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Preface to the Third Edition

WHEN THIS BOOK WAS FIRST CONCEIVED (MORE THAN 25 YEARS AGO)
few mathematicians outside the Soviet Union recognized probability as a
legitimate branch of mathematics. Applications were limited in scope,
and the treatment of individual problems often led to incredible com-
plications. Under these circumstances the book could not be written for
an existing audience, or to satisfy conscious needs. The hope was rather
to attract attention to little-known aspects of probability, to forge links
between various parts, to develop unified methods, and to point to
potential applications. Because of a growing interest in probability, the
book found unexpectedly many users outside mathematical disciplines.
Its widespread use was understandable as long as its point of view was
new and its material was not otherwise available. But the popularity
seems to persist even now, when the contents of most chapters are avail-
able in specialized works streamlined for particular needs. For this reason
the character of the book remains unchanged in the new edition. I hope
that it will continue to serve a variety of needs and, in particular, that
it will continue to find readers who read it merely for -enjoyment and
enlightenment.

Throughout the years I was the grateful recipient of many communica-
tions from users, and these led to various improvements. Many sections
were rewritten to facilitate study. Reading is also improved by a better
typeface and the superior editing job by Mrs. H. McDougal: although
a professional editor she has preserved a feeling for the requirements of
readers and reason.

The greatest change is in chapter III. This chapter was introduced
only in the second edition, which was in fact motivated principally by
the unexpected discovery that its enticing material could be treated by
elementary methods. But this treatment still depended on combinatorial
artifices which have now been replaced by simpler and more natural
probabilistic arguments. In essence this chapter is new.

Most conspicuous among other additions are the new sections on
branching processes, on Markov chains, and on the De Moivre-Laplace
theorem. Chapter XIII has been rearranged, and throughout the book
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viii PREFACE TO THE THIRD EDITION

there appear minor changes as well as new examples and problems.

I regret the misleading nature of the author index, but I felt obliged to
state explicitly whenever an idea or example could be traced to a particular
source. Unfortunately this means that quotations usually refer to an
incidental remark, and are rarely indicative of the nature of the paper
quoted. Furthermore, many examples and problems were inspired by
reading non-mathematical papers in which related situations are dealt
with by different methods. (That newer texts now quote these non-mathe-
matical papers as containing my examples shows how fast probability
has developed, but also indicates the limited usefulness of quotations.)
Lack of space as well as of competence precluded more adequate
historical indications of how probability has changed from the semi-
mysterious discussions of the *twenties to its present flourishing state.

For a number of years I have been privileged to work with students
and younger colleagues to whose help and inspiration I owe much.
Much credit for this is due to the support by the U.S. Army Research
Office for work in probability at Princeton University. My particular
thanks are due to Jay Goldman for a thoughtful memorandum about his
teaching experiences, and to Loren Pitt for devoted help with the proofs.

WILLIAM FELLER

July, 1967




Preface to the First Edition

IT WAS THE AUTHOR’S ORIGINAL INTENTION TO WRITE A BOOK ON
analytical methods in probability theory in which the latter was to be
treated as a topic in pure mathematics. Such a treatment would have
been more uniform and hence more satisfactory from an aesthetic point
of view; it would also have been more appealing to pure mathematicians.
However, the generous support by the Office of Naval Research of work
in probability theory at Cornell University led the author to a more
ambitious and less thankful undertaking of satisfying heterogeneous needs.

It is the purpose of this book to treat probability theory as a self-
contained mathematical subject rigorously, avoiding non-mathematical
concepts. At the same time, the book tries to describe the empirical
background and to develop a feeling for the great variety of practical
applications. This purpose is served by many special problems, numerical
estimates, and examples which interrupt the main flow of the text. They
are clearly set apart in print and are treated in a more picturesque language
and with less formality. A number of special topics have been included
in order to exhibit the power of general methods and to increase the
usefulness of the book to specialists in various fields. To facilitate reading,
detours from the main path are indicated by stars. The knowledge of
starred sections is not assumed in the remainder.

A serious attempt has been made to unify methods. The specialist
will find many simplifications of existing proofs and also new results.
In particular, the theory of recurrent events has been developed for the
purpose of this book. It leads to a new treatment of Markov chains
which permits simplification even in the finite case.

The examples are accompanied by about 340 problems mostly with
complete solutions. Some of them are simple exercises, but most of
them serve as additional illustrative material to the text or contain various
complements. One purpose of the examples and problems is to develop
the reader’s intuition and art of probabilistic formulation. Several
previously treated examples show that apparently difficult problems may
become almost trite once they are formulated in a natural way and put
into the proper context.

ix




X PREFACE TO THE FIRST EDITION

There is a tendency in teaching to reduce probability problems to pure
analysis as soon as possible and to forget the specific characteristics of
probability theory itself. Such treatments are based on a poorly defined
notion of random variables usually introduced at the outset. This book
goes to the other extreme and dwells on the notion of sample space,
without which random variables remain an artifice.

In order to present the true background unhampered by measurability
questions and other purely analytic difficulties this volume is restricted
to discrete sample spaces. This restriction is severe, but should be welcome
to non-mathematical users. It permits the inclusion of special topics
which are not easily accessible in the literature. At the same time, this
arrangement makes it possible to begin in an elementary way and yet to
include a fairly exhaustive treatment of such advanced topics as random
walks and Markov chains. The general theory of random variables and
their distributions, limit theorems, diffusion theory, etc., is deferred to a
succeeding volume.

This book would not have been written without the support of the
Office of Naval Research. One consequence of this support was a fairly
regular personal contact with J. L. Doob, whose constant criticism and
encouragement were invaluable. To him go my foremost thanks. The
next thanks for help are due to John Riordan, who followed the manu-
script through two versions. Numerous corrections and improvements
were suggested by my wife who read both the manuscript and proof.

The author is also indebted to K. L. Chung, M. Donsker, and S.
Goldberg, who read the manuscript and corrected various mistakes;
the solutions to the majority of the problems were prepared by S. Goldberg.
Finally, thanks are due to Kathryn Hollenbach for patient and expert
typing help; to E. Elyash, W. Hoffman, and J. R. Kinney for help in
proofreading.

WILLIAM FELLER

Cornell University
January 1950




Note on the Use of the Book

THE EXPOSITION CONTAINS MANY SIDE EXCURSIONS AND DOES NOT ALWAYS
progress from the easy to the difficult; comparatively technical sections
appear at the beginning and easy sections in chapters XV and XVII.
Inexperienced readers should not attempt to follow many side lines, lest
they lose sight of the forest for too many trees. Introductory remarks
to the chapters and stars at the beginnings of sections should facilitate
orientation and the choice of omissions. The unstarred sections form a
self-contained whole in which the starred sections are not used.

A first introduction to the basic notions of probability is contained in
chapters I, V, VI, IX; beginners should cover these with as few digressions
as possible. Chapter II is designed to develop the student’s technique
and probabilistic intuition; some experience in its contents is desirable,
but it is not necessary to cover the chapter systematically: it may prove
more profitable to return to the elementary illustrations as occasion arises
at later stages. For the purposes of a first introduction, the elementary
theory of continuous distributions requires little supplementary explana-
tion. (The elementary chapters of volume 2 now provide a suitable
‘text.)

From chapter IX an introductory course may proceed directly to
chapter XI, considering generating functions as an example of more
general transforms. Chapter XI should be followed by some applications
in chapters XIII (recurrent events) or XII (chain reactions, infinitely
divisible distributions). Without generating functions it is possible to
turn in one of the following directions: limit theorems and fluctuation
theory (chapters VIII, X, III); stochastic processes (chapter XVII);
random walks (chapter III and the main part of XIV). These chapters
are almost independent of each other. The Markov chains of chapter
XV depend conceptually on recurrent events, but they may be studied
independently if the reader is willing to accept without proof the basic
ergodic theorem.

Chapter III stands by itself. Its contents are appealing in their own
right, but the chapter is also highly illustrative for new insights and new
methods in probability theory. The results concerning fluctuations in
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Xii NOTE ON THE USE OF THE BOOK

coin tossing show that widely held beliefs about the law of large numbers
are fallacious. They are so amazing and so at variance with common
intuition that even sophisticated colleagues doubted that coins actually
misbehave as theory predicts. The record of a simulated experiment is
therefore included in section 6. The chapter treats only the simple coin-
tossing game, but the results are representative of a fairly general situation.

The sign » is used to indicate the end of a proof or of a collection of
examples. '

It is hoped that the extensive index will facilitate coordination between
the several parts.
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INTRODUCTION

The Nature
of Probability Theory

1. THE BACKGROUND

Probability is a mathematical discipline with aims akin to those, for
example, of geometry or analytical mechanics. In each field we must
carefully distinguish three aspects of the theory: (@) the formal logical
content, (b) the intuitive background, (c) the applications. The character,
and the charm, of the whole structure cannot be appreciated without
considering all three aspects in their proper relation.

(a) Formal Logical Content

Axiomatically, mathematics is concerned solely with relations among
undefined things. This aspect is well illustrated by the game of chess. It
is impossible to “define” chess otherwise than by stating a set of rules.
The conventional shape of the pieces may be described to some extent,
but it will not always be obvious which piece is intended for “king.” The
chessboard and the pieces are helpful, but they can be dispensed with.
The essential thing is to know how the pieces move and act. It is meaning-
less to talk about the ““definition” or the “true nature” of a pawn or a king.
Similarly, geometry does not care what a point and a straight line “really
are.” They remain undefined notions, and the axioms of geometry specify
the relations among them: two points determine a line, etc. These are
the rules, and there is nothing sacred about them. Different forms of
geometry are based on different sets of axioms, and the logical structure of
non-Euclidean geometries is independent of their relation to reality.
Physicists have studied the motion of bodies under laws of attraction
different from Newton’s, and such studies are meaningful even if Newton’s
law of attraction is accepted as true in nature.

1




2 THE NATURE OF PROBABILITY THEORY

(b) Intuitive Background

In contrast to chess, the axioms of geometry and of mechanics have
an intuitive background. In fact, geometrical intuition is so strong that it
is prone to run ahead of logical reasoning. The extent to which logic,
intuition, and physical experience are interdependent is a problem into
which we need not enter. It is certain that intuition can be trained and
developed. The bewildered novice in chess moves cautiously, recalling
individual rules, whereas the experienced player absorbs a complicated
situation at a glance and is unable to account rationally for his intuition.
In like manner mathematical intuition grows with experience, and it is
possible to develop a natural feeling for concepts such as four-dimensional
space.

Even the collective intuition of mankind appears to progress. Newton’s
notions of a field of force and of action at a distance and Maxwell’s con-
cept of electromagnetic waves were at first decried as “unthinkable” and
“‘contrary to intuition.” Modern technology and radio in the homes have
popularized these notions to such an extent that they form part of the
ordinary vocabulary. Similarly, the modern student has no appreciation
of the modes of thinking, the prejudices, and other difficulties against
which the theory of probability had to struggle when it was new. Nowa-
days newspapers report on samples of public opinion, and the magic of
statistics embraces all phases of life to the extent that young girls watch
the statistics of their chances to get married. Thus everyone has acquired
a feeling for the meaning of statements such as “‘the chances are three in
five.” Vague as it is, this intuition serves as background and guide for the
first step. It will be developed as the theory progresses and acquaintance
is made with more sophisticated applications.

(c) Applications

The concepts of geometry and mechanics are in practice identified with
certain physical objects, but the process is so flexible and variable that no
general rules can be given. The notion of a rigid body is fundamental and
useful, even though no physical object is rigid. Whether a given body
can be treated as if it were rigid depends on the circumstances and the
desired degree of approximation. Rubber is certainly not rigid, but in
discussing the motion of automobiles on ice textbooks usually treat the
rubber tires as rigid bodies. Depending on the purpose of the theory, we
disregard the atomic structure of matter and treat the sun now as a ball of
continuous matter, now as a single mass point.

In applications, the abstract mathematical models serve as tools, and
different models can describe the same empirical situation. The manner
in which mathematical theories are applied does not depend on preconceived
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ideas; it is a purposeful technique depending on, and changing with, experi-
ence. A philosophical analysis of such techniques is a legitimate study,
but is is not within the realm of mathematics, physics, or statistics. The
philosophy of the foundations of probability must be divorced from
mathematics and statistics, exactly as the discussion of our intuitive space
concept is now divorced from geometry.

2. PROCEDURE

The history of probability (and of mathematics in general) shows a
stimulating interplay of theory and applications; theoretical progress
opens new fields of applications, and in turn applications lead to new
problems and fruitful research. The theory of probability is now applied
in many diverse fields, and the flexibility of a general theory is required to
provide appropriate tools for so great a variety of needs. We must
therefore withstand the temptation (and the pressure) to build the theory,
its terminology, and its arsenal too close to one particular sphere of
interest. We wish instead to develop a mathematical theory in the way
which has proved so successful in geometry and mechanics. -

We shall start from the simplest experiences, such as tossing a coin or
throwing dice, where all statements have an obvious intuitive meaning.
This intuition will be translated into an abstract model to be generalized
gradually and by degrees. Illustrative examples will be provided to
explain the empirical background of the several models and to develop the
reader’s intuition, but the theory itself will be of a mathematical character.
We shall no more attempt to explain the “true meaning” of probability
than the modern physicist dwells on the “real meaning” of mass and
energy or the geometer discusses the nature of a point. Instead, we shall
prove theorems and show how they are applied.

Historically, the original purpose of the theory of probability was to
describe the exceedingly narrow domain of experience connected with
games of chance, and the main effort was directed to the calculation of
certain probabilities. In the opening chapters we too shall calculate a
few typical probabilities, but it should be borne in mind that numerical
probabilities are not the principal object of the theory. Its aim is to
discover general laws and to construct satisfactory theoretical models.

Probabilities play for us the same role as masses in mechanics. The
motion of the planetary system can be discussed without knowledge of the
individual masses and without contemplating methods for their actual
measurements. Even models for non-existent planetary systems may be
the object of a profitable and illuminating study. Similarly, practical and
useful probability models may refer to non-observable worlds. For example,
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billions of dollars have been invested in automatic telephone exchanges.
These are based on simple probability models in which various possible
systems are compared. The theoretically best system is built and the others
will never exist. In insurance, probability theory is used to calculate the
probability of ruin; that is, the theory is used to avoid certain undesirable
situations, and consequently it applies to situations that are not actually
observed. Probability theory would be effective and useful even if not a
single numerical value were accessible.

3. “STATISTICAL” PROBABILITY

The success of the modern mathematical theory of probability is bought
at a price: the theory is limited to one particular aspect of “chance.”
The intuitive notion of probability is connected with inductive reasoning
and with judgments such as “Paul is probably a happy man,” “Probably
this book will be a failure,” “Fermat’s conjecture is probably false.”
Judgments of this sort are of interest to the philosopher and the logician,
and they are a legitimate object of a mathematical theory.! It must be
understood, however, that we are concerned not with modes of inductive
reasoning but with something that might be called physical or statistical
probability. In a rough way we may characterize this concept by saying
that our probabilities do not refer to judgments but to possible outcomes
of a conceptual experiment. Before we speak of probabilities, we must
agree on an idealized model of a particular conceptual experiment such as
tossing a coin, sampling kangaroos on the moon, observing a particle under
diffusion, counting the number of telephone calls. At the outset we must
agree on the possible outcomes of this experiment (our sample space) and
the probabilities associated with them. This is analogous to the procedure
in mechanics where fictitious models involving two, three, or seventeen
mass points are introduced, these points being devoid of individual
properties. Similarly, in analyzing the coin tossing game we are not
concerned with the accidental circumstances of an actual experiment:
the object of our theory is sequences (or arrangements) of symbols such as -
“head, head, tail, head,....” There is no place in our system for
speculations concerning the probability that the sun will rise tomorrow.
Before speaking of it we should have to agree on an (idealized) model
which would presumably run along the lines “out of infinitely many worlds

! B. O. Koopman, The axioms and algebra of intuitive probability, Ann. of Math. (2),
vol. 41 (1940), pp. 269~292, and The bases of probability, Bull. Amer. Math. Soc., vol. 46
(1940), pp. 763-774.

For a modern text based on subjective probabilities see L. J. Savage, The foundations
of statistics, New York (John Wiley) 1954.
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one is selected at random. . . .”” Little imagination is required to construct
such a model, but it appears both uninteresting and meaningless.

The astronomer speaks of measuring the temperature at the center of
the sun or of travel to Sirius. These operations seem impossible, and yet
it is not senseless to contemplate them. By the same token, we shall not
worry whether or not our conceptual experiments can be performed; we
shall analyze abstract models. In the back of our minds we keep an
intuitive interpretation of probability which gains operational meaning in
certain applications. We imagine the experiment performed a great many
times. An event with probability 0.6 should be expected, in the long run,
to occur sixty times out of a hundred. This description is deliberately
vague but supplies a picturesque intuitive background sufficient for the
more elementary applications. As the theory proceeds and grows more
elaborate, the operational meaning and the intuitive picture will become
more concrete.

4. SUMMARY

We shall be concerned with theoretical models in which probabilities
enter as free parameters in much the same way as masses in mechanics.
They are applied in many and variable ways. The technique of applica-
tions and the intuition develop with the theory.

This is the standard procedure accepted and fruitful in other mathe-
matical disciplines. No alternative has been devised which could
conceivably fill the manifold needs and requirements of a// branches of the
growing entity called probability theory and its applications.

We may fairly lament that intuitive probability is insufficient for scienti-
fic purposes, but it is a historical fact. In example I, (6.), we shall discuss
random distributions of particles in compartments. The appropriate, or
“natural,” probability distribution seemed perfectly clear to everyone and
has been accepted without hesitation by physicists. It turned out, however,
that physical particles are not trained in human common sense, and the
“natural” (or Boltzmann) distribution has to be given up for the Einstein-
- Bose distribution in some cases, for the Fermi-Dirac distribution in others.
No intuitive argument has been offered why photons should behave
differently from protons and why they do not obey the ““a priori” laws.
If a justification could now be found, it would only show that intuition
develops with theory. At any rate, even for applications freedom and
flexibility are essential, and it would be pernicious to fetter the theory to
fixed poles.

It has also been claimed that the modern theory of probability is too
abstract and too general to be useful. This is the battle cry once raised
by practical-minded people against Maxwell’s field theory. The argument
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could be countered by pointing to the unexpected new applications
opened by the abstract theory of stochastic processes, or to the new
insights offered by the modern fluctuation theory which once more belies
intuition and is leading to a revision of practical attitudes. However, the
discussion is useless; it is too easy to condemn.  Only yesterday the
practical things of today were decried as impractical, and the theories
which will be practical tomorrow will always be branded as valueless
games by the practical men of today.

5. HISTORICAL NOTE

The statistical, or empirical, attitude toward probability has been
developed mainly by R. A. Fisher and R. von Mises. The notion of sample
space? comes from von Mises. This notion made it possible to build up a
strictly mathematical theory of probablhty based on measure theory.
Such an approach emerged gradually in the ’twenties under the influence
of many authors. An axiomatic treatment representing the modern
development was given by A. Kolmogorov.> We shall follow this line,
but the term axiom appears too solemn inasmuch as the present volume
deals only with the simple case of discrete probabilities.

2 The German word is Merkmalraum (label space). von Mises’ basic treatise
Wahrscheinlichkeitsrechnung appeared in 1931. A modernized version (edited and
complemented by Hilda Geiringer) appeared in 1964 under the title Mathematical
theory of probability and statistics, New York (Academic Press). von Mises’ philo-
sophical ideas are best known from his earlier booklet of 1928, revised by H. Geiringer:
Probability, statistics and truth, London (Macmillan), 1957.

3 A. Kolmogoroff, Grundbegriffe der Wahrscheinlichkeitsrechnung, Berlin (Springer)
1933. An English translation (by N. Morrison) appeared in 1956: Foundations of the
theory of probability, New York (Chelsea).




CHAPTER I

The Sample Space

1. THE EMPIRICAL BACKGROUND

The mathematical theory of probability gains practical value and an
intuitive meaning in connection with real or conceptual experiments such
as tossing a coin once, tossing a coin 100 times, throwing three dice,
arranging a deck of cards, matching two decks of cards, playing roulette,
observing the life span of a radioactive atom or a person, selecting a
random sample of people and observing the number of left-handers in it,
crossing two species of plants and observing the phenotypes of the
offspring; or with phenomena such as the sex of a newborn baby, the
number of busy trunklines in a telephone exchange, the number of calls
on a telephone, random noise in an electrical communication system,
routine quality control of a’production process, frequency of accidents,
the number of double stars in a region of the skies, the position of a particle
under diffusion. All these descriptions are rather vague, and, in order to
render the theory meaningful, we have to agree on what we mean by
possible results of the experiment or observation in question.

When a coin is tossed, it does not necessarily fall heads or tails; it can
roll away or stand on its edge. Nevertheless, we shall agree to regard
“head” and “tail”” as the only possible outcomes of the experiment. This
convention simplifies the theory without affecting its applicability.
Idealizations of this type are standard practice. Itisimpossible to measure
the life span of an atom or a person without some error, but for theoretical
purposes it is expedient to imagine that these quantities are exact numbers.
The question then arises as to which numbers can actually represent the
life span of a person. Is there a maximal age beyond which life is impos-
sible, or is any age conceivable? We hesitate to admit that man can grow
1000 years"old, and yet current actuarial practice admits no bounds to the
possible duration of life. According to formulas on which modern mor-
tality tables are based, the proportion of men surviving 1000 years is of the

7
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order of magnitude of one in 102°*—a number with 102" billions of zeros.
This statement does not make sense from a biological or sociological point
of view, but considered exclusively from a statistical standpoint it certainly
does not contradict any experience. There are fewer than 101° people born
in a century. To test the contention statistically, more than 10°* centuries
would be required, which is considerably more than 101°* lifetimes of the
earth. Obviously, such extremely small probabilities are compatible with
our notion of impossibility. Their use may appear utterly absurd, but
it does no harm and is convenient in simplifying many formulas. More-
over, if we were seriously to discard the possibility of living 1000 years,
we should have to accept the existence of maximum age, and the assump-
tionthatitshould bepossibleto live x years and impossible to live = years
and two seconds is as unappealing as the idea of unlimited life.

Any theory necessarily involves idealization, and our first idealization
concerns the possible outcomes of an “experiment” or ‘“observation.”
If we want to construct an abstract model, we must at the outset reach a
decision about what consitutes a possible outcome of the (idealized)
experiment.

For uniform terminology, the results of experiments or observations
will be called events. Thus we shall speak of the event that of five coins
tossed more than three fell heads. Similarly, the “experiment” of distrib-
uting the cards in bridge! may result in the “event” that North has two
aces. The composition of a sample (“two left-handers in a sample of 85”)
and the result of a measurement (“‘temperature 120°,” “seven trunklines
busy’’) will each be called an event.

We shall distinguish between compound (or decomposable) and simple
(or indecomposable) events. For example, saying that a throw with two
dice resulted in “sum six’’ amounts to saying that it resulted in *““(1, 5) or
(2, 4) or (3, 3) or (4,2) or (5, 1), and this enumeration decomposes the
event “‘sum six” into five simple events. Similarly, the event “two odd
faces” admits of the decomposition “(1, 1) or (1, 3) or ... or (5, 5)” into
nine simple events. Note that if a throw results in (3, 3), then the same
throw results also in the events “sum six” and ‘“‘two odd faces”; these
events are not mutually exclusive and hence may occur simultaneously.

! Definition of bridge and poker. A deck of bridge cards consists of 52 cards arranged
in four suits of thirteen each. There are thirteen face values (2, 3, . .., 10, jack, queen,
king, ace) in each suit. The four suits are called spades, clubs, hearts, diamonds.
The last two are red, the first two black. Cards of the same face value are called of
the same kind. For our purposes, playing bridge means distributing the cards to four
players, to be called North, South, East, and West (or N, S, E, W, for short) so that
each receives thirteen cards. Playing poker, by definition, means selecting five cards
out of the pack.
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As a second example consider the age of a person. Every particular value
x represents a simple event, whereas the statement that a person is in his
fifties describes the compound event that = lies between 50 and 60. In
this way every compound event can be decomposed into simple events, that
is to say, a compound event is an aggregate of certain simple events.

If we want to speak about “experiments” or ‘‘observations” in a
theoretical way and without ambiguity, we must first agree on the simple
events representing the thinkable outcomes; they define the idealized
experiment. In other words: The term simple (or indecomposable) event
remains undefined in the same way as the terms point and line remain
undefined in geometry. Following a general usage in mathematics the
simple events will be called sample points, or points for short. By definition,
every indecomposable result of the (idealized) experiment is represented by
one, and only one, sample point. The aggregate of all sample points will
be called the sample space. All events connected with a given (idealized)
experiment can be described as aggregates of sample points.

Before formalizing these basic conventions, we proceed to discuss a
few typical examples which will play a role further on.

2. EXAMPLES

(a) Distribution of the three balls in three cells. Table 1 describes all
possible outcomes of the “‘experiment” of placing three balls into three
cells.

Each of these arrangements represents a simple event, that is, a sample
point. The event A “‘one cell is multiply occupied” is realized in the
arrangements numbered 1-21, and we express this by saying that the event
A is the aggregate of the sample points 1-21. Similarly, the event B ““first
cell is not empty” is the aggregate of the sample points 1, 4-15, 22-27.

TABLE 1
1. {abc| - | -} 10. {a | bc| -} 19.{ - |a | bc}
2.{ - |abc| -} 11.{b |ac| -} 20.{ - | b |ac}
3.{-| - |abc} 12.{ clab | -} 21. { - | «clab}
4. {ab | c| -} 13.{a | - | bc} 2. {a | b | ¢}
5.{ac| b | -} 14.{b | - |ac} 23.{a | c| b}
6. { bcla | -} 15.{ c| - |ab} 24. {b |a | ¢}
7.{ab | - | ¢} 16. { — |ab | ¢} 25.{b | cla }
8.{ac|] - | b} 17.{ - |ac]| b} 26.{ cla | b}
9. { bc|] - |a } 18. { - | bc|a } 27.{ c| b |a }.
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The event C defined by “both 4 and B occur” is the aggregate of the
thirteen sample points 1, 4-15. In this particular example it so happens that
each of the 27 points belongs to either 4 or B (or to both); therefore the
event “either 4 or B or both occur” is the entire sample space and occurs
with absolute certainty. The event D defined by “4 does not occur”
consists of the points 22-27 and can be described by the condition that
no cell remains empty. The event ““first cell empty and no cell multiply
occupied” is impossible (does not occur) since no sample point satisfies
these specifications. .

(b) Random placement of r balls in n cells. The more general case of
r balls in n cells can be studied in the same manner, except that the
number of possible arrangements increases rapidly with r and n. For
r =4 ballsin n =3 cells, the sample space contains already 64 points,
and for r = n = 10 there are 10'° sample points; a complete tabulation
would require some hundred thousand big volumes.

We use this example to illustrate the important fact that the nature of
the sample points is irrelevant for our theory. To us the sample space
(together with the probability distribution defined in it) defines the
idealized experiment. We use the picturesque language of balls and cells,
but the same sample space admits of a great variety of different practical
interpretations. To clarify this point, and also for further reference, we
list here a number of situations in which the intuitive background varies; all
are, however, abstractly equivalent to the scheme of placing r balls into n
cells, in the sense that the outcomes differ only in their verbal description.
The appropriate assignment of probabilities is not the same in all cases
and will be discussed later on.

(b,1). Birthdays. The possible configurations of the birthdays of r
people correspond to the different arrangements of r balls in n =
365 cells (assuming the year to have 365 days).

(b,2). Accidents. Classifying r accidents according to the weekdays
when they occurred is equivalent to placing r balls into n =7 cells.

(b,3). In firing at n targets, the hits correspond to balls, the targets to
cells.

(b,4). Sampling. Let a group of r people be classified according to,
say, age or profession. The classes play the role of our cells, the people
that of balls.

(b,5). Irradiation in biology. When the cells in the retina of the eye
are exposed to light, the light particles play the role of balls, and the
actual cells are the “cells” of our model. Similarly, in the study of
the genetic effect of irradiation, the chromosomes correspond to the
cells of our model and a-particles to the balls.
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(6,6). In cosmic ray experiments the particles reaching Geiger counters
represent balls, and the counters function as cells.

(b,7). An elevator starts with r passengers and stops at n floors.
The different arrangements of discharging the passengers are replicas
of the different distributions of r ballsin n cells.

(b,8). Dice. The possible outcomes of a throw with r dice corre-
spond to placing r balls into n = 6 cells. When tossing a coin we are
in effect dealing with only n = 2 cells.

(0,9). Random digits. The possible orderings of a sequence of r
digits correspond to the distribution of r balls (= places) into ten cells
called 0, 1,...,9.

(b,10). The sex distribution of r persons. Here we have n = 2 cells
and r balls.

(b,11). Coupon collecting. The different kinds of coupons represent
the cells; the coupons collected represent the balls.

(b,12). Aces in bridge. The four players represent four cells, and
we have r = 4 balls.

(b,13). Gene distributions. Each descendant of an individual (person,
plant, or animal) inherits from the progenitor certain genes. If a
particular gene can appear in n forms A, ..., A,, then the descend-
ants may be classified according to the type of the gene. Thedescendants
correspond to the balls, the genotypes 4,,..., 4, to the cells.

(b,14). Chemistry. Suppose that a long-chain polymer reacts with
oxygen. An individual chain may react with 0,1,2,... oxyge