
in the trial-monitoring setting, the usual maximum likeli- 

hood asymptotics hold. For projecting power, however, the 

previous study will usually have a smaller or similar size 

to that of the proposed study. Thus the distributional prop- 

erties documented in Tables 1 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 are not unrealistic. The 

general message is to beware maximum likelihood esti- 

mation when the “parameter” depends on the sample size. 

When maximum likelihood estimators perform poorly, 

sometimes a Bayesian analysis can offer some guidance. A 

pure Bayesian approach would not zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbe concerned with hy- 

pothesis testing and power and therefore would be irrele- 

vant. A partial Bayesian approach uses data from the previous 

study to update a prior distribution for the treatment effects. 

The derived posterior distribution can then be used to es- 

timate the power of the proposed trial (Herson 1979; Spie- 

gelhalter and Freedman 1986). A special case of this approach 

assumes a noninformative prior on the treatment means; it 

was used in the present setting by Brown, Herson, Atkinson, 

and Rozell (1987) and also in the trial monitoring setting 

(Choi, Smith, and Becker 1985; Hilsenbeck 1988). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFor the 

present application, a noninformative prior leads to the pos- 

terior distribution of the treatment means being multivariate 

normal (DeGroot 1970, pp. 196-198). This implies that the 

posterior distribution of nA2 is a noncentral chi square with 

noncentrality parameter &. For reasonably large values of 

d2, the posterior median of nA2 is therefore given by d2 
+ K - 1. This leads to 6(A2 + ( K  - I)/n) being ap- 

proximately the posterior median estimate of the power, 

suggesting that Bayesian estimates of power share the same 

problem of large variability that the maximum likelihood 

estimates have (Korn 1990). In fact, as noted by a referee, 

we would expect any point estimator of nA2 to lead to an 

estimated power with large variability. I conclude with a 

second message for students: In some applications it is not 

reasonable to give only a point estimate without some mea- 

sure of variability, either via a confidence interval or a 

Bayesian posterior distribution. 
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The Mean Is Within One Standard Deviation of Any Median 

COLM ART O’CINNEIDE” 

The title of this note refers to a well-known relation be- 

tween the three most familiar parameters of a distribution. 

This relation appears to be due to Hotelling and Solomons 

(1932). My goal here is to present a neat proof of it. Al- 

though my methods are simple enough to lead one to expect 

that this is not the first time the result has been proved this 

way, I have not found this approach in the literature. 

Let F denote the distribution function of a population. 

Let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp and v2 denote its mean and variance, assumed finite, 

and let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArn denote any median of F .  Assume that rn zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 p; 

the general case follows from this one by reversing signs 

in the population. Begin by splitting the population into two 

equal parts, each part concentrated on one side of rn; that 

is, decompose F into two distributions, one assigning all of 

its mass to the interval ( - w, rn] and the other assigning all 

of its mass to [rn,  a) in a unique manner. To be precise, 

let F ,  and F2 be distribution functions such that F, ( rn)  = 

I ,  and F,(rn-) = 0 (- refers to the left limit), for which 
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F ,  and F,  are uniquely determined by these conditions; in 

fact, F , ( x )  = 2 F ( x )  and F2(x)  = 0, forx < rn, and F , ( x )  = 

1 and F 2 ( x )  = 2 F ( x )  - 1 for x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 rn. F ,  F , ,  and F ,  all 

give the same point mass to rn. Now let pj and a,? denote 

the mean and variance of F j  for i = I ,  2 .  Then, since F ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 1990 American Statistical Association 



is concentrated on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( -  m, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm], we have 

m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp I ,  

Moreover, by (I) ,  

1 
p = ?(PI + P2). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3) 

Subtracting (2) and (3) then gives 

(p* - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcL,)/2 2 p - m. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(4) 

Now consider how the variances of the three distributions 

are related; by analysis of variance, we have 

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 p2)z 

1 

2 
0-2 = -uf + -u; + 

2 

2 ( p  - mY, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 5 )  

the last inequality coming from (4). From this it follows 

that 

(6) I CL - m I s  u, 

as required. 

Consider the distribution giving weight zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAYz to the two 

points p ? u, where p is arbitrary and u is nonnegative. 

If u = 0, we interpret this as the point mass at p. The 

mean and standard deviation of this distribution are indeed 

p and u, and the points p _t u are both medians. Thus we 

see that equality holds in (6) for this distribution if we choose 

m = p ? u. Conversely, since equality in (6) implies 

equality in (5) and this in turn forces u: = a; = 0, it is 

not hard to deduce that the two-point (or one-point, if u = 

0) distribution seen previously is the only case in which 

equality holds in (6). Moreover, any m satisfying (6) is a 

median of this distribution. It follows that a triple ( p ,  m, 

u) of real numbers represents the mean, median, and stan- 

dard deviation of some distribution iff (6)  holds. 

A referee has pointed out that a similar analysis is possible 

for the pth percentile x p ,  0 < p < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1, leading to the gen- 

eralization 

The proof relies on splitting the population at the point x,,, 

just as we did in (1) for p = Y2. The details are omitted. 
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A Note on the Estimation of Binomial Probabilities 

RICHARD J. PULSKAMP" 

I am concerned with the admissibility under quadratic loss 

of certain estimators of binomial probabilities. The mini- 

mum variance unbiased estimator is shown to be admissible 

for Pr(X = 0) and Pr(X = n ) ,  but it is inadmissible for 

Pr(X = k ) ,  where 0 < k < n.  An example is given of an 

admissible maximum likelihood estimator (MLE). It is con- 

jectured that the MLE is always admissible. 

KEY WORDS: Admissibility; Generalized Bayes estima- 

tors; Quadratic loss. 

1. INTRODUCTION 

Suppose that X is a random variable having a binomial 

distribution with parameters n and 8, n > 1 known and 0 < 
8 < 1. We wish to estimate the binomial probabilities 
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Under usual circumstances, a Bayes estimator is admissible. 

These estimators were considered by both Johnson (197 1) 

and Ol'man (1984). The most frequently used estimators- 

the minimum variance unbiased estimator (MVUE) and the 

maximum likelihood estimator (MLE)-are generally not 

Bayes. In fact, the MVUE never can be. This fact has 

motivated the development of techniques that enable one to 

prove admissible a given estimator that is known not to be 

Bayes but that has a representation as a generalized Bayes 

estimator. One very fruitful procedure, having its genesis 

in Karlin (1958) and restricted to quadratic loss, requires 

that an estimator be expressed formally as the mean of the 

posterior distribution and that certain boundary conditions 

be satisfied. The study of estimators that do not have this 

representation, however, seems to have been given less 

emphasis. The MVUE and MLE of p,J 8) are of precisely 

this type. 
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