimal 

path from vertex A has the value zero and its initial are 

Slopes diagonally downward, The vertex at the right-hand 

end of this downward arc has a U written by it, indicating 

that the optimal decision associated with the vertex is 

the diagonally-upward arc. This choice, in turn, leads 

to a vertex with a downward decision. Hence, D-U-D is the 

optimal sequence of decisions leading from the vertex A. 

Note that the feedback representation of the solution also 

yields the best path starting from other vertices not along 

the D-U-D path. The open-loop solution does not yield 

such information. 

Fhe important observation here igs that for a specified 

initial vertex such as A, the open-loop and feedback repre- 

sentation of the solution are equivalent for this and, 

more generally, for any deterministic process, 

3. A STOCHASTIC PROBLEM oe eho rte PROBLEM 

Let us now modify the above problem by introducing a 

Stochastic aspect, We shall assume that the decision
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designated by U results in a probability of 3/4 of a 

diagonally-upward transition from a given vertex, and in 

a probability of 1/4 of a diagonally-downward move. The 

alternative decision, D, has a 3/4 chance of producing 

a diagonally-downward move and a 1/4 chance of an upward 

transition. Once a transition occurs, it can be observed 

by the controller. We now have a stochastic control prob- 

lem. We can still exert a controlling influence, but the 

randomness that we have introduced determines the actual 

transformations of state at any vertex, 

Associated with each transition between vertices is 

a value given by the are number of the are connecting the 

vertices. A path between the vertex A and the line B is 

determined by three successive transitions, and its value 

is given by the sum of the values of the three ares, A 

control function or policy does not determine the path that 

will result, but it does determine the probability of each 

path occurring, Consequently, each control scheme has an 

expected value determined by summing the products of the 

probability of each path and the value of the corresponding 

path. We seek that control function or policy with minimum 

expected value, 

To determine the best open-loop control function, we 

consider all eight possible sequences of three decisions
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each, and choose the one with minimum expected value. For 

example, the decision sequence D-U-D that optimized the 

deterministic version of this problem has a probability of 

27/64 of actually yielding the path associated with a 

downward, then an upward, and finally a downward transition; 

this path has value 0. There is a probability of 9/64 of 

an upward-upward-downward path of value 10. Unfortunately, 

there is also a probability of 9/64 of a downward-upward- 

upward path of value 1200. Multiplying the eight appropriate 

values by their probabilities and adding, we obtain an ex- 

pected value Enup given by 

= 27 a Enup = 64° + 6g (10 + 12 + 1200) 

+32 + 10 + 10) +4110 = 190 64 64. _ 

It turns out that the decision sequence U-U-D has the 

minimum expected value--approximately 120. 

The optimal feedback control policy may be computed 

recursively just as in the deterministic example, Suppose 

that, for a given vertex, the minimum expected value as- 

sociated with starting at each of the two adjacent vertices 

to which a transition might possibly occur has been determined.
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Then the expected value of the transitions from the given 

vertex to the termination if decision U is chosen initially 

is obtained as follows: The upward arc number and the 

expected value associated with the vertex at the right-hand 

end of the upward arc are added and the result is multiplied 

by 3/4; then, the downward arc number is added to the ex- 

pected value associated with the vertex at its right-hand 

end and the sum is multiplied by 1/4; finally, the two 

resulting numbers are added, Decision D is similarly 

evaluated with the probabilities--3/4 and 1/4--reversed. 

Then the minimum of these two results is the optimal ex- 

pected value of the remaining transitions. The minimizing 

decision and expected value of the remaining transitions 

(encircled) are recorded at the vertex; this computation 

leads to Fig. VII.4. The expected value using the optimal 

feedback control policy is 84% and the optimal policy 

function is the set of letters associated with the vertices 

in Pig. VII.4. 

At this point, we would like to introduce a third 

control scheme, Let us use the optimal open-loop solution 

to yield our initial decision for the three-stage problem. 

Then, after a transition has occurred, let us observe the 

result and determine the best open-loop solution for the
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FIGURE VII.4 

new two-stage problem, After implementing the initial 

control decision of this optimal open-loop solution, a 

transition occurs and we again observe the state and use 

the optimal control decision for the remaining one-stage 

problem, This scheme uses the optimal open-loop initial 

decision at each stage, but incorporates feedback in the 

observation of the actual state attained. We call this 

scheme open-loop-optimal feedback control. 

For the example problem of this section, this control 

scheme differs from both of the previous schemes. It turns
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out that the open-loop-optimal feedback decision coincides 

with the optimal feedback decision at each vertex of this 

example, except for vertex A. There, as has been shown, 

the optimal open-loop control sequence dictates an upward 

decision, whereas the optimal feedback decision is D. 

Therefore, the expected value E of the open-loop-optimal 

feedback control scheme is computed as in Fig. VII.4, 

except that U rather than D is chosen at vertex A. Cone 

sequently, at vertex A, we have the result 

w
e
 ai 3 = E = 7(0 + 84) + 5(10 + 75) = 8 

We assert on the basis of this example that 

1) The optimal open-loop scheme incorporating no use 

of subsequent information about actual transitions 

yields a large expeeted value; 

2) The optimal feedback scheme where the state is 

assumed known when the decision is made yields 

the smallest possible expected value for this 

type of stochastic problem; 

3) The hybrid open-loop-optimal feedback scheme yields 

an intermediate expected value. Although feedback 

is used, the fact that feedback is to be used is



-442- 

withheld from the computation determining the 

control decisions, and this results in a control 

scheme that is inferior to true optimal feedback 

control, 

4. DISCUSSION 

We have distinguished two types of optimal control of 

a stochastic system: open-loop and feedback, Each is 

optimal with respect to the information it utilizes in 

its realization. The optimal feedback scheme performs at 

least as well as the optimal open-loop scheme on the 

average. * There is no assurance, however, that it will 

be superior for each particular realization of the stochastic 

process. The third scheme that we distinguished, open-loop- 

optimal feedback control, is not truly optimal for the 

information it uses (namely, the observation of the state 

after each transition occurs and before the next decision 

is rendered). We mentioned it only because there is a 

tendency to confuse it with optimal feedback control. 

  

*chis is because the set of all open-loop control 
schemes can be considered as a subset of the set of all 
possible feedback control schemes, The same decision, for 
an open-loop scheme, must be associated with all states 
at a given stage.
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In the next 14 sections we shall seek to characterize 

the optimal feedback control policies for various stochastic 

problems. We shall investigate problems for which the 

criterion is additive and in which the random elements de- 

pend upon the current state but do not, explicitly, depend 

upon the past. It will be seen that dynamic programming 

is ideally suited to the task we face. Should the optimal 

open-loop control function, rather than the optimal feedback 

control policy, be required or desired, the dynamic program- 

ming approach does not appear to be applicable, For a 

treatment of a specific ‘open-loop stochastic control problem 

by a non-dynamic programming method, the reader is referred 

* 
to the work of Mishchenko. 

5. ANOTHER DISCRETE STOCHASTIC PROBLEM 

We now consider a problem midway between the relatively 

unstructured numerical example of §3 and the continuous 

stochastic problem we shall introduce in $9, 

Suppose that a system may be found in any one of m 

states S35 i=l,...,m, at each of the n discrete times 

  

L. S. Pontryagin, et al., The Mathematical Theor 
of Optimal Processes, K. N. Trirogoff (trans.), L. W. 
Neustadt (ed.), John Wiley and Sons, Inc., New York, 1962, 
Chap. 7,
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ty j=1,...,n. A set of q control decisions dy 

is available in each state at each time. If the kt 

k=1,...545 

h 

control decision d, is chosen when the system is in state 
k 

8, at time ty there is a known probability p(s, st;.d.08,) 

that the system will be transformed into state p> 4=1,...,m, 

at time aan: Associated with the transition from state 

s,. at time t, to state s, at time t, due to a choice of 
i j 4 ji 

control dy is a value F(s,.t5.4,58,) determined by a given 

function F of the four variables. Also, at the time th 

when the process terminates, if the state is 5,» r=1,...,m, 

a value (s_) is obtained, The process starts in state 

S, at time t,. We seek a control policy 
1 1 

u(s,.t;) i=l,...,m; j=l,...,n-1 (5.1) 

--a function of two variables associating a control de- 

cision with each state 55 at each time tyro that will mini- 

mize the expected value of J, where J equals the sum of the 

transitional values and the terminal value and is given by 

the equation
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n-1 

Js y P(s;,ts.d,.8,) + 4(s.). (5.2) 

j=1 

6, THE OPTIMAL EXPECTED VALUE FUNCTION 

We take a cue from our study of deterministic pro- 

cesses and consider a family of problems, each starting 

at different times in different states. The criterion 

for the process starting in state S, at time t, is the 

sum of the transition values F for the remainder of the 

process plus the terminal value ¢, 

We define the auxiliary function S(s;,t,) by 

S(s;.t,) = the expected value of the process 

described above where the process 

starts in state 8; at time ty and 

where an optimal control policy is 

used, 

The function 8(s,.t5) is called the optimal expected value 

function.
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7. THE FUNDAMENTAL RECURRENCE RELATION 
  

Suppose that a process starts in state 8; at time c. 

and that control decision a is chosen at time ty and an 

optimal control policy is used thereafter, With proba- 

bility pisj ot, 54,587), the system transforms into state 

s> at time t, 
L 

441" Given that a transition to state 87 occurs, 

the expected value of the entire process equals 

F(s;.t,.d,.87) + 8(s7,t 54) ; (7.1) 

where the first term is the value of the initial transition 

and the second term equals the expected value of the re- 

maining process. Since the transition to state 83 occurs 

with probability p(s; ,t5,d, 587), the process, if it starts 

at time ty in state 8) and control d, is chosen, has the 
k 

expected value (7.1) with probability p(s; 

  

j rd, 83) . 

Multiplying the expected value of the entire remaining 

process associated with each initial transition by the 

probability of the initial transition if decision ay is
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chosen, and summing the products over all possible initial 

transitions, we obtain the formula 

Vs;5t, dy.) 

i
t
-
7
 

A 

p(s; ,t5.d,58,) [ree ptysesy 

4 L 

+ S66, 85.) 3 (7.2) 

where Vs .ty dd is the expected value of using control 

ay. in state 8, at time tp and the optimal control policy 

thereafter. Clearly, 

5(s,5t;) = min Visy.t554,) . (7.3) 

k 

Therefore, we obtain the recurrence relation 

m 

S(sjstj) = min |) plsy.t).4,08,) [Perse yapey 
k Neel 

+ sey.) | i=l,...,m; j=l,...,n-1 (7.4) 
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relating S evaluated at a particular state 8, at time t. 

and S evaluated at all possible states s, at time faa 

Since a process starting at time th in state s. also 

terminates there, with no control or transition, we have 

the boundary condition 

S(s,,)) = (s.) . re=l,...,m (7.5) 

The solution of recurrence relation (7.4) with boundary 

condition (7.5) involves the determination of a minimizing 

control decision a. for each initial condition (s5.t,). 

We designate by u(s;,t,) the optimal policy function as- 

sociating the minimizing d, with each (s;5t,). 
k 

The numerical solution of this type of problem is 

* 
discussed in the literature. 

8. DESCUSSION 

Note that S(s;.t,), for fixed i and j, depends upon 

the values of S(s,.t54.) for all 4, even when the optimal 

  

¥ 
R. E, Bellman and 8S. E. Dreyfus, Applied Dynamic 

Programming, Princeton University Press, Princeton, New 
Jersey, 1962, Chap, 11; also, The RAND Corporation, R-352- 
PR, May 1962, R. A. Howard, Dynamic Programming and 
Markov Processes, Technology Press and John Wiley and Sons, 
Inc., New York, 1960.
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decision a(s;,t,) is known. This is quite differenr from 

the deterministic case where, along an optimal trajectory, 

S evaluated at a particular state at time t could be re- 

lated to S evaluated at a particular nearby state at time 

t+aT, This "fanning-out" property of stochastic problems 

appears to make it difficult to reduce the fundamental 

recurrence relation or, in the continuous case, the partial 

differential equation to related ordinary difference or dif- 

ferential equations. Recent research has, however, shown 

that the solution of a stochastic problem can be charac- 

terized in terms of stochastic ordinary differential equa- 

tions.” From a computational viewpoint, unfortunately, the 

"reduced" problem seems to be as difficult to solve as a 

partial differential equation, 

We have shown how a discrete stochastic decision 

process problem can be solved by the determination of the 

solution of a recurrence relation with terminal boundary 

conditions, We now treat two types of continuous stochastic 

control problems and show how their formulations lead to 

partial differential equations, 

  * 
H. J. Kushner, "On the Stochastic Maximum Principle: 

Fixed Time of Control," Research Institute for Advanced 
Studies, Technical Report 63-24 (rev. ed.), March 1964.
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9.__A CONTINUOUS STOCHASTIC CONTROL PROBLEM 

To construct our next stochastic control process we 

adopt the differential equation model that was the subject 

of Chapter IV and attach a stochastic process to the dynamical 

equations defining the evolution of the states. The process 

is easier to visualize, perhaps, if we begin by treating a 

discrete problem with time increments of At, and then let 

Ar approach zero, We commence by writing the discrete 

dynamical equations for the evolution of the states gy as 

6 (THAT) = B6(7) + £8)... Ete Ar + g, 

i=l,...,n (9.1) 

where 

u = u(éy,...56 0,7) (9.2) 

* 
is the control policy and where the Bi> 1=1,...,n, aren 

  

¥ 
In earlier chapters we used the notation v(T) to de- 

note the optimal control function for a particular problem, 
in order to distinguish it from UGG ye. ts the optimal 

control policy for the more general problem in which we 
imbedded the perticular problem. No such distinction is 
necessary here since we seek the optimal policy, even for a 
particular problem with specified initial condition.
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random variables whose joint density function P(gy>-- “28,5 

Byore es 857, U,A7) depends upon the state, time, control, 

and time increment. We denote the expected value, or mean, 

of Bis given the state, time, control, and time increment, 

by Elg,], which is defined by the equation 

@ 

Elg,] = fee] By PCB oes + 983 byes ee sb Tous Ar)dg, see dg. 

-2 

(9.3) 

The covariance, or joint moment about the mean of the product 

of two random variables, of By and 85 is denoted by oO, and 

defined by 

°:; = fief ( - ELg,)) @; - Etg,}) P (Comey 

Eyes eo8ye Tour) dg, see dg . (9.4) 

The covariance OG of a random variable with itself is called 

the variance of the random variable. The joint moments 

about the mean of the product of three or more of the random 

variables &;> iel,...,mn, are defined analogously with Eq. 

(9.4) and are called higher-order moments.
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We assume that, at the individual times t,t+A7,.. by 

t+kAT,..., the random variables By have the properties 

1) Elg,] = 0 for all i; 

2) 557 hy Chose e968, TdT; 

3) The moments higher than the second are o(Ar) 

(i.e., of order smaller than Ar); 

4) &, at time t+kAr is independent of ail 8; at all 

times t+mAT different from t+kAT. 

In the terminology of some probability texts, 8 at 

time t is written as the increment a. = 2{t+A7T)-z(t) where 

z(t) is called a Brownian motion process with independent 

increments. 

Note that in assumption 2 above, the second moment is 

taken to be proportional to the time increment. This is 

done in order that, when At approaches zero, the randomness 

neither "washes out'' nor does it "smother" the process. 

We now consider the limit of the process (9.1) as Ar 

approaches zero to be the dynamical stochastic control 

process that we wish to optimize. For generality, we shall 

allow a criterion that involves a combination of a definite 

integral and a function evaluated at the terminal time 

(this would be called a problem of the Bolza type if it 

were deterministic), We seek that control policy
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u(Eys..- 857) that minimizes the functional J[u] given 

by 

T 

JtuP = El f F(E,,..-,8,,7.u)d7 + #(2,(T),....6,0D) | 
to 

(9.5) 

where the initial time ty and terminal time T are specified, 

as are the initial conditions 

&, (tg) = fo . i=l,...,n (9.6) 

Note that since the process evolution is stochastic, 

we do not specify a set of simultaneous terminal conditions 

but rather define termination in terms of one or more 

deterministic quantities. In this example we chose time, 

which evolves with certainty. The problem of driving the 

stochastic state € into some region R in an optimal 

fashion is more complicated.
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10. THE OPTIMAL EXPECTED VALUE FUNCTION 

A number S$ can be associated with the initial 

condition 

(10.1) 

a x tl ! 3 £07) 

by means of the definition 

S(x) 3.065% >t) = the value of the criterion (9.5) n 

with ty replaced by t where the 

process starts in state Guys +++ 5%) 

at time t and an optimal control 

policy is used. 

This function, which assigns an expected value to each 

initial condition, is called the optimal expected value 

function, 

11, THE FUNDAMENTAL PARTIAL DIFFERENTIAL EQUATION 

Let us consider the discrete process with time incre- 

ments At, If the process starts in state (x, ,...,%.) at 
1 a
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time t and control u is used during the initial interval 

of time, by an argument completely analogous to that of 

§7 we obtain the recurrence relation 

SQ) ,....%,,t) =min E [Foss ox. t war + o(AT) 
ug 

+ S (x) + £47 +28, + o(ar),...,e4ar) | . qi1.1) 

Assuming that the third partial derivatives of § are bounded, 

Taylor series expansion of the right side of Eq. (11.1) about 

(xy .-- 65%.) and cancellation of Sey, ++. t) yields 

n 

0 = min E| FAr + y S, (£07 + 8,) + S.ar 
ug iz ft 

n nh 

+ > y Sy CEOT + 84) (Ear + B,) + o(ar) 
vj Ni

le
 

i=l je 

(11.2) 

Using assumptions 1-4 of $9 to take the expectations, we 

obtain
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n 

0 = min| Far + ys £.Ar + S_Ar 
x, 1 t 

u . L 
i=l 

n n 

ail > Sx xh g4? +o(ar) |. (11.3) 
2.0 | ij 

i=l j=l 

Dividing by Ar and letting Ar approach zero produces the 

fundamental partial differential equation for a Brownian 

motion control process, 

n n n 

= mi i O= min Ft YS + Ss. + 3 2 Sx P43 . 

isl isl j=l *4 

(11.4) 

The control u enters through the term F and also by way 

of the f; and the hy; terms, 

Note that this equation differs from the fundamental 

equation for the deterministic case by the appearance of 

terms involving the second partial derivatives of the 

optimal expected value function S. 

Since the process terminates at time T, at which time 

the terminal contribution to the criterion is assessed, the 

boundary condition is
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S(xy5--. 5%) .T) = B(ay.+++ 2%) . (11.5) 

12, DISCUSSION 

At this point, the reader should note two important 

facts concerning the above characterization of the solu- 

tion of a stochastic optimal control problem. First, Eq. 

(11.4) is a deterministic partial differential equation. 

The optimal policy function aK, see. Xt) associated with 

the solution of (11.4) is a conventional function of n+l 

variables, Thus, although the controlled process itself 

evolves stochastically, both the mathematical problem to 

which the optimal control problem has been reduced and 

its solution are deterministic and involve no such concepts 

as the mixed or random optimal strategies of the theory of 

games. 

A second point of interest, which we mentioned in §8 

with respect to a discrete stochastic problem, is that the 

deterministic fundamental partial differential equation 

(11.4) cannot be reduced to deterministic ordinary dif- 

ferential equations. In §8 we saw how the mixing at each 

transition prevented this reduction. In mathematical 

terms, we find that an equation of the form (11.4) does 

not possess associated characteristic curves having the
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property that knowledge of the solution at one point of 

the curve determines the value of the solution at other 

points of the curve. 

Fortunately, techniques exist for the analytic solu- 

tion of certain simple problems of the above type. This 

affords some insight into the structure of solutions and 

behavior of optimally controlled systems. These techniques 

also might prove useful in developing methods for the 

successive approximation to the solution of more complex 

problems. We shall solve the fundamental partial differ- 

ential equations of two simple problems in subsequent 

sections. The solution technique employed can be used 

also to solve, in complete generality, certain simple 

deterministic problems. In that case, of course, other 

more conventional techniques based on the Euler-Lagrange 

equations can be used to solve the same problems. 

The particular stochastic models and techniques of 

§§9-18 are due to Fleming,” Florentin,* and Kusimer.* The 

Ay, H. Fleming, "Some Markovian Optimization Prob- 

lems," J, Math, Mech., Vol. 12, No. 1, January 1963, pp. 

131-140. 

ty, J. Florentin, “Optimal Control of Continuous 
Time, Markov, Stochastic Systems," J. Elec. & Cont,, Vol. 
10, No. 6, June 1961, pp. 473-488, 

*a. J, Kushner, "Optimal Stochastic Controi,'’ IRE 
Trans. Autom. Cont,, Vol. AC-7, No. 5, October 1962, pp. 

120-122.
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general applicability of dynamic programming to the problem 

of the optimal feedback control of a stochastic system is 

* 
discussed by Bellman. For more explicit details of the 

. | + 
solutions of the examples of these sections, see Dreyfus, 

13. THE ANALYTIC SOLUTION OF AN EXAMPLE 

In the Brownian motion model of §9, let us specialize 

by letting n = 1 and taking 

£, = ag + bu (13.1) 

by (13.2) 

Feu (13.3) 

and 

re (0), (13.4) 

  

* 
R, E, Bellman, Dynamic Programming, Princeton Uni- 

versity Press, Princeton, New Jersey, 1957; also, The 
RAND Corporation, R-295, September 1, 1956. 

+ 
8. E, Dreyfus, "Some Types of Optimal Control of 

Stochastic Systems," J. SIAM Control, Ser. A, Vol. 2, 
No. 1, 1964, pp. 120-134.
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where a, b, and o are constants. The dynamical equation 

(13.1) is linear in state and control, and the components 

of the criterion, (13.3) and (13.4), are quadratic. The 

problem calls for driving the state & toward the value zero 

at time T, subject to a cost-of-control reflected by the 

integrand F. 

For this problem, the fundamental equation (11.4) takes 

the form 

0 = min a? +8 (ax + bu) +8 ris o (13.5) u x t 2 "xx , . 

and the boundary condition (11.5) is 

2 
S(x,T) = x* , (13.6) 

To find the value of u that minimizes (13.5), we set 

the derivative of the bracketed expression equal to zero, 

obtaining 

0 = 2u+ Sib (13.7) 

and, solving for vu,
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us-—t, (13.8) 

Substituting this result into (13.5), we find we must now 

solve the nonlinear partial differential equation 

(13.9) 

with boundary condition (13.6). 

Solution is accomplished as follows. Assume a solu- 

tion of the form 

S(x,t) = h(t)x? + k(t) . (13.10) 

lft 

h(T) = 1 (13.11) 

and 

K(T) = 0, (13.12) 

the assumed solution will satisfy at least the terminal 

boundary condition. Substitution of form (13.10) into
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Eq. (13.9) yields the equation 

0 = - b*h7(t)x? + 2ah(t)x? + h(e)o” 

+ hi (cx? + k(t) (13.13) 

Let h(t) be chosen such that it satisfies the Riccati 

ordinary differential equation 

- p*n?(e) + 2ah(t) + h'(e) = 0 (13.14) 

with terminal boundary condition (13.11), and let k(t), 

once h(t) is determined, be chosen such that 

n(t)o? + k(t) = 0 (13.15) 

with terminal boundary condition (13.12). Then, Eq. 

(13.13)--and therefore Eq. (13.9)--will be satisfied. 

Solution of Eq. (13.14) for h(t) yields 

e2a(T-t) 

1b 
“ Ya “ Ja 

h(t) = (13.16) 
e2a(T-t) , 

Then, from Eq. (13.8), the optimal control policy u(x,t)
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is given by 

pe2#(T-t), 

b? bP 
2a 2a 

u(x,t) = - 

  

(13.17) 
e22(T-t) Le 

Note that it was not necessary to solve Eq. (13.15) for 

k(t) in order to find the optimal policy function. De- 

termination of k(t) would be necessary, however, in order 

to find the optimal expected value function using Eq. (13.10). 

14, _ DISCUSSION 

The solution of this particularly simple problem has 

several interesting features. Suppose that, in the dynamical 

equations (9.1) of the problem, the random variables &, are 

replaced by their expected values, zero. We can then solve 

the resulting deterministic problem, specialized as in §13, 

by either conventional or dynamic programming methods, If 

we express the optimal control as a function of state, it 

turns out that we obtain exactly the same result as rule 

(13.17). This rather amazing coincidence, which only seems 

to occur for a linear dynamics-quadratic criterion model 

such as that of §13, is an example of what is called 

certainty equivalence due to the fact that the random 

variables in the problem can be replaced by their expected
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values and the optimal current action is unaffected, This 

result was first derived for problems with discrete stages 

by Simon” and Theil.* 

Another surprising property of this particular problem 

concerns the optimal open-loop control (the best control 

function of the form u(t) without feedback on the state) for 

the stochastic problem. If the optimal open-loop control 

decision for a problem with general initial state is ex- 

pressed in terms of the state and implemented (this is what 

we called the open-loop-optimal feedback control philosophy 

in §3}, the resulting control scheme again duplicates the 

above two, 

We see then that three control philosophies which 

we might expect to be distinct (particularly in view of the 

example of §3), are equivalent for the problem of §13. We 

now treat briefly a slight modification of the problem of 

§13 that still admits an analytic solution but for which 

the above three control schemes differ. 

  

* 
H. A. Simon, "Dynamic Programming Under Uncertainty 

with a Quadratic Criterion Function,'! Econometrica, Vol. 
24, No. 1, January 1956, pp. 74-81. 

th Theil, "A Note on Certainty Equivalence in Dy- 
namic Planning," Econometrica, Vol. 25, No. 2, April 1957, 
pp. 346-349.
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15. A MODIFICATION OF AN EARLIER PROBLEM 

In the one-dimensional example of §13 we assumed that 

the expected value of 2’, the variance of the random vari- 

able g, equaled oar, where o was a constant, In the 

general model of earlier sections, however, we assumed 

that the variances and covariances could be functions of 

state, time, and control, as well as of the time increment. 

Let us now assume that the variance of g depends upon 

the control decision and that no control implies no random- 

ness. The assumption that the application of control 

produces the uncertainty in the dynamics reflects reality 

in many applications. If there is to be no randomness in 

the evolution of the state variable when no control is 

exerted, the variance of g must be zero when u equals zero. 

To attain this end, we let hy, of §13 equal ao, where o 

is a constant, To simplify matters further, we neglect 

the cost of control integral in the criterion, letting F 

equal zero identically. The cost of control is now re- 

flected in the uncertainty attendant upon the use of control. 

Hence, the problem is still meaningful. Our criterion 

function J{u] is now given by 

Sa} = Efe7¢r)) . (15.1)
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For simplicity, we let a = 0 in the equation of evolution, 

and use the continuous limit of the recurrence relation 

€(t+AT) = E(7) + bu(r)Ar + g (15.2) 

as the stochastic dynamical equation of our system, 

Development of the optimal feedback scheme begins 

with the definition of S(x,t) as the value of the criterion 

if the process starts in state x at time t, tgstsT, and an 

optimal feedback control policy is used, Applying the 

principle of optimality, we have the relation 

S(x,t) = min E [scx + buAt + g + o(AT), crary] (15.3) 

ug 

with boundary condition 

2 
S(x,T) =x". (15.4) 

This yields, taking expectations and passing to the limit, 

the partial differential equation 

2.2 
. u‘o 

0 = min [bs, +—> 8, + s,| > (15.5) 
u 
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which we also would obtain, of course, by the appropriate 

specialization of Eq. (11.4). Assuming that Syose is posi- 

tive, and setting the derivative with respect to u equal 

to zero in order to minimize, we find that u satisfies 

the equation 

  
uses. (15.6) 

Substituting result (15.6) into Eq. (15.5), we obtain the 

nonlinear partial differential equation 

  

2 8,27 
O=--5 3 +8, . (15.7) 

20 xX 

Letting 

2 
S8(x,t) = h(t)x” , (15.8) 

with 

h(T) = 1, (15.9) 

and substituting into (15.7), we conclude that h(t) must 

satisfy the ordinary differential equation
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pe 
o0=- a h(t) + h'(t) . (15.10) 

o 

Solving for h(t), and substituting into Eq. (15.8), we 

obtain the result 

2 
S(x,t) = exp [- m-0 | an (15.11) 

o 

where exp[e] = e°, Now, by Eq. (15.6), the optimal policy 

function is given by the equation 

ua-. (15.12) 

16. DISCUSSION 

It can be shown for this problem that the open-loop- 

optimal feedback control scheme leads to the rule 

u(t) = Sa a (6.1) 

b(T-t + S) 
b 

* 
for the control as a function of state. Observe that this 

result differs from that of Eq. (15.12). 

  

* 
Dreyfus, op. cit. (1964).
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Furthermore, were the certainty equivalence principle 

mentioned in §14 valid, one would determine the control by 

solving the deterministic probiem: minimize 

e7(0) (16.2) 

subject to the dynamical equations 

E(r) = bu(r) , (16.3) 

where the initial value of tT is t and 

g(t) =x. (16.4) 

A little reflection shows that any of an infinite set of 

controls reduces (7) to zero. Hence, the concept of an 

optimal control, using certainty equivalence, is meaning- 

less. Consequently, we have a "cértainty difference" 

principle in this case, The validity of replacing a 

stochastic problem with a deterministic one by means of 

replacing random variables with their expected values can 

be established for only a very restricted class of problems, 

with the above problem obviously not included. This is 

particularly interesting because the above problem has
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exclusively linear and quadratic elements and yet certainty 

equivalence fails. 

17, A POISSON PROCESS 

For dynamic programming to be applicable to a con- 

tinuous stochastic control problem, it must be possible to 

express the underlying stochastic process in terms of the 

repeated occurrence of some random event. The probabilities 

underlying each occurrence of this event must be defined 

during an interval of time of length AT that is allowed to 

approach zero. Roughly speaking, such a process would be 

called infinitely divisible by a statistician. There are 

two interesting and fundamentally distinct types of such 

processes, We have treated an example of one type, the 

Brownian motion process, The other type is called a 

Poisson process, 

The basic assumptions for a Poisson process are, per- 

haps, even more physically intuitive than those for the 

Brownian motion process. It is assumed that during each 

non-overlapping time interval at length At there is a 

probability AAT + o(AT) of an "event" occurring and 

(1-AAT + o(AT)) of no "event" occurring. The probability 

of two or more events occurring is o{Ar). Various assump- 

tions can be made about what happens if an "event" occurs,
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We shall treat one of the simplest, and assume that the 

state vector € is incremented by a specified vector z if, 

with probability AAT, an “event occurs during a given time 

interval of length Ar. 

18. THE FUNDAMENTAL PARTIAL DIFFERENTIAL EQUATION FOR 

A POISSON PROCESS 

We return to the general problem of §9, with criterion 

J({uj given by 

T 

Flu) = BE) J FCE,,...,8,,7 ude + 8(6) (7),...,6 (2) 

Xo 

(18.1) 

and with the stochastic dynamical equations given by 

& (ttdr) = €.(7) + £,(éy,---56,.7,udr + a, 

i=l,...,n (18.2) 

where Bi is now a stochastic process of the Poisson type 

described above. 

Defining the optimal expected value function in the 

familiar manner, we see that the recurrence relation
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S(x,t) = min {rae [Focta.t,udar + of{AT) 
u 

+ S(xtat£ar+o(ar) ,t+at) | + (1-dAr) (18.3) 

[Foee.war + a(Ar) + S(xtfarto (Ar), e+ar) | 

holds, where x, z, and f represent n-dimensional vectors. 

Expansion in Taylor series, cancellation, division by ArT, 

and passage to the limit yields 

0 = min [Festa + AS(xtz,t) = AS(x,t) + sf + s, | . 
u 

(18.4) 

Notice that the term of Eq. (18.3) associated with the 

occurrence of an "event" contributes only one term, the 

second, to Eq. (18.4). Equation (18.4) is a partial dif- 

ference-differential equation and it is extremely difficult 

to solve analytically, even under the most simple assumptions. 

The proper boundary condition for this problem is 

S(x,T) = 8(x) . (18.5)
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19. “ADAPTIVE CONTROL PROCESSES 

We turn now to a type of process that differs sig- 

nificantly from the stochastic processes we have considered 

thus far. An adaptive control process” is one for which a 

complete description of the process (be it deterministic 

or stochastic) is not known initially and the state of 

knowledge about the process changes (hopefully improving) 

as the process evolves. An optimal control scheme in an 

adaptive environment hedges initially against the uncertainty 

concerning the process, perhaps even probing the environment 

if different controls yield differing amounts of informa- 

tion, but ultimately seeks to optimize some well-defined 

criterion function that depends on the states and control. 

We begin our brief survey of adaptive control processes 

by presenting and treating a simple numerical example of 

such a process, We feel that the ideas that are involved 

will be better illustrated by an example than by an ab- 

stract discussion, 

-_— 
¥, 
The basic reference in this area is R. E. Bellman, 

Adaptive Control Processes: A Guided Tour, Princeton 
University Press, Princeton, New Jersey, 1961; also, The RAND Corporation, R-350, January 1961.
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20, A NUMERICAL PROBLEM 

Consider the network shown in Fig. VII.5, in which at 

each vertex a decision affecting the subsequent transition 

  

  
FIGURE VII.5
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is to be chosen. Transitions are always diagonally to the 

right, either upward or downward. If the problem we are 

posing were to be deterministic, we would now assume that 

transitions could be chosen with certainty. Were it to be 

stochastic, we would associate known probabilities of 

transitions with the admissible decisions. To construct 

an adaptive problem, we do neither. 

Let Py be the probability that decision 1 (independent 

of the vertex) yields a diagonally-upward transition, We 

assume that the constant Py has been determined, prior to 

the actual evolution of the decision process, by sampling 

a random variable with probability density function 813 

i.e., when p, was generated, 8, (6, )dé equalled the proba- 

bility that Py assumed a value between gy and & +dé, We, 

the decision-maker, know the function By but do not know 

the actual value of Py: The function By is called the 

prior probability density of Py since it represents our 

state of knowledge about PL prior to the observation of 

any events that might alter our assessment. 

To recapitulate: At the moment the control process 

begins at point A, we know the precise statistical mechanism 

by which Py has been determined, but we do not know its 

actual value, Similarly, Pos the probability that decision
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2 when chosen at a vertex will yield an upward transi- 

tion, is determined prior to the evolution of the process 

by sampling a random variable with a known density function 

&> and the result of the sampling is unknown to the decision- 

maker, We assume that the random variables Py and Py are 

independent, although this assumption is not necessary. 

At each vertex we are asked to choose either decision 

lor 2, A transition is then determined using the ap- 

propriate probability @, or Py) by the chance mechanism, 

We are merely told the transition that results. Of course, 

after rendering several decisions and observing the result- 

ing transitions, we will have acquired more information 

about the actual numbers Py and Py than merely their prior 

distributions &y and Bo. Hence learning is possible. Our 

ultimate goal is to influence the five transitions that 

occur in the evolution of the process (see Fig. VII.5) in 

such a way that the expected sum of the five arc-numbers 

* encountered is minimized. 

  

*For some analysis of a related and potentially more 
practical problem, see R. N. Bradt, S. M. Johnson, and 
8. Karlin, "On Sequential Designs for Maximizing the Sum 
of n Observations," Annals Math. Stat., Vol. 27, No. 4, 
December 1956, pp. 1060-1074.
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21. THE APPROPRIATE PRIOR PROBABILITY DENSITY 

When the process described above commences, the 

functions gy and 8) represent the densities, as known to 

the decision-maker, of Py and Po: Actually, of course, 

Py and Py are fixed numbers determined by the use of 8) 

and & as indicated above but the controller has no further 

information than that Py and Py were determined by sampling 

random variables with densities ay and Bo: 

Suppose that, at an intermediate point in the process, 

the controller knows that decision 1 has been previously 

chosen k times and 4 upward transitions resulted. Given 

this information, what then is the decision-maker's ap- 

propriate density function for Py? This question is 

* 
answered by an application of Bayes’ formula. Defining 

  ¥* 
in its discrete form, Bayes’ formula states the 

following: Let each one of n events Ay, i=l,...,n, have 

probability P(A;) of occurring. One of the events Ay has 

occurred, but which one is unknown. Suppose that a related 
event B has occurred, and that P(B AD, the probability of   

the event B given that Ay has occurred, is known for all 

i. Then the probability that event Ay occurred, based on 

the further information that B occurred, is written P(A, [B) 

and given by the formula 

P(BIA,)P(A;) 
  P(A, |B) = = K P(BIA,)P(A,) « 

z P(B\A,)P(A,) 
i=l
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£,(é|k,2)dé as the probability that Py lies between & and 

€ + d€ given k and ¢ as defined above, Bayes’ formula 

yields the result 

£,(Elk.4) = K,e7(1-e)*"%g, Ce) , (21.1) 

where A is a normalizing constant chosen such that 

1 

J t,G@lk.ode = 15 (21.2) 
0 

i.e., so that fy is a density function, A similar result 

holds, of course, for Po and will be developed below. 

22, THE STATE VARIABLES 

As usual, we define the state of the system to be the 

set of information that is needed to render an optimal 

decision, Certainly the current vertex is part of the 

State, as are the current probability density estimates of 

Py and Po: It turns out for our particular example that 

if the vertex is known, and if k and 4 as defined in the 

previous section are known, then the density for both Py 

and Py can be calculated. This is because, given that we 

are at the vertex x = i, y = j (see Fig. VII.5) and given
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that decision 1 has been chosen k prior times and resulted 

in 4 upward transitions, we can deduce that decision 2 must 

have been chosen i-k prior times and must have led to a - 4 

upward transitions. Consequently fo, the density for Py 

at the particular vertex, depends on i, j, k, ¢ and, by 

Eq. (21.1), is given by 

aaee icktthy, 
£(EltjK,0 =k, E7 CHe) en). (22.1) 

Hence, i, j, k, and 4 are the four state variables for our 

problem, since they characterize the current vertex and 

current density functions for Py and Po: 

23, THE FUNDAMENTAL RECURRENCE EQUATION 

Let us define 

S(i,j,k,2) = the expected value of the process 

starting at stage x = i in state 

y = j, where k prior choices of 

decision 1 led to 4 upward transi- 

tions and where an optimal adaptive 

policy is followed. 

Of course, S$ also depends upon the prior densities ei and 

Bo used to generate Py and Pos but we suppress this in our 

notation. Note that the function S$ defined above is not
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the expected value of the remaining process, given Py and 

Po and the optimal adaptive policy, but is the value ex- 

pected by the decision-maker, who must view Py and Py as 

random variables, 

Let a,Gsi) represent the value attached to the arc 

leading diagonally up from vertex (i,j) and ayGi.5) desig- 

nate the value of the downward arc emanating from (i,j). 

If we choose decision 1 and if Py equals some particular 

number §, then with probability € we experience an upward 

transition with value a, G9) and we find ourselves in 

state (itl, j+l, k+l, ¢+1). With probability 1-& we move 

diagonally downward, accruing a value of a,G.j) and 

entering state (itl, j-1, k+l, 4). Hence, if P) = —€ the 

future expected value of the process is given by 

é [a, (4.5) + S(itl, j+l, k+l, 241) 

(23.1) 

+ G-8) [ag(0,9) + SGH, i-1, kt, oO] . 

But, according to our current information about Py» Py 

lies between € and € + dé with probability £, Ce |k, 4) dé 

given by Eq. (21.1). Consequently the expected future value 

using decision 1 at present and optimal decisions thereafter
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is found by weighting the expected value, given ésp, sé + dé, 

by the probability that ésp,sé + d€, and integrating over 

all & This gives the value 

1 

f | § [a,G.5) + SG+1, j4l, lel, t+1)] (23.2) 
9 

+ (1-8) fagGi.5) + SCHL, 5-1, KH, 4) ) ECEleae . 

Reasoning similarly for decision 2, we have the fundamental 

recurrence equation for our. adaptive process 

1 
1: [(sfa (1.5) + SCH41, G41, et, 242)] 

0 

+ G-€)[agGi,4) + SC41, j-1, kL, 2) £, Elke) de 

8(i,j,k,4) = mind (23.3) 

2: [defa.G,i) + Stl, jt, k, 2) 

o
t
a
 

H 

+ (-€)[agG,4) + SCi41, j-1, ky 2)]) £, (8 |i,5 ska) dg   
with boundary condition 

8(5,j,k,4) = 0, (23.4)
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For our particular example, Eq. (23.3) can be further 

simplified by denoting the expected value of Py> given that 

k choices of decision 1 led to 4 upward transitions, by 

By (k, 4) so that 

1 
By (k,2) = f ee, (elk, eae , (23.5) 

0 

and by defining Py (is4,k, 2) by 

1 

Po(i,d.k,e) = | gf, (ElL,5,k, 208 (23.6) 
0 

Then Eq. (23.3) becomes 

f 
Ll: By (kt) [a (4,5) + SCH], j41, kt, c+1)] 

+ (1-By (k,4))[ag(i,d) + SCHL, 5-1, KH, 2)] 

S(i,j,k,1) = mine (23.7) 

2: Pp (is4sk,t) fa 4,5) + S(itl, j41, k, 2)]   + C-B) (4,551.4) agg) + SG, 4-1, k, 2]
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Not all combinations of stage and state on the left 

side of (23.7) are possible. The possible ones are generated 

by the rule 

i= 4(-1) 0 

joe -i(2) i 

k=00) i 

& = max [o, as - (| (1) min [«, 41] : 

where the expression m = a(n)b means that the variable m 

takes on values a,atn,at+2n,...,b. In writing these bounds, 

we have in mind computing S(i,j,k,2) by first evaluating 

S with each argument equal to the first value given above 

(i.e., i = 4, j = -4, k = 0, 4 = 0), and then varying t 

until it reaches its last allowable value. Then k is in- 

cremented by 1 and ¢ again varied; then j is incremented by 

2 and the variations of k and 4 are repeated; and finally, 

i is reduced by 1 and the whole process is repeated.
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24. A FURTHER SPECIALIZATION 

Let us now assume that the prior distributions used 

to generate Py and Py are uniform distributions; that is, 

e,( =1 

Osésl (24.1) 

g,() =1. 

This specializes Eqs. (21.1) and (22.1). We now have the 

results 

1 

By(k,t) = f ee) elke) = (24.2) 
0 

and 

. i 8 ean 
Pos5.kot) = ff, CElE,5.K.2) = Ag (24.3) 

0 

for use in Eq. (23.7), This reduces Eq. (23.7) to
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441 so ; : 
1: tao [ a.) + SCH, 41,141,241) | 

i+] . os : : 
+ ( - 3) [ agi.) + S(i41, 5-111) | 

8(i,i,k,4) = min (24.4) 

ca - 141 . 
2: “Te [aca + S(4,j41.,2) | 

+(1-—-pep [ 2a(4-99 + s(i41,5-1,4,2)]   
which renders it easily computable, (Note that Eq. (24.2) 

asserts that the expected value of Py> given that k choices 

of decision 1 led to 4 upward transitions, is eS, an 

eminently reasonable result.) 

Results almost as simple as the above would occur if 

8) and Bo are taken to have the form xe%1-e)8, This form 

is the density function of a beta distribution on the 

unit interval and reduces to the density of the uniform 

distribution when @ = 8 = 0.
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25, NUMERICAL SOLUTION 

Computation using the above scheme generates the table 

of minimum expected values S(i,j,k,t) and of optimal 

decisions u(i,j,k,4}, as shown in Table 1. The value 

4.8333 of S that is associated with the argument (4,-4,0,0) 

was computed as foliows: Since i = 4, j = -4, k = 0, and 

4 = 0, we conclude that 

= 1 
p,(4,-4,0,0) = =. 

The expected value of the remaining process if decision 1 

is chosen at the vertex (4,-4) is then 

$ 942.4 = 6.5000 , 

N
i
e
 

while the expected value under decision 2 is 

a
l
e
 5 - 29. (OFZ + 4 =e = 4.8333, 

The smaller value is chosen and decision 2 is recorded as 

optimal under this condition.
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These results are interpreted as follows: Initially 

it doesn't matter which decision is chosen, since nothing 

is known about either Py OF Py other than that both were 

generated by sampling random variables with uniform dis- 

tributions. If decision 1 were chosen initially and the 

transition were upward, decision 2 should be chosen next 

(since u(1,1,1,1) = 2). If the resulting transition after 

this second decision is downward, then decision 1 becomes 

the preferable next decision (since u(2,0,1,1) = 1). If 

the second transition is upward instead of downward, 

decision 1 and decision 2 appear at the moment to be 

equivalent (see u(2,2,1,1)), because P (1,1). = P,(2,2,1,1) = 

and each estimate is based on the same amount of information, 

w
l
 

Similar paths, and justifications, exist for each contingency. 

Note that if decision 1 has been chosen twice and has resulted 

* 
in one upward transition and one downward move, the next 

  

* according to the optimal policy funetion, this event 
can occur if decision 1 is chosen initially and results in 
a downward transition. Since u(1,-1,1,0) = 1, decision 1 
would then be chosen again. If decision 1 initially yields 
an upward transition, it would not be chosen as the second 
decision, The reader should observe that S may be computed 
for some hypothetical initial states that cannot possibly 
occur when the optimal policy function is implemented, 
This is a property common to most dynamic programming 
solutions, whether the problems are deterministic, sto- 
chastic, or adaptive.
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Table 1 

THE OPTIMAL EXPECTED VALUE FUNCTION AND 
OPTIMAL POLICY FUNCTION FOR THE 

PROBLEM OF §20 

  

tH
 yr oS 8(i,j,k,4) a(i,j,k,4) 

  

  P
R
P
 
L
P
P
 
E
P
P
 

ER
 
P
P
P
 

E
P
P
 
P
P
P
 
P
P
P
 

E
P
R
 
P
R
P
 
R
E
P
R
E
 

P
R
E
P
 
E
 

ED 

P
R
E
P
 
R
P
E
N
N
N
U
N
M
N
N
N
O
O
O
D
C
O
G
 

F
U
W
N
R
F
O
P
W
W
N
N
H
E
 

REP
 
O
P
W
U
W
U
N
N
 
N
E
 
R
O
R
W
W
N
N
H
E
H
P
O
R
W
N
E
O
 

F
U
N
 
R
F
O
W
W
N
N
E
R
F
O
O
N
N
E
N
E
O
F
O
O
R
H
O
H
O
F
R
F
O
O
O
C
O
O
C
O
O
 4.8333 

5.0000 
5.2500 
5.0000 
4.8333 
2.0000 
2.2000 
1, 6667 
2.0000 
2.0000 
1.6667 

- 2000 
. 0000 
+5000 
- 2000 
- 0000 
«7500 
- 5000 
+7500 
0000 

- 2000 
5000 

- 6667 
4000 

- 6667 
5000 

«5000 
6667 

- 4000 
6667 
. 0000 
- 6667 
. 0000 
- 6667 
- 0000   M

U
 
N
D
U
A
R
D
A
D
A
D
A
D
A
A
W
W
W
N
W
N
H
W
L
H
W
N
H
N
 

  

or 2 

or 2 

or 2 

or 2 

or 2 

N
R
E
 
R
P
E
 
P
N
P
 
N
E
 
N
N
E
P
 
P
R
E
P
 
E
N
E
 
N
E
N
 

E
H
R
 

E 
N
B
N
 
E
E
 

EP 
E
N
D
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Table 1-~Continued 

  

x & S(i, j,k, 4) u(i,j,k,42) 
  

  C
H
R
P
 

HP 
E
N
 
Y
U
E
N
 
N
N
 
N
N
N
N
W
L
W
W
W
W
W
W
W
W
W
W
W
W
 

W
W
W
 
W
W
W
 

r
e
e
t
e
u
t
e
t
a
 

P
R
E
 
R
P
R
P
W
W
w
w
 

r
a
e
 

' 
O
N
N
N
W
W
H
U
H
E
 

E
E
 
E
e
e
 

C
r
P
r
P
R
P
R
P
N
n
r
n
n
o
c
o
d
 

O
P
O
H
O
N
H
F
O
N
F
R
E
P
O
N
F
O
W
U
N
H
F
O
W
N
N
E
R
O
W
N
N
E
R
E
H
E
O
U
N
H
O
 

S
H
P
O
C
O
C
N
R
F
E
G
R
P
R
P
O
D
O
D
G
O
U
N
H
F
O
N
N
E
B
E
F
P
O
O
H
E
F
O
R
P
O
O
O
O
C
O
 

  

7.3333 
8.8333 
8.8333 
7.3333 

10.1000 
10.1667 
9.7500 
9.7500 

10.1667 
10.1000 
7.9333 
7.6000 
7.8333 
7.8333 
7.6000 
7.9333 
9.5333 

10.4167 
10.4167 
9.5333 

13.5250 
14.6111 
13.5250 
13.0000 
12.1222 
12.1222 
13.0000 
11. 6333 
12,2222 
11. 6333 
14.6833 
14. 6833 
15,6722 
15,6722 
19.6778   

or 2 
or 2 

or 2 

or 2 

B
P
R
P
P
R
E
 
P
N
 

NE
P 
N
P
P
 
E
N
P
 

R
E
N
N
 

NEP
 
P
E
R
N
 
E
R
N
E
 
N
P
E
 
N
N
E
R
 

or 2 
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decision is not immaterial (see u(2,0,2,1)), although 

P, (2,1) = Py (2,0,2,1) = 3, because Py is now known with 

greater assurance than Py and the rules for the modifica- 

tion of the probability distributions based on the next 

result are not symmetric, 

26. DISCUSSION 

Observe that the problem is of a familiar type, once 

the rule is determined by which decisions and transitions 

influence the densities f, and f,. The state description 1 

at a given time is expanded to include all information 

gained up to that time, but a recurrence relation of the 

usual form characterizes the optimal value and policy 

functions. 

As the problem formulation becomes more complex and 

admits adaptation, the number of potential nonoptimal and 

suboptimal solutions proliferates. For adaptive control 

processes, many pitfalls surround the true optimal control 

policy. Let us mention just one. Note that the method 

used for the solution of the adaptive problem does not 

merely accept the current densities of Py and Py at any 

given vertex as describing the valid underlying probabilities 

and go on to determine the optimal solution of the remaining
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stochastic problem in order to render the optimal decision 

at that vertex, Rather, the recurrence relation reflects 

and exploits the fact that each transition from each state 

after each decision will result in an updated density of 

P) OF Po. To use names reminiscent of the presentation 

of §3, one should clearly distinguish optimal adaptive 

control (such as was computed for the example) from 

stochastic-optimal adaptive control. The latter scheme 

would actually use adaptation to update estimates after 

a transition had occurred, but each decision would be 

rendered on the basis of the solution of a stochastic 

problem of the type discussed in §3. Such a scheme is 

no more optimal for the information it uses than is the 

open-loop-optimal feedback scheme of §3, but the distinc- 

tion here is perhaps even more subtle than it was in §3. 

Remember that the formulation of our simple dis- 

crete problem assumed that the prior densities, 81 and Bo» 

of the unknown parameters, Py and Po> in the dynamical 

equations were known. Under this assumption, the control 

scheme that was computed above is demonstrably optimal. 

If the relevant prior distributions are not known, as is 

often the case in practical situations, they could be 

subjectively assessed in order to app? re foregoing
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reasoning. Then the resulting control scheme is only as 

good as the subjective assessment. But at least one can 

rest assured that it is as good as possible, given the 

subjective assessment and the expected value criterion. 

Of course, a different, perhaps more conservative, criterion 

might be chosen in this case and then a different control 

policy would emerge, but in this case dynamic programming 

might not prove applicable. 

The example treated in the previous sections involves 

learning about the dynamical equations. The state (the vertex 

and previous decisions and results) is completely observable 

at all times, A second important kind of adaptation, con- 

sidered next, concerns optimal control in the presence of un- 

certainty concerning the values of the state variables. 

27. A CONTROL PROBLEM WITH PARTIALLY OBSERVABLE STATES 

AND WITH DETERMINISTIC DYNAMICS 

We turn now to the problem of optimal control in the 

presence of unknown, but partially observable, states. 

Our mathematical model is as follows: We assume that the 

* 
state variables evolve deterministically. We further 

* 
Our method is also applicable to stochastic or even 

adaptive state dynamics, but we strive here for simplicity.
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assume that the initial values of the state variables, 

though fixed, are unknown to the decision-maker and that 

the values of the state variables can never be observed 

with certainty. However, a probability density function 

p(é,to) exists which specifies the distribution of the 

state vector € at the initial time fp: Furthermore, as 

the process evolves, observations of the values of some 

or all of the states or of functions of the states are 

made. These observations, which we denote by h(r), are 

corrupted by measurement errors, with the statistics of 

the noise corrupting the observations assumed to be known. 

Were the measurements errorless, the precise values of 

the state variables could, in general, be determined and 

the states would be termed observable. Since the observa- 

tions are error-corrupted, the system is called partially 

observable, The observations h(t) permit the probability 

density function p({&,t), representing the decision-maker's 

knowledge of the state vector & at time t, to be modified, 

* as time passes, on the basis of incoming information, We 

  

“This procedure differs from that of determining a 

state vector € that constitutes an estimate of the unknown 
true state €. There is a variety of properties that an 
estimate can have (e.g., minimum variance, maximum likeli- 
hood, minimum bias, etc.), and, given a particular set of 
observations and assumptions, different desired properties
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consider first a discrete process where, at time t, a 

constant control U to be used over the interval t s T < t+Ar 

must be chosen on the basis of prior observations f(r), 

f9 © 7< t. Essentially, control in the environment that 

we have described is a problem of adaptation of the state 

variables, rather than the adaptation we discussed earlier 

upon certain parameters of the dynamical equations, 

Letting a criterion functional J, given by 

T 

Je= f Fa,uyar + 8(E(T)) , (27.1) 

£9 
  

lead to different estimates. There is a vast literature on 
this subject. Concerning dynamical models with sequentially 
updated estimates, the reader might consult: 

P. Swerling, "First Order Error Propagation in a Stage- 
wise Smoothing Procedure for Satellite Observations," J, 
Astronaut, Sci., Vol. 6, No. 3, Autumn 1959, pp. 46-52, 

R, E. Kalman and R, Bucy, "New Results in Linear 
Filtering and Prediction Theory," J, Basic Engin,, Trans 
ASME, Ser, D, Vol. 83, No. 1, March 1961, pp. 95-108. 

¥. C. Ho, The Method of Least Squares and Optimal 
Filtering Theory, The RAND Corporation, RM-3329-PR, October 
1962, 

H. Cox, "On the Estimation of State Variables and 
Parameters for Noisy Dynamic Systems," IEEE Trans, Autom. 
Cont., Vol, AC-9, No. 1, January 1964, pp. 5-12. 

The Kalman-Bucy paper computes the conditional density 
of the state, given the prior observations, in order to 
determine an estimate, Consequently, under rather re- 
strictive assumptions, it carries out in practice the pro- 
gram that we have described in general terms above. The 
Cox paper uses a dynamic programming approach to determine 
its estimate of the state,
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associate a value with each evolution of the process, we 

can define the optimal expected value functional by 

S{p(é,t),t] = the expected value of the process 

which starts at time tT = t when 

the state vector has probability 

density function p(t,t) and in which 

the optimal control functional 

ulp(é,t},t] is used during the 

process, 

Note that the optimal control is given by a functional 

which assigns a number, the value of the optimal control, 

to each state density function p(é,t) at time t. Note 

also that S§ is a functional, and associates a number, the 

expected value of the criterion, with each state density 

function p(é,t) at time t. 

Given p(£,t), at time t, we can compute the proba- 

‘bility of each reading f(r), tsrst+ar. Consequently, 

for a particular choice of control U (assumed constant) 

to be used over a time interval at length 47, we can 

determine the probability of each resulting new state 

probability density function p(&,t+AT) at time ttOT. We 

can also compute the value of the contribution to the 

criterion integral accruing during the interval



-496- 

{t,tt+A7r]. If we knew that value of S[p(,t+AT),t+AT] 

for all p(é,t+ArT), we could, for each value of 0, calculate 

the expected value, starting at time t with state density 

p(é,t), of the remaining process. Then, we could choose 

the control at time t, given p(€,t), that yields the 

minimum expected value of the remaining process, Written 

mathematically, our discussion takes the form 

Slp(é,t),t] = min (Feewsan + o(AT) 
u 

+E [stoce,eear), car) : (27.2) 

f 

where the probability density function of f, the error- 

corrupted observations that help determine p(é,t+Ar), depends 

upon p(é,t), t, and the statistics of the noise in the 

observation; and the density of & at time t+Ar, p(é,ttar), 

depends upon the dynamical equations and upon p(é,t), fH, 

u, and t. A minimizing u and an associated value of S are 

found, using Eq, (27.2), for each possible density function 

p(é,t). Then, S[p(é,t),t] is used to compute S[p(é,t-Ar), 

t-AT] by the usual dynamic programming recursive method. 

The boundary condition for the functional recurrence 

relation (27.2) is
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S{p(é,T),T] = E [zo] , (27.3) 
g 

where the random state vector &, over which the averaging 

is done, has probability density function pcé,T). 

28, DISCUSSION 

We have defined and characterized a functional $ that 

associates numbers with arguments that are functions. In 

the limit as AT approaches zero, we are led to an expres- 

sion involving the partial derivatives of a functional. 

These partial derivatives, when evaluated in terms of a 

given argument function, are functions. 

Straightforward numerical solution of a relation like 

(27.2) is not practical, since the functional would have 

to be evaluated, at time t+Ar, for all possible argument 

functions (or a discrete approximation thereto) in order 

to be able to compute the value of S corresponding to a 

particular argument function at time t. However, such an 

equation, with appropriate boundary conditions, is a mathe- 

matically meaningful characterization of the solution. 

“For more on a problem of this sort, see R. E. 
Bellman and R, Kalaba, "Dynamic Programming Applied to 
Control Processes Governed by General Functional Equations," 
Proc, Nat, Acad. Sci., Vol. 48, No. 10, October 1962, 

pp. 1735-1737.
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While it is usually impossible to construct a functional 

that satisfies such a relation, it is fairly easy to test 

a given functional to see if it satisfies the equation. 

If the shoe should fit the foot, the adaptive control 

problem is solved, The contribution of dynamic program- 

ming toward the eventual complete solution of adaptive 

control problems is the discovery of the foot. And just 

as it is necessary to be able to walk before one can run, 

one must have feet before one can walk. 

In this connection, recall that for several hundred 

years mathematicians were content to express the solutions 

of deterministic variational problems in terms of nonlinear 

ordinary differential equations. They had no means, at 

the time they did this, of determining the solutions of 

their equations, Now the digital computer has made routine 

the solution of even large sets of nonlinear ordinary dif- 

ferential equations, but the numerical solution of partial 

differential equations with more than about three inde- 

pendent variables requires what is today considered pro- 

hibitive quantities of computational time and computer 

storage space. No special insight is necessary to foresee 

machines that can easily produce numerical solutions of 

high-dimensional partial differential equations and probably
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even the functional differential equations of the type 

deduced in §27. When bigger and better machines are 

made, dynamic programming will use them. 

29. SUFFICIENT STATISTICS 

The state density can always be calculated at a given 

time, if the previous history of the process is given. In 

general, as many possible state densities can be foreseen 

at a future time as possible histories of the process up 

to that time. This leads to an expanding set of possible 

states at future times. However, in certain cases, the 

relevant facts about possible previous results can be sum- 

marized in terms of a finite, non-growing, set of numbers. 

For example, in determining £) in §21, the sequence of 

previous transitions could be sufficiently summarized by the 

pair (k,t). Such summarizing data is called a sufficient 

Statistic since the posterior distribution depends upon the 

sample outcome only via the statistic--in §21, the order of 

the upward and downward transition was irrelevant--regardless 

* 
of the prior distribution. 

  

* 
For more on this subject, see Raiffa and Schlaifer, 

op. cit., pp. 28-76,
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For a process admitting a sufficient statistic, it is 

always possible to parameterize the family of possible 

posterior distributions by means of the sufficient 

: : * 
statistic. 

30. _THE DECOMPOSITION OF ESTIMATION AND CONTROL 

Some authors have considered the possibility of 

solving an adaptive control problem involving deterministic 

dynamics and partially observable states by the following 

procedure. The optimal control policy u(x,t), as a function 

of the state, is determined for the deterministic problem, 

Since the state at time t is not known, this control policy 

is of no immediate value, However, at time t the actual 

state can be estimated on the basis of previous observa- 

tions. Usually this is done by defining a criterion for 

the goodness of an estimate £ and then choosing the value 

of & that optimizes this criterion. (See the second foot- 

note in §27.) Once & has been determined, the control 

A + + 
u(x,t) is used, New observations of the state are used 

  

For the treatment of control problems for which this 
reduction can be carried out, see J, J, Florentin, "Optimal, 

Probing, Adaptive Control of a Simple Bayesian System," 
J. Elec. & Cont., Vol. 13, No. 2, August 1962, pp. 165-177; 
and, “Partial Observability and Optimal Control," J. Elec. 
& Cont., Vol. 13, No. 3, September 1962, pp. 263-279
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to continually update £ as time passes and the control 

ut) is exerted, 

Under the very special conditions of linear dynamics, 

of quadratic criteria for both the actual control process 

and for the optimal estimator, and of Gaussian random 

disturbances, it can be shown” that the separation of 

estimation and control leads to the same control policy 

as does the general model of §27. Consequently, the con- 

trol determined on the basis of decomposition is optimal. 

31, A WARNING 

One should be grateful when simplifications such as 

certainty equivalence or the separability of the estima- 

tion and control portions of a problem are valid, and 

one must expect the worst (i.e., no special properties) 

until proven otherwise, While most of the literature 

concerns those cases that exhibit special structures, the 

majority of actual problems possess no such properties. 

This leads to various forms of approximation. It is im- 

portant that the control theorist be aware as to whether 

  

* 
P. D. Joseph and J. T. Tou, "On Linear Control Theory," 

Trans. AIEE, Vol. 80, Part 2, September 1961, pp. 193-196.
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he is 1) finding the optimal solution of an approximate 

problem, 2) approximating the optimal solution of an 

actual problem, or 3) characterizing (but all too rarely 

finding) the optimal solution of an actual problem. All 

three approaches have their values--values that are en- 

hanced by clearly recognizing the above distinctions. 

32, SUMMARY 

We have devoted this final chapter to the study of 

stochastic and adaptive control problems, and have seen 

that a wide variety of optimization problems, apparently 

outside the domain of the classical variational theory, 

can be treated systematically by means of the dynamic 

programming formalism. A fundamental auxiliary function 

(or functional) associating a value with each state is 

introduced. The function is seen to satisfy a recurrence 

relation or a partial differential equation reminiscent 

of the fundamental equation of the more classical problems 

of earlier chapters. Unfortunately, the solution of 

stochastic and adaptive problems can seldom be expressed 

in terms of associated ordinary differential equations. 

The contribution of dynamic programming is the reduction 

of a variety of quite complex problem statements to mathe- 

matical relations of rather conventional, and familiar,
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forms, While at present the resulting mathematical re- 

lations can seldom be solved, analytically or even com- 

putationally, the precise and unambiguous characteriza- 

tion of what constitutes the solution of a stochastic or 

adaptive problem leads to useful concepts and distinctions. 

In this chapter we have developed some of these concepts 

and illustrated some of these distinctions.
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for simplest problem, 242 
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statement of, 96 
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decomposition of estimation and control, 500 
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dynamic programming derivations of, 193, 197 
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statement of, 73 
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feedback optimal control 
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filtering theory, 493 
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for state-variable inequality constraint 
problem, 378 
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for adaptive process, 481 
specialization, 485 
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fixed endpoints, 25 
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for discrete terminal control problem, 39 
for partially observable process, 496 

gradient method, 125 
Green's theorem, 405 
guidance, 287, 295 
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Hamilton-Jacobi equation 

dynamic programming derivation of, 258 
statement of, 103 

Hamilton-Jacobi method of solution of 
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control-variable, 107, 338 
mixed control-state variables, 107, 360 
state-variable, 107, 373 
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dynamic programming derivation of results 

for, 253 
Lagrange multiplier for, 257 
statement of, 105 

Jacobi condition 
dynamic programming derivation of 

for simplest problem, 205 
for terminal control problem, 286 

statement of, 80 
Jacobi differential equation 

dynamic programming derivation of, 212 
statement of, 79 

Lagrange multiplier in isoperimetric problem, 
5? 

Lagrange multiplier function, 112 
connection with parcial derivatives of 

optimal value function, 284, 424 
Lagrange, problem of, 106, 132 
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dynamic programming derivation of 
for simplest problem, 201 
for terminal control problem, 284 

statement of, 76, 114
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statement of, 112 
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dynamic programming derivation of, 230 
statement of, 95 
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for terminal control problem, 295 

nominal optimal trajectory, 295 
normal trajectory, 268, 280 
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open-loop optimal control 
of a deterministic process, 433 
of a stochastic process, 437, 443 

open-Loop- optimal feedback control of a 
stochastic process, 440 

optimal estimation theory, 493 
optimal expected value function 

for adaptive process, 479 
for Brownian motion process, 454 
for partially observable process, 495 

optimal guidance scheme, 295 
optimal policy function 

for discrete problem, 18 
partial differential equation for, 152 
for simplest variational problem, 141 
for terminal control problem, 268 

optimal value function, ix 
continuity of partial derivatives of, 250 
for discrete problem, 16, 25, 30, 31 
for discrete terminal control problem, 39 
for simplest variational problem, 135 
for terminal control problem, 268 

parameter optimization, 326 
partial derivatives of optimal value function 

continuity of, 250 
differential equations for, 155 

partial observability, 492 
Poisson process, 470 

Pontryagin's derivation of fundamental 
partial differential equation, 156 

Pontryagin's maximum principle, 352 
principle of optimality, 15 
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problem of Bolza, 109, 279 
problem of Lagrange, 106, 132 
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rigorous dynamic programming approach, 246 
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differential equations for, 287 
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terminal values of, 293 
test for boundedness of, 205 

second variation, 72, 77 
simplest variational problem, 52, 105, 131 
singular arc, 405 
state-variable inequality constraint, 373 
statistical decision theory, 431 
steepest ascent, 125 
stochastic maximum principle, 449 
strong relative minimum, 62 
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sufficient conditions 

general nature of, 58 
statement of, 101 

sufficient statistic, 499 
sufficiently general solution, 180 
switching manifold, 394 

terminal contro! problem 
discrete, 37 
variational, 107, 265 
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dynamic programming derivation of 

for simplest problem, 229 
for terminal control problem, 299, 306 

second-order 
for simplest problem, 235 
for terminal control problem, 319 

statement of, 94, 113 

utility, 428 

variable endpoints 
for discrete problem, 29 
two, 35 
for variational problem, 53 

variational Hamiltonian, 311
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weak variations, 66 statement of, 88, 114 
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dynamic programming derivation of corner conditions)




