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COMPARISON OF TWO FACTORIAL ANALYSES 

KARL J.  HOLZINGER AND HARRY H.  HARMAN 

University of Chicago 

A Bi-factor analysis is made of Professor Thurstone's battery 
of fifty-seven tests employing his tetrachoric correlations. Although 
this analysis is made entirely independent of his multiple factor 
analysis, a very close agreement is found between the group factors 
obtained here and Thurstone's verbal descriptions previously pub- 
lished. 

1. Introduction 

Professor Thurstone has recently described 1 some of his prelimi- 
nary analyses of a battery of fifty-seven tests given to 240 students. 
Before this description appeared, he was kind enough to furnish us 
with his tetrachoric correlations for  independent analysis by the Bi- 
factor method. The striking agreement between our pattern and the 
verbal description of the factor allocations by Professor Thurstone 
makes a more complete numerical comparison interesting and signifi- 
cant. We therefore propose to present our analysis to be compared 
later with one or more of his factorizations. 

The correlations employed are of the tetrachoric form. Strictly 
speaking, the factorial algebra does not apply to such coefficients, 
since it has been worked out in terms of product-moment correlations. 
The tetrachoric values, however, may be regarded as rough approxi- 
mations to the product-moment values, and we shall proceed with the 
analysis as if they were such coefficients. The sampling error for the 
tetrachoric values is of course larger than for the Pearson coeffici- 
ents, and this will be allowed for in testing the final residuals. 

In Table I we have presented the complete set of intercorrela- 
tions. These have been given to two decimals which is adequate for 
the size of the sample and sampling error of the coefficients. All sub- 
sequent work will be carried to two places, the decimal point being 
omitted throughout to save space in the tables when there is no am- 
biguity. 

1L. L. Thurstone, "The Factorial Isolation of Pr imary Abilities," Psycho- 
mebrika, 1936, 1 ,  No. 3, pp. 175-182. The present analysis was made immediately 
af ter  the appearance of this article. The publicatien of our article was properly 
postponed until  the appearance of Professor Thurstone's numerical solution. 
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2. P r o p e r t i e s  o f  t h e  B - C o e f f i c i e n t  

Before proceeding fu r the r  with the analysis we may define and 
note some characterist ics of  the B-coefficient. ~ Briefly, this coeffici- 
ent  is the average of  the intercorrelat ions of a certain group of tests  
divided by their  average correlation with all remaining tests. I t  gives 
a measure  of the extent  to which this group of tests  belong together  
in ascer taining an underlying factor.  

We shall define the B-coefficient more r igorously now, and in so 
doing shall use the following notation: 

k ~- number  of tests in the a rgument  of  B ;  
n ---- total number  of tes ts ;  
Roman subscripts  run  over  the range 1, 2, - - . ,  k;  
Greek subscripts  run  over the range 1, 2, - . . ,  n ;  
xj __]t~ test  in the argument  of  B (not  tes t  number  ]) ; 
~a ----" a th tes t  in the total ordered group of tests (not  test  number  

a ) ;  

a ~ - - X  r t ,  ~ , ~ - - s u m  of intercorrelat ions of  tests  in B ;  

c ~-- Z rt,,o ~ 2 X r~,, ,  - ~  sum of remaining correlations of tests  in 

a rgument  of B with all other  tests. 
The B-coefficient is then defined as 

B ( x l ,  x2, . . . ,  x i ,  . . .  , x~) ~ -  

a 2 ( n - - k )  X r~, ~, 
C 2  k i c j 

c (k--- l)  [ 27 x~xa - -  2 27 x~x~] 

Since the B-coefficient is the ratio of two averages its propert ies  
may  be studied by  means of them. The average of the intercorrela- 
t ions tends to decrease as the number  of tes ts  in B increases since the 
tes ts  are  added on the basis of highest  correlation with tests a l ready 
in the a rgument  of B.  Similarly, the average of the remaining corre- 
lations tends to decrease with an increase in k. The decrease in the  
average of intercorrelations, however,  is relat ively grea te r  than tha t  
of the remaining correlations, and hence the B-coefficient decreases 

in general. 
An exception to this may  occur with the addition o f  a test  to the 

a rgument  of B which has relatively high intercorrelations with the  

1First introduced in Pveliminarry Repo4"t on Spearman-Holz inger  Uni tary  
Trai t  S tudy ,  No. 7. Prepared at the Statistical Laboratory, Department of Edu- 
cation, University of Chicago, 1936. 
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TABLE II  

ALLOCATION OF TESTS INT0 GROUPS 

49 

B (x~, x2, . . .  , xs, . . .  , :vk) 
B(4,5) 
B(4,5,60) 
B (4,5,60,58) 
B (4,5,60,58,11) 
B (4,5,60,58,11,10) 
B. (4,5,60,58,11,10,16) 
B (4,5,60,58,11,10,16,52 ) 
B (4,5,60,58,11,10,16,52,57) 
B (4,5,60,58,11,10,16,52,57,7) 
B (4,5,60,58,11,10,16,52,57,7,6) 
B (4,5,60,58,11,10,16,52,57,7,6,26) 
B (4,5,60,58,11,10,16,52,57,7,6,45) 
B. (4,5,60,58,11,10,16,52,57,7,6,56) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55,59) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,54) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,45) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13,15) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13,15,9) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13,15,9,26) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13,15,9,54) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13,15,9,54,45) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,1~,13,15,9,54,45,26) 
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13,15,9,54,45,59) 
B (40,42) 
B (40,42,37) 
B (40,42,~1) 
B(21,24) 
B (21,24,19) 
B (21,24,19,28) 
B (21,24,19,22) 
B (21,24,19,22,18) 
B (21,24,19,22,23) 
B (21,24,19,22,23,20) 
B (21~4,19,22,23,20,18) 
B (21,24,19,22,23,20,18,17) 
B (21,24,19,22,23,20,18,17,8) 
B (21,24,19,22,23,20,18,17,8,53) 
B (21,24,19~22,23,20,18,17,8,53,27) 
B (21,24,19,22,23,20,18,17,8,53,27,28) 
B (21,24,19,22,23,20,18,17,8,53,27,28,25) 
B (21,24,19,22,23,20,18,17,8,53,27,28,25,43) 
B (21,24,19,22,23,20,18,17,8,53,27,28,25,29) 
B (21,24,19,22,23,20,18,17,8,53,27,28,25,29,43) 
B(41,43) 
B (41,43,44) 
B (41,43,44,30) 
B (41,43,44,39) 

222 
167 
152 
194 
189 
170 
186 
175 
182 
193 
190 
191 
188 
186 
170 
186 
181 
177 
178 
174 
164 
164 
155 
150 

Notes 

(1) 
(2) 

(i) 

(2) 
(2) 

(I) 

(8) 
(3) 

(4) 
(4) 

(2) 

(2) 

(1) 
(5) 
(6) 

(7) 
(7) 
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TABLE I I  (continued) 

ALLOCATION OF TESTS INTO GROUPS 

B(~I ,  x2, . . .  , ~ p . . . ,  xk) 
B(37,39) 
B (37,39,30) 
B (37,39,35) 
B (3759~35,30) 
B (37,39,35,38) 
B (37,39,35,3854) 
B (37,39,35~8,34,30) 
B(37,39,35,38,34,33) 
B (3759,35,38,34,3352) 
B (37,39,35,38,3453,32~1) 
B (37,39,35,38,34,33,32,31,30) 
B (37,39~35,38,34,33,32,315056) 
B (47,49) 
B (47,49,46) 
B (47,49,46,48) 
B (47,49,46~0) 
B (47,49,46,50,51) 
B (47,49,46,50,48) 
B (47,49,46,50,48,51) 

lOOl 

196 
159 
189 
167 
179 
181 
170 
183 
180 
186 
186 
165 
173 
169 
159 
165 
127 
161 
140 

Notes 

(2) 

(2) 

(2) 

(8) 

(2) 

(1) 

(9) 

NOTES ON TABLE I I  

(1) Rejected because of large  drop in B. 
(2) Test  amitted temporar i ly ;  i t  reappears  in group later .  
(3) Tests 26 and 59 cause a sufficient drop in B for  thei r  rejection from this 

group. Fur thermore  these tests are not of the same general  character  as 
those in the "verbal"  group, namely, tests 4, 5, 6, 7, 9, 10, 11, 12, 13, 14, 15, 
16, 45, 5~, 54, 55, 56, 57, 58, and 60. 

(4) "Logical reasoning" group composed of doublet, 40 and 42. Tests 37 and 
41 rejected because of g rea t  difference in B. 

(5) Test  29 retained because of  i ts spat ial  charac ter  which is in harmony with 
the remaining tests  in the  group. 

(6) Test  43 rejected because of drop in B, and its composition. The "spat ia l"  
group consists of  tests 8, 17, 18, 19, 20, 21, 22, 23, 24, 25, 27, 28, 29 and 53. 

(7) Tests 30 and 39 omitted because of drop in B and thei r  numerical character.  
The "analogies" group consists of tests 41, 43, ~4. 

(8) "Ari thmet ica l"  group composed of tests 30, 31, 32, 33, 34, 35, 37, 38 and 
39. Test 36 rejected because of  wide difference in B. 

(9) Although test 51 seems to be of the same general  na ture  as the other tests 
in the group, the sudden drop in B does not war ran t  i ts retention within 
the group. Hence, the "memory" group consists of tests  46, 47, 48, 49 
and 50. 

preceding tests,  bu t  a low total of  all correlations. In this case the  
decrease in the average of  the intercorrelat ions is relatively smaller 
than tha t  of  the remaining correlations, and B increases. 1 Similar 

1A, good example of this phenomenon is found in Section 8 where the addi- 
tion of test  20 to the "spat ia l"  group increases B. From Table I I  it  will be ob- 
served tha t  the B-coefficient rises from 182 to 193 upon the addition of test  20. 
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reasoning accounts for  the fact  that  a test  can be rejected from a 
group temporari ly  and then appear  in the group later. 2 

As the number  of tests in B increases, the decrease in the  above 
averages becomes less and these averages tend toward stability. A 
consequence of this is tha t  an actual difference between two succes- 
sive B values has a grea ter  relative importance as the number  of tests 
in B increases. 

3. The Preliminary Allocation of Tests to Groups 
The Bi-factor  analysis is begun by computing the B-coefficients. 

In this analysis we have used 100B to avoid decimals. The values of  
these coefficients with notes are  presented in Table II. 

We begin the computation of B-coefficients by  selecting the larg- 
est  correlation f rom Table I. This yields 100B (4, 5) ~ 232. Next  
test  60 is selected because it has a higher correlation with tes t  4 or  5 
than any other in the table. The work  is continued in this manner  
until tes t  26 is added. A drop of seven points in the coefficient is con- 
sidered sufficient reason for  dropping this test, and similarly in the 
case of test  45, although the la t ter  reappears  in the group near  the 
end. The group is closed with the rejection of tests  26 and 59 as ex- 
plained in the note because of  the drop in B and the nature  of  these 
two tests. The first group is tentat ively described as "verbal".  

A new group is now formed using tests 40 and 42. When other  
tests  are  added to this group the drop in B is so grea t  that  we regard 
the "logical reasoning" fac tor  as a "doublet" and proceed to another  
group. This is begun with tes ts  21 and 24 and continued as described 
in the notes until test  43 is rejected. The group appears  to be "spa- 
tial". 

The next  group s tar ts  with tests  41 and 43, bu t  other tests  be- 
yond 44 are rejected because of their  na ture  and the drop in B val- 
ues. The name "analogies" has been temporar i ly  used here. The re- 
maining two groups are identified as shown by the table and notes. 
They may  be called "ar i thmetical"  and "memory"  respectively. 

F rom the prel iminary analysis of  the B-coefficients and refer-  
ence to the nature of  the tests themselves, all tests have been allocated 
to one of  six groups with the  exception of tests 26, 36, 51 and 59. 

4. The Modified Bi-Facto~ Pattern 

Afte r  the prel iminary groups of tests have been determined, the 
next  step in the analysis is the  calculation of the weights  for  the gen- 

2The re jec t ion  of t e s t  28 as  the  f o u r t h  t e s t  in  the  " s p a t i a l "  g roup  and  i ts  
r e t e n t i o n  l a t e r  as  the  t w e l f t h  t e s t  is a n  example  to  be found  in Section 3. 
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TABLE I I I  

General Factor Loadings by Preliminary Analysis 

Test 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
2£ 

U 1 

54 
65 
81 
63 
45 
25 
6O 
64 
57 
48 
66 
39 
58 
4,l 
51 
54 
36 
67 
54 

Test 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 

52 
58 
53 
44 
38 
59 
59 
69 
31 
38 
35 
46 
57 
34 
64 
49 
69 
68 
81 

Test 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 

u~ 

64 
87 
77 
77 
36 
50 
43 
46 
37 
33 
53 
32 
34 
64 
44 
61 
36 
26 
70 

e r a l  f a c t o r  ul. Th i s  we  h a v e  done as  desc r ibed  in R e p o r t  7, a n d  t h e i r  
va lues  a r e  g iven  in T a b l e  I I I .  We  then  c o m p u t e d  the  res idua l  co r re l a -  
t ions ,  

In  o r d e r  to s ave  space  the  t ab le  of  t hese  r e s idua l s  h a s  been  o m i t t e d  
here ,  and  ins tead ,  p o r t i o n s  of  th i s  t ab le  will  be  p r e s e n t e d  w h e n  neces-  
s a ry .  An  e x a m i n a t i o n  o f  the  res idua l  co r r e l a t i ons  shows  the  necess i ty  
f o r  m o d i f y i n g  the  o r ig ina l  B i - f a c t o r  P a t t e r n .  

Mos t  of  the  g r o u p s  a p p e a r  to  h a v e  been p r o p e r l y  selected because  
of  the  smal l  r e s idua l s  w i t h  o the r  t e s t s  and  l a r g e r  c lu s t e r s  a m o n g  t h e m -  
selves.  The  re s idua l s  f o r  the  " v e r b a l "  g roup ,  however ,  ind ica te  t h a t  
a re -a l loca t ion  of  t e s t s  is neces sa ry .  I n  T a b l e  I V  we p r e s e n t  the  res i -  
dual  i n t e r co r r e l a t i ons  a m o n g  the  " v e r b a l "  g roup .  

F i r s t ,  t es t s  14 and  45 have  negl ig ible  r e s idua l s  w i th  the  " v e r b a l "  
g r o u p  and  a re  t h e r e f o r e  omi t ted .  N e x t  we  no t e  t h a t  t e s t s  54 a n d  55 
have  a h igh  res idua l  i n t e rco r re l a t ion ,  bu t  smal l  i r r e g u l a r  co r r e l a t i ons  
w i th  the  r e m a i n i n g  t e s t s  in the  " v e r b a l "  g roup .  Hence ,  w e  a s s u m e  
t h a t  the  "doub le t "  is m e a s u r i n g  some  o t h e r  f a c t o r  such  as " r h y t h m " .  
F i n a l l y  we obse rve  t h a t  t e s t s  9, 10, 11, 12, 13 and  15 h a v e  h i g h  in t e r -  
cor re la t ions .  Tes t s  9, 10 and  11 also h a v e  a p p r e c i a b l y  h igh  in t e rco r -  
r e l a t ions  wi th  t h e  r e m a i n i n g  t e s t s  in the  " v e r b a l "  g roup ,  whi le  t e s t s  
12, 13 and  15 h a v e  low i n t e r c o r r e l a t i o n s  w i t h  th i s  g roup .  W e  a s sume ,  
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therefore, that  tests 9, 10, 11, 12, 13 and 15 form another group, say 
"completion", and tha t  tests 9, 10 and 11 measure the "verbal" factor  
also. 

The second factor  plan as f a r  as the "verbal" group is concerned 
may then be wri t ten  in the form as shown in Table V. The crosses 
indicate appreciable factor  weightings. 

The only other  necessary revision in the factor  pat tern  arises in 
the introduction of a new group factor  which we may  call "imagina- 
tion". The residual correlations among tests 6, 14, 26, 51 and 59 have 
been reproduced in the small Table VI. These values are  all positive 
and are relatively high as compared with their  correlations wi th  the 
remaining tests. 

None of these tests except 6 has been allocated a t  this stage to 
another  group by the B-coefficients. We observe again the residual 
correlations of test  6 wi th  the tests in the "verbal" group and find 
tha t  they are negligible and so consider test  6 to measure u~ and 
"imaginat ion".  

The final factor  plan thus includes seven group factors which we 
shall designate as follows: 

v ~ "verbal",  
i ~ " imaginat ion",  
s ~ "spatial",  
c ~- "completion", 

m = "ari thmetical" ,  
a_~ "analogies", 
o ~ "memory".  

In addition to these groups we have two "doublets": 

1 = "logical reasoning", 
r = " rhy thm" .  

Under the new hypothesis every test  has been assigned to some 
group except tests 36 and 45. The assumption on these tests is tha t  
they measure only ul and specifics. 

From this new allocation of tests we proceed to recalculate the 
weights of the general factor  ul. The values are given in the final fac- 
tor  plan of Table VII. I t  will be observed tha t  the values f rom the 
first column of this table are in close agreement with those of Table 
III. 

Residuals with the general factor  removed are given in Table 
VIII.  The tests have been arranged so tha t  the groups may be iden- 
tified more conveniently. 
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4 
5 
6 
7 
9 

10 
11 
12 
13 
14 
16 

15 
45 
52 
54 
65 
56 
57 
58 
60 

TABLE IV 
Residual Intercorrelations of Prel iminary ' :Verbal" Group 

4 5 6 7 9 10 11 12 13 14 15 16 45 $2 64 56 56 57 58 60 

48 
10 10 
15 20 25 
33 26 17 21 
15 22 03 19 34 
23 22 03 22 27 35 
04 05 - -17  ---05 02 17 21 
01 03 ---08 12 25 23 15 21 
O1 ---01 I1 17 11 20 18 - -01  - -04  

- - 0 7  03 - -08  ---08 2"l 14 I0  24 37 - -04  
15 16 O1 11 22 37 33 26 18 08 25 
10 01 03 - - 0 1  09 - - 0 2  - -10  ~ 0 9  06 - -20  - - I 1  w 0 5  
22 28 08 12 30 87 12 - - 0 5  06 02 ---05 18 - - 0 3  
17 09 08 - - 1 2  12 15 O1 06 05 09 21 10 07 16 

06 04 09 19 09 11 ---01 02 06 09 06 14 05 09 34 
16 18 12 17 20 81 15 21 19 06 20 20 - -01  23 15 18 
09 13 ---01 08 13 82 10 11 19 05 29 26 --4)4 14 16 22 36 
38 52 09 23 41 44 53 14 14 06 06 25 05 37 26 15 44 14 
84 30 10 23 07 19 32 22 14 ---03 13 27 - -11  20 02 14 31 19 57 

TABLE V 
New Hypothesis on Original "Verbal"  Group 

T e s t s  

4 
5 
6 
7 
9 

10 
11 
12 
13 
14 
15 
16 
45  
52 
54 
55 
56 
57 
58 
60 

u~ ~ e r 

X X 
X X 
X X 
X X 
X X X 
X X X 
X X X 
X X 
X X 
X 
X X 
X X 
X 
X X 
X X 
X X 
X X 
X X 
X X 
X X 

TABLE VI 
Residual Intercorrelations Among Tests 

6 
14 
26  
51 
59 

in "Imaginat ion" Group 

6 14 25  51 59 

11 
35 11 
02 26 13 
17 14 11 37 
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TABLE VIII 
FINA~ RESmlJAL CORReLATiONS 

Below diagonal : residual correlations w£th u~ eliminated. 
Above diagonal: residual correlations with respective factors 

= 7 o ° ?  

rTTT'~ . T°777 

~TT . . . . . . . . . . . . .  

. . . . .  ~o ~ . . . .  ~ . . . .  

e l i m i n a t e d  

I 

~'°fi'°7 . . . . . . . .  

fi,7oo o . . . . . . . .  

t l  t 

I I I  

OT?O?*T?" 

-oo, o . . . . .  7 

ifl' ~° 

T"i' °fi''  s Soft,=.-, fl'7 

. . . . . . . . . . . .  7 7  

7 o l x ° ~ 7 7 ~ = 7 o 7 ~  

7 7 ° ~ ° 7 7 ~ 7 ~ 7 7 7  

I I I I  I 1 ? I I I  

~ 7 7 ~ ° 7 7 ° ° 7 7 7 7  

7 ~ 7 7 ~ 7 7 ~ 7 ~ 7 ~ v  

7 7 7 7 ° 7 7 7 7  

° 7  . . . .  TT? 
. . . .  ~ o ~ o  

~ . . . . .  ~TT 

. . . . .  . . . .  

"i' 'Tfi'T . . . . .  

l 

TTT'F = . . . . .  I I 
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TABLE VIII (cmatinued) 
FII~AL RESIDUAL CORRELATIONS 

Below diagonal: residual correlations with u~ eliminated. 
Above diagonal: residual correlations with respective factors eliminated 

7 0 7 7 7 ° 7 7  . . . .  ,~ 

o o  ~ o o  

° °  I l l  

57 

g 

°° ~ 

~ oo 

7~077 o° 

° ° ~ 7 7  7 ° 

o ~ o ~  
I 

o ~ - - o  ?? 
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The weights of the group factors are determined by the use of 
Professor Spearman's 1914 formula, 1 and the factors then removed 
in any order by means of the formula 

where ~ is any one of the factors. Residuals with the group factors 
eliminated have been printed above the main diagonal opposite the 
corresponding residuals with only ul removed in Table VIII. 

In order to test the goodness of fit of the modified pattern to the 
whole set of correlations, a frequency distribution of the final resi- 
duals has been made as shown in Table IX. The standard deviation 
of these is .098 and .6745a ----- .066. The probable error of a zero tetra- 
choric correlation is .072. These two values agree to two decimal 
places and hence the factor pattern may be regarded as a satisfactory 
fit. 

5. Comparison of the Bi-Factor Pattern 
with a Multiple Factor Analysis 

From Professor Thurstone's preliminary analysis cited above, 
we may make a comparison of the corresponding factor loadings by 
the two methods. In Table X the factors have been arranged in the 
order of significance as stated by Thurstone; a single cross indicating 
what  he calls an "appreciable" loading and a double cross designating 
a "high" factor loading. We have also included the names and sym- 
bols employed in both analyses. 

In the case of the "number" or "arithmetical" factor the agree- 
ment is perfect and almost so in the case of the "spatial" factor. The 
"memory" factor also reveals remarkable agreement. When we come 
to the "verbal" factors, the agreement although not perfect is re- 
markably close. 

We do not find such perfect results on comparing the less promi- 
nent factors. Our "imagination" factor is quite comparable to the 
"perceptual speed" of Professor Thurstone's analysis. The "induc- 
tion" factor has no counterpart in the Bi-factor analysis while the 
"analogies" and "rhythm" factors are not represented in the Multiple 
Factor  analysis. Finally, the "deduction" factor, although minor in 
significance, agrees perfectly in its conspicuous loadings with our 
"logical reasoning." 

A formal difference in the two analyses occurs in the case of the 

1See Preliminary Report on Spearman-Holzinger Unitary T~'ait Study, No. 
2, equation (6). 
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TABLE IX 
FREQUENCY DISTRIBUTIONS OF FINAL RESIDUAL CORRELATIONS 

Value of Residual 

.325--  .345 

.305--  .325 

.285--  .305 

.265--  .285 

.245--  .265 

.225--  ~45 

.205--  .225 

.185--  .205 

.165--  .185 

.145--  .165 

.125--  .145 

.105--  .125 

.085--  .105 

.065--  .085 

.045--  .065 

.025--  .045 

.005--  .025 
- - . 0 1 5 - -  .005 
- - .035- - - - .015  
- - . 0 5 5 ~ - - . 0 3 5  
- - .075- - - - .055  
-- .095---- . f f ' /5  
- - .115- - - - .095  
- - .135- - - - .115  
- - .155- - - - .135  
- - .175- - - - .155  
- - .195- - - - .175  
- - .215- - - - .195  
- - .235- - - - .215  
- - .255- - - - .235  
- - .275- - - - .255  
- - .295- - - - .275  
- - .315- - - - .295  
- - .335- - - - .315  
- - .355- - - - .335  

Total 

Frequency 

1 
1 

3 
6 

17 
10 
22 
25 
34 
54 
69 
84 
88 
99 

123 
155 
133 
124 
124 
107 
82 
63 
50 
41 
29 
19 
11 
12 
5 
3 
1 

1 

1596 

Mean = .004 

Standard Deviation-- .098 

.6745 X S.D. = .066 

Probable  Error  o f  
Zero Correlation ----- .072 

Q3 = .068 

Q1 - -  - - . 0 6 0  

Quartile Deviation :-- .064 

g e n e r a l  f a c t o r  w h i c h  we o b t a i n  a n d  w h i c h  P r o f e s s o r  T h u r s t o n e  a p -  

p a r e n t l y  does not .  The  p r e s e n c e  o f  t h i s  f a c t o r  in  o u r  p a t t e r n  is  due  
to  o u r  h y p o t h e s i s  of  i t s  ex i s t ence  a n d  the  e s s e n t i a l l y  p o s i t i v e  c o r r e l a -  
t ions  t h r o u g h o u t ,  w h i c h  a f fo rd  a b a s i s  f o r  the  e v a l u a t i o n  of ul.  I t  c an  
be  s h o w n  t h a t  each  of  t he  g r o u p  f a c t o r s  in  t h e  m u l t i p l e  f a c t o r  a n a l y -  

s is  can  be e x p r e s s e d  as  a l i n e a r  f u n c t i o n  of  the  c o r r e s p o n d i n g  g r o u p  
f a c t o r  a n d  the  g e n e r a l  f a c t o r  of  t h e  B i - f a c t o r  ana ly s i s .  W e  h a v e  

s h o w n  e l sewhere  1 h o w  to  o b t a i n  t h e  e x a c t  m a t h e m a t i c a l  r e l a t i o n s h i p s  
b e t w e e n  the  f a c t o r s  of  v a r i o u s  m u l t i p l e  f a c t o r  so lu t ions  a n d  those  o f  

1Holzinger, K. J., and Harman, H. H., "Relationship between Factors ob- 
tained from Certain Analyses," The Journal of Educational Psychology, May, 
1937, pp. 321-346. 
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