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The basic laws of mass, energy, and momentum conservation are applied to a novel wind-
driven water craft. The resulting analysis is an instructive application of these laws, suitable
as an undergraduate physics exercise. We find a critical condition which must be met before
the boat will accelerate against the wind, and we also obtain expressions for calculating the
final speed.

I. INTRODUCTION

A novel wind-driven water craft was recently reported
in the literature.! In this boat a windmill-type propelleris
connectedvia a straight shaft to an underwaterpropeller,
as shownin Fig. 1. Kinetic energy extracted from the wind
by the air propeller is used by the water propeller to move
the boat directly against the wind. We have demonstrated
such a boat at recent pyblic displays in our junior level
physics laboratory. A typical nonphysicist is suitably im-
pressed by the novelty of the boat, whereastheinitial re-
sponse of people with some physics backgroundis often
oneofdisbelief. Being familiar with the laws of energy and
momentum conservation, they feel that somehow these laws

are being violated. Indeed, a detailed analysis of the device
is an instructive application of these laws, suitable as an
undergraduate physics exercise. (The topic also aroused
considerable interest when given to a graduate physics
problemsclass.) We present such an analysis here. It is
found that there is a critical condition on the relative sizes
of the two propellers which must be met before the boat will
moveagainst the wind, even for ideal propellers. It is also
found that the maximum speed attainable under ideal
conditions is twice the wind speed. The performanceof an
actual boat is expected to be considerably less than this.

Il. THEORY

A. Energy from the wind(efficiency of an ideal
windmill) (Ref. 2)

Figure 2 showsa propeller of swept out area 4, immersed

in a fluid flow field (density p,;) whose undisturbed speed

and pressure are W and P.,., respectively. The air speed at
the propeller is W(1 — a) where 0 < a < 1, and the down-

stream speed is W... If we assume incompressible flow along
the streamlines, shown in Fig. 2, then mass conservation

requires that

AW = A\W(1 — a) =A.Wa, (1)

where A and A. are the cross-sectional areas of the
streamtube far upstream and far downstream,respectively.
Thefactor 1 — a is simply a convenient way of expressing
the decrease in wind speed at the propeller. Now apply
Bernoulli’s theorem, in the form P + ('4) p v2 = const, to
the regions upstream and downstream of the propeller.
Upstream of the propeller we have

Pa + (4) pW? = P, + (4) p[WO -—a)]*, (2)

where P,, is the pressure immediately upstream of the
propeller. On the downstream side
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Po + (Y)) pW? = Pa + (4) [WOU - a)]?, (3)

where P, is the pressure immediately downstream ofthe

propeller.
Combining Eqs. (2) and (3) one finds a pressure dis-

continuity at the propeller, given by P, ~ Py = AP = ('h)
X p;(W2 — W2). The force exerted on the propeller by the
stream is therefore given by

Fy = A\AP = (") p1A\(W? — W2). 1)

From momentum conservation, the force on the propeller

can also be written

Fy = p|AW? — p,\ AoW, (5)

where the two terms represent the rates at which momen-
tum enters and leaves the streamtube, respectively. Com-
bining Eqs. (1), (4), and (5) one obtains W.. = W(1 — 2a),

which gives

Fw = 29,A,Wa(1 — a) (6)

whensubstituted in Eq. (4). The power extracted from the
wind is given by

Py = FyW(l - a) = 2e1A,a(1 _- a)y?W3. (7)

Maximizing the power Pw with respect to the parameter
a, ZIVES Amax = 1/3. Using this optimum value of a, one
finds that the efficiency of the propeller, as defined by
Pw/(')pA, W3,is equal to 16/27. This is the maximum
efficiency of an ideal windmill. Real windmills of modern
design?-3 are capable of reaching 60%-70% ofthis value.

B. Net forward thrust

Assumethat the boat is held fixed with respect to the
undisturbed water and focus attention on the water pro-
peller A>, Fig. 1. By using arguments identical to those used
above in obtaining Eqs. (1)-(6), one finds that the thrust
delivered by the propeller A> is given by

F,= 2p2A2V?. (8)

In thiscase,it is helpful to note that the speed of the water

in the streamtube far upstream of A) is zero while thatfar
downstream is V.. = 2V, where is the water speed atthe
propeller.

Therate of increase of the kinetic energy ofthe wateris
given by FVandifthis is equated to Py, as given by Eq.

(7), one finds that

F = 0.56 p2A2(91A 1/p2A2)*W?, (9)

where a = 1/3 was used. In obtaining Eq. (9), the propeller
A> was assumed to be capableofconverting the shaft energy

© 1978 American Association of Physics Teachers 1004



 

 

Fig. 1. Sketch ofa boat which supports a shaft with a propeller on each
end. Onepropeller, of swept-out area Aj, is located in the air and the other

propeller, of area Ao,is located below the water surface. Both propellers
are assumed to be far enough from the water surfaceso thatits effect can

be ignored. Thespeedoftheair far upstream of the boat is W. The speed

of the water immediately downstream of Ais V, where V is due to the

effects of A». p; and p2 are the densities of air and water, respectively.

to kinetic energy of the water with 100% efficiency. This
is not inconsistent with the 59% efficiency of an ideal
windmill, as it refers to a different problem.

Thenet forward thrust F, — Fy is given by subtracting
Eq. (6) from Eq. (9) and rearranging the resulting expres-
sion, thatis

Fret = 9141 W?(0.56(92A2/p1A1)'3 — 4]. (10)

This expression for Fyre, assumes that both propellers op-
erate at their maximum possible efficiencies and that there
are no energy losses in the coupling shaft. It also neglects
wind-drag forces on the hull and superstructure of the boat.
Even for these ideal conditions we see from Eq. (10) that
the net force will be positive only if p2A2/p,A1 = 1/2.
The essential qualitative explanation of why the boat

moves forward can be seen from Eq.(10). It clearly depends
on the wayin whichthe kinetic energy extracted from the
air is added to the water. If the streamtubeis narrow (p2A>

< p,A,) the momentum in the waterjet will be less than
that extracted form the air and the boat would move
backwards. On the other hand, if p24. > p,A, the mo-
mentum in the waterjetis larger than that extracted from

the air and a net forwardforce results. This is analogous to
the situation of two masses having the same kinetic energy,
whereasthe heavier mass has the largest momentum.

C. Ultimate speed

We now considerthe situation where the boatis allowed
to move forward, with the aim of calculating the ultimate
speed wu. It is convenient to use a reference frame attached
to the boat. The power extracted from the wind by the
propeller A, will then be given by

Pw = (%7)p1A(W + 4), (11)

where a = '/; was used in Eq.(7) andthe effective wind felt
by the boat is W+ u rather than W. Similarly, the force on
the propeller A, is given by

Fw = (46)p1Ai(W + u)?. (12)

The water propeller Az now sees an effective upstream
speed equal to u, a relative water speed at the propeller of
u + Vand a downstream speed equal to u + V... Applying
argumentssimilar to those in Sec. II A, onestill finds that
V.. = 2V. By analogy with Eq. (4), the thrust produced by
A2.can then be written
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Fz =(1h)prA2[(Vo + u)? — u2] = 2p2Ar(u + VV.

(13)

The force F; adds kinetic energy to the water at the rate
F3(u + V) and if we again assumethatthe propeller A> is
100% efficient then we have, from Eqs. (11) and (13)

Fy (u + V) = 2p2A2(u + V)PV = (%7)91A1(W + u)?.
(14)

Atthe ultimate speed all forces on the boat must balance,
i.€.,

F,— Fy — Fp = 0, (15)
where

Fp = (')p2ApCpu? (16)

is the drag force* of the water against the hull. Ap is the
effective frontal area of the hull and Cpis the drag coeffi-
cient. Substituting Eqs. (12), (14), and (16) into Eq. (15)
then gives

Chr)p)AW +uy?roo(%)p1A(W + u)?

—(')p2ApCpu? = 0. (17)

Equations (14) and (17) represent two equations for the
unknowns w and V, which mustbe solved simultaneously.
The general solution is very messy algebraically andit is
perhaps more instructive to look at some particular
cases.

First, consider the case where the drag coefficient Cp is
zero, as this will yield the maximum possible value of u.
With this assumption, Eqs. (14) and (17) yield

— (202A2/91A1 — 1
" Caled a hid (18)

and

V = u/[2(92A2/p,A1) — 1). (19)

In the limit p2A2/p,A, > 1,u = 2Wand V « u. Thatis,

the maximum possible upwind speedof the deviceis equal
to twice the wind speed. On the other hand, the maximum
downwind speed under the same conditions would be equal
to the wind speed, as one caneasily show from Eqs. (14) and
(17) with appropriate sign changes.
The performance of an actual device will be reduced

below the maximum value, u = 2W, by (a) nonzero drag
coefficients, (b) smaller values of the parameter p243/p1A1,

and (c) propeller inefficiency. For example, if one chooses
Ay ST m2, Ay =0.2 m2,Ap = 0.1 m2, Cp = 0.2, p2>= 1000

kg/m3, and p; = 1.20 kg/m3, then onefinds from Eggs.(14)
and (17), that u = 0.56W and V = 0.034W.If propeller

—_—

~~—' —
__

Fig. 2. Sketch of a propeller of swept-out area 4), immersed ina flowing
fluid. The dashedlines depict the streamtube ofthe fluid which is actually

intercepted by the propeller disk. The labeled quantities are definedin the
text as needed.
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inefficiency is taken into account the value of u will be
further reduced, by 50% or more.

D. Energy considerations

In the above derivation of Eq. (14) it was assumed that
all of the kinetic energy extracted from the wind is added
to the water by the propeller A>. But, what about the work
done by the drag force Fp? Have we violated energy con-
servation? To answerthis question it is best to work in a

reference frame at rest with respect to the undisturbed
water. In this frame the force Fp moves at speed u and
therefore dissipates energy in the water at a rate Fp u.If
we are to conserve energy then the powerextracted from
the wind mustsupplythis dissipation as well as the kinetic
energy increase in the water passing through the propeller

Ap.
First we note that, in the rest frame, the kinetic energy

extracted from the wind by A, and that addedto the water
by A) will not be the sameas in the boat frame. Recall that
when a mass m has a speed changevy — v; = Avin the rest
frame, then the changein kinetic energy is

AKE = (')m(vj — v?). (19’)

The corresponding kinetic energy change in a reference
frame moving with speed wu is given by

AKEF’ = AKE + mAvu. (20)

Applying this relation to the propellers, in the rest frame,
wefind that the power extracted from the windis

Py = Py —(%)piAu + W)2u = Py — Fwu, (21)

where Py is the power from the wind in the moving frame,
as given by Eq. (11). Fw is the force of the wind against
propeller A, and is the samein both frames. Similarly, the
poweraddedto the water by A; is given by

Py = Py — 2p,A(ut V)Vu = Py — Fu, (22)

where Pis the power added to the water by A>in the
moving frame and Fis the force produced by 4). The en-
ergy balancein the rest frame therefore takes the form

Py — P2 = (Pw — P2) + (Fr — Fw)u. (23)
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Recalling that Py = P; in the moving frame and using Eq.
(15), Eq. (23) becomes

Py — P2 = Fou. (24)

Therefore a satisfactory energy balance doesexist in the rest
frame.

Il. CONCLUDING REMARKS

A successful demonstration boat used a 36-cm-diam
model airplane propeller for A, and a 10-cm one for Ap.
These were connected by a 65 cm X 3.2 mmstainless-steel
shaft mounted (shaft inclined at 22° to the horizontal) on
a catamaran-type hull made from two thin-walled alumi-
num tubes (41 X 2.5 cm) separated by 22 cm. Performance
can be optimized by trying propellers of various pitch. This
unit produced a net forward thrust of nearly 1 N ina
windspeed of 5 m/s provided by a household fan.

Wenote that a vertical-axis windmill? could easily be
utilized with the above type of boat. The omnidirectional
nature of such windmills should give them a practical ad-
vantage in this application. We also note that a wheeled
vehicle could also be driven against the wind by coupling
the propeller shaft to the wheels. The maximumattainable
speed, under ideal conditions, is expected to be twice the
wind speedin this casealso.

ACKNOWLEDGMENT

This work benefited from numerousdiscussions with

students and colleagues.

'S. Martin, Sci. Am. 233 (No. 12), 125(1975).
2Standard Handbookfor Mechanical Engineers, edited by T. Baumeister

and L. S. Marks (McGraw-Hill, New York, 1967), p. 9-8. Handbook

of the Engineering Sciences, edited by J. H. Potter (Van Nostrand,

Princeton, NJ, 1967), Vol. 2, p. 298.

3P, South and R.S. Rangi, NAE-LTR-LA-74, National Research Council

of Canada, Ottawa, 1972.
4Handbook of Tables for Applied Engineering Science, edited by R. E.

Bolz and G. L. Tuve (Chemical Rubber, Cleveland, 1973), p. 516.

B. L. Blackford 1006

 


