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ABSTRACT

This work gives a new representation of the distribution and expected
value of the concomitant rank of order statistics. An advantage of this

representation is its ability to extend without any complexity to the
multivariate case. Moreover, it gives a new direct approach to com-
pute an approximate formula for the distribution and expected value

of the concomitant rank of order statistics. Finally, an upper bound is
derived for the confidence level of the tolerance region of the original
bivariate (resp., multivariate) d.f., from which the sample is drawn.
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1. INTRODUCTION

Let ðXj; YjÞ; j ¼ 1; 2; . . . ; n; be independent and identically distributed
random vectors. We consider the order statistics X1:n � X2:n � � � � � Xn:n

of the first component, and we denote the corresponding Yjs by
Y½1:n�; Y½2:n�; . . . ; Y½n:n�. That is, if Xj ¼ Xr:n; then Y½r:n� ¼ Yj: The sequence
Y½r:n�; 1 � r � n is called the concomitants of order statistics. These conco-
mitants are of interest in selection and prediction problems based on the
ranks of the Xs. The foundations of the concomitants of order statistics,
which is applications oriented, were laid down in the works of David
(1973), David and Galambos (1974), and Bhattacharya (1974). Further
works are by O’Connell and David (1976), Sen (1976), David et al.
(1977) and Yang (1977). The book by David (1970) has extensive material
on the subject. An excellent review of work on concomitants of order
statistics is available in David and Nagaraja (1998).

Galambos (1978, Chapter 5), pointed out that in many cases (such as
normal distributions), the concomitants of the extremes among the Xs are
not extremes among the Y s (with high probability). It is, therefore, an
interesting question to investigate the rank Rr:n of Y½r:n�, which can be
defined by Rr:n :¼Pn

j¼1 IðY½r:n� � YjÞ; where

IðxÞ ¼ 1; if x � 0;
0; if otherwise:

�
The distribution of Rr:n is obtained by David et al. (1977). Namely, let
(X; Y ) denote a generic ðXj; YjÞ and Fðx; yÞ be the distribution function
(d.f.) of ðX; Y Þ Furthermore, let Gðx; yÞ :¼ PðX � x; Y � yÞ be the
survival function of ðX; Y Þ. Finally, let F1ðxÞ and F2ðyÞ be the marginals
of Fðx; yÞ, while G1ðxÞ and G2ðyÞ be the marginals of Gðx; yÞ. Then
Ar:nðsÞ :¼ PðRr:n ¼ sÞ may be written in the form

Ar:nðsÞ ¼
Xr�1^s�1

k¼0_ðrþs�n�1Þ

n!

ðr � k� 1Þ!k!ðs� k� 1Þ!ðn� r � sþ kþ 1Þ!

�
Z 1

�1

Z 1

�1
ðF1ðxÞ � Fðx; yÞÞr�k�1

Fkðx; yÞ

� ðF2ðyÞ � Fðx; yÞÞs�k�1
Gn�r�sþkþ1ðx; yÞfðx; yÞdxdy; ð1Þ
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where fðx; yÞ ¼ @2Fðx;yÞ
@x@y is the probability density function (p.d.f.) of

Fðx; yÞ; a _ b ¼: maxða; bÞ and a ^ b ¼: minða; bÞ: From the exact
distribution Ar:nðsÞ, the expected value of the rank mnðrÞ :¼ EðRr:nÞ can
evidently be computed. However, the evaluation of Ar:nðsÞ and mnðrÞ is
often tedious or even impossible without using some suitable numerical
procedures and the aid of a computer.

Páez Borrallo and Zazo (1999) developed a formula to compute the
bivariate factorized expected value from the knowledge of the joint
cumulative d.f. of any random variables (r.v.s). In the present paper, by
using a slight generalization of this formula, a general new representation
of Ar:nðsÞ, and, consequently, mnðrÞ, is given. This representation enables
us to derive some new properties for the rank concomitants order
statistics Rr:n and its expected value mnðrÞ. Moreover, it gives us a new
direct approach to compute approximately Ar:nðsÞ and mnðrÞ for any
given bivariate d.f. which has an explicit dependence function. One of
the advantages of this representation is its ability to extend without
any complexity to the multivariate case. This extension to the multivari-
ate case will be discussed in Sec. 2.2. Finally, as a noteworthy conse-
quence of this new expression for Ar:nðsÞ, we conclude an upper bound
(depends on the d.f.s of the ranks of the concomitants) for the confidence
level of the tolerance region (constructing by the order statistics) of the
d.f. of the random vector ðX; Y Þ, with a given tolerance proportion. This
consequence is extended to the multivariate case in Theorem 6 and is
supplemented with an illustrative example on the bivariate normal distri-
butions with different correlation coefficients. In the rest of this section,
we present the results of Páez Borrallo and Zazo (1999), but in a slightly
general form, which is needed in what follows.

Let ðZ;WÞ be a random vector distributed as Hðz;wÞ. Let ða; cÞ
and ðb;dÞ be the vectors of the left end points and the right end points
of Hðz;wÞ, respectively. Then for continuous nonconstant and differenti-
able bivariate function gðz;wÞ, EðgðZ;WÞÞ is classically defined as Stieltjes
integral:

EðgðZ;WÞÞ :¼
Z b

a

Z d

c

gðz;wÞdzwHðz;wÞ; ð2Þ

where, if the p.d.f. of the vector ðZ;WÞ exists, then
dzwHðz;wÞ ¼ @2Hðz;wÞ

@z@w ¼ hðz;wÞdzdw; and therefore (2) represents the
expected value as a Riemann integral. Páez Borrallo and Zazo (1999) pre-
sented a closed formula to compute any multivariate factorized expected
value from the knowledge of the joint cumulative d.f. of any r.v. The next
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theorem gives a slight generalization of the result of Páez Borrallo and
Zazo to compute the expected value in (2).

Theorem 1. Let g(z, w) be a bivariate function as defined above.
Furthermore, let gzðz;wÞ :¼ @gðz;wÞ

@z ; gwðz;wÞ :¼ @gðz;wÞ
@w , and gzwðz;wÞ :¼

@2gðz;wÞ
@z@w . Finally, let H1ðzÞ :¼ Hðz;dÞ and H2ðwÞ :¼ Hðb;wÞ. Then

EðgðZ;WÞÞ ¼ gðb;dÞ �
Z b

a

gzðz;dÞH1ðzÞdz�
Z d

c

gwðb;wÞH2ðwÞdw

þ
Z b

a

Z d

c

gzwðz;wÞHðz;wÞdzdw: ð3Þ

Moreover, if gðb;dÞ ¼ 1; gða;wÞ ¼ gðz; cÞ ¼ gða; cÞ ¼ 0 8z;w; then

EðgðZ;WÞÞ ¼
Z b

a

Z d

c

gzwðz;wÞGðz;wÞdzdw; ð4Þ

where Gðz;wÞ :¼ PðZ � z;W � wÞ ¼ 1� H1ðzÞ � H2ðwÞ þ Hðz;wÞ:

Proof. The proof is exactly the same as formulas (9) and (12), in Páez
Borrallo and Zazo (1999), only with the obvious modification. &

2. MAIN RESULTS

2.1. Two Variates Case

If in (1) one makes the substitutions u ¼ F1ðxÞ and v ¼ F2ðyÞ, i.e., if
one employs the probability transform, then one obtains
Fðx; yÞ ¼ FðF�1

1 ðuÞ;F�1
2 ðvÞÞ :¼ Cðu; vÞ, where C ¼ Cðu; vÞ is the depen-

dence function of F . The term ‘‘dependence function’’ is used by
Galambos (1978, Chapter 5). Sklar (1959) introduced the general notion
of this function and used the term ‘‘copula’’, which seems to be more cur-
rent in the literature than the first term. This is a function that links the
two-dimensional d.f. to its one-dimensional margins and is a continuous
d.f. (whenever, each margin of F is continuous) on the unit square ½0; 1�2,
with uniform margins. For example, the dependence function of the
Morgenstern and Mardia’s dependence functions (see Galambos,
1978) are, respectively, C ¼ uvð1þ að1� uÞð1� vÞÞ; jaj � 1; and
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C ¼ uþ v� 1þ ðð1þ uÞ�1 þ ð1þ vÞ�1 � 1Þ�1. Now, it is easy to verify
that f1ðuÞf2ðvÞcðu; vÞ ¼ fðF�1

1 ðuÞ;F�1
2 ðvÞÞ, where c ¼ cðu; vÞ :¼ @2Cðu;vÞ

@u@v .
Therefore, we get

Ar:nðsÞ ¼
Xr�1^s�1

k¼0_ðrþs�n�1Þ

n!

ðr � k� 1Þ!k!ðs� k� 1Þ!ðn� r � sþ kþ 1Þ!

�
Z 1

0

Z 1

0

ðu� Cðu; vÞÞr�k�1
Ckðu; vÞðv� Cðu; vÞÞs�k�1

� ð1� u� vþ Cðu; vÞÞn�r�sþkþ1
cðu; vÞdudv: ð5Þ

Now, if we envisionðUj;VjÞ; j ¼ 1; 2; . . . ; n; as being identically indepen-
dent distributed r.v.s with common joint d.f. Cðu; vÞ, and write ‘‘¼d ’’ to be
read as ‘‘has the same d.f. as,’’ then Xi:n ¼d F�1

1 ðUi:nÞ; Yi:n ¼d F�1
1 ðVi:nÞ; and

ðXi:n; Yj:nÞ¼d ðF�1
1 ðUi:nÞ; F�1

2 ðVj:nÞÞ; where Ui:n and Vi:n are the ith order
statistics of U1;U2; . . . ;Un and V1;V2; . . . ;Vn, respectively. The tools are
now available to prove the following theorem.

Theorem 2. For any bivariate d.f. Fðx; yÞ with dependence function C
and for any 2 � r � n� 1; 2 � s � n� 1, we have

Ar:nðsÞ ¼ n EðCðUr:n�1;Vs:n�1ÞÞ � EðCðUr�1:n�1;Vs:n�1ÞÞð
�EðCðUr:n�1;Vs�1:n�1ÞÞ þ EðCðUr�1:n�1;Vs�1:n�1ÞÞÞ: ð6Þ

(6) can be written in the form

0Ar:nðsÞ ¼ nEðPðUr�1:n�1 < U < Ur:n�1;Vs�1:n�1 < V < Vs:n�1ÞÞ

¼ nE

Z Vs:n�1

Vs�1:n�1

Z Ur:n�1

Ur�1:n�1

cðu; vÞdudv
� �

: ð7Þ

Moreover, for all 2 � r � n,

Ar:nð1Þ ¼ nðEðCðUr:n�1;V1:n�1ÞÞ � EðCðUr�1:n�1;V1:n�1ÞÞÞ
¼ nEðPðUr�1:n�1 < U < Ur:n�1;V < V1:n�1ÞÞ

¼ nE

Z V1:n�1

0

Z Ur:n�1

Ur�1:n�1

cðu; vÞdudv
� �

ð8Þ
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and for all 2 � r � n� 1

Ar:nðnÞ¼1�Ar:nð1Þ�n EðCðUr:n�1;Vn�1:n�1ÞÞ�EðCðUr�1:n�1;Vn�1:n�1ÞÞð
�EðCðUr:n�1;V1:n�1ÞÞþEðCðUr�1:n�1;V1:n�1ÞÞÞ

¼1�Ar:nð1Þ�nEðPðUr�1:n�1<U <Ur:n�1;V1:n�1<V <Vn�1:n�1ÞÞ

¼1�Ar:nð1Þ�nE

Z Vn�1:n�1

V1:n�1

Z Ur:n�1

Ur�1:n�1

cðu;vÞdudv
� �

: ð9Þ

Proof. Let us consider the expectation EðCðUr:n;Vs:nÞÞ. In view of
Theorem 1 and (5), we get

EðCðUr:n;Vs:nÞÞ ¼
Z 1

0

Z 1

0

cðu; vÞGr;s:nðu; vÞdudv; ð10Þ

where (see, Barakat, 1990, 1998)

Gr;s:nðu; vÞ :¼ P Ur:n � u;Vs:n � vð Þ

¼
Xr�1

i¼0

Xs�1

j¼0

Xi^j
k¼0_ðiþj�nÞ

n!

ði� kÞ!k!ðj � kÞ!ðn� i� j þ kÞ!
� ðu� CÞi�k

Ckðv� CÞj�kð1� u� vþ CÞn�i�jþk ð11Þ

Therefore, ðnþ 1ÞEðCðUr:n;Vs:nÞÞ ¼
Pr�1

i¼0

Ps�1
j¼0 Aiþ1:nþ1ðj þ 1Þ, which

implies

nEðCðUr:n�1;Vs:n�1ÞÞ ¼
Xr�1

i¼0

Xs�1

j¼0

Aiþ1:nðj þ 1Þ ¼
Xr
i¼1

Xs
j¼1

Ai:nðjÞ: ð12Þ

On the other hand, it is easy to show that

Ar:nðsÞ ¼
Xs
j¼1

Ar:nðjÞ �
Xs�1

j¼1

Ar:nðjÞ

¼
Xr
i¼1

Xs
j¼1

Ai:nðjÞ �
Xr�1

i¼1

Xs
j¼1

Ai:nðjÞ

�
Xr
i¼1

Xs�1

j¼1

Ai:nðjÞ þ
Xr�1

i¼1

Xs�1

j¼1

Ai:nðjÞ: ð13Þ
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By combining (12) with (13), (6) follows immediately. Now, from (10) and
(11), we get

EðCðUr:n;V1:nÞÞ ¼
Z 1

0

Z 1

0

cðu; vÞGr;1:nðu; vÞdudv;

where

Gr;1:nðu; vÞ ¼
Xr�1

i¼0

n!

i!ðn� iÞ! ðu� CÞið1� u� vþ CÞn�i:

Therefore,

nEðCðUr:n�1;V1:n�1ÞÞ ¼
Xr�1

i¼0

Aiþ1:nð1Þ ¼
Xr
i¼1

Ai:nð1Þ:

Moreover, Ar:nð1Þ ¼
Pr

i¼1 Ai:nð1Þ �
Pr�1

i¼1 Ai:nð1Þ; which implies that

Ar:nð1Þ ¼ nðEðCðUr:n�1;V1:n�1ÞÞ � EðCðUr�1:n�1;V1:n�1ÞÞÞ;
for all 2 � r � n. This completes the proof of (8). To prove (9), we notice
that, for any fixed value of r,

Pn

s¼1 Ar:nðsÞ ¼ 1. Therefore, Ar:nðnÞ ¼
1� Ar:nð1Þ �

Pn�1
s¼2 Ar:nðsÞ: Furthermore, on account of (6) and (8),

we get

Ar:nðnÞ ¼ 1� Ar:nð1Þ � nE

Z Ur:n�1

Ur�1:n�1

Xn�1

s¼2

Z Vs:n�1

Vs�1:n�1

cðu; vÞdudv
 !

¼ 1� Ar:nð1Þ � nE

Z Vn�1:n�1

V1:n�1

Z Ur:n�1

Ur�1:n�1

cðu; vÞdudv
� �

:

The theorem is established. &

Theorem 3. For any bivariate d.f. F(x, y) with dependence function C
and for any 2 � r � n� 1, we have

mnðrÞ ¼ 1þ nðn� 2Þ EðCðUr:n�1;Vn�1:n�1ÞÞð

� EðCðUr�1:n�1;Vn�1:n�1ÞÞÞ þ n
Xn�1

s¼2

EðCðUr�1:n�1;Vs�1:n�1ÞÞð

� EðCðUr:n�1;Vs�1:n�1ÞÞÞ þ ðn� 1ÞAr:nðnÞ

¼ 1þ n
Xn�1

s¼2

E

Z Vn�1:n�1

Vs�1:n�1

Z Ur:n�1

Ur�1:n�1

cðu; vÞdudv
� �

þ ðn� 1ÞAr:nðnÞ:

ð14Þ
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Proof. We first observe that

mnðrÞ ¼
Xn
s¼1

sAr:nðsÞ ¼ Ar:nð1Þ þ nAr:nðnÞ þ
Xn�1

s¼2

sAr:nðsÞ:

By using (9), we conclude

mnðrÞ ¼ 1� nE

Z Vn�1:n�1

V1:n�1

Z Ur:n�1

Ur�1:n�1

cðu; vÞdudv
� �

þ
Xn�1

s¼2

sAr:nðsÞ þ ðn� 1ÞAr:nðnÞ: ð15Þ

In addition, from (7), we get

Xn�1

s¼2

sAr:nðsÞ ¼ n
Xn�1

s¼2

sE

�Z Vs:n�1

Vs�1:n�1

Z Ur:n�1

Ur�1:n�1

cðu; vÞdudv
�

¼ nE

�Z Ur:n�1

Ur�1:n�1

�
2

�Z V2:n�1

V1:n�1

þ
Z V3:n�1

V2:n�1

þ � � � þ
Z Vn�1:n�1

Vn�2:n�1

�
þ
Z V3:n�1

V2:n�1

þ 2

Z V4:n�1

V3:n�1

þ 3

Z V5:n�1

V4:n�1

þ � � � þ ðn� 3Þ

�
Z Vn�1:n�1

Vn�2�1:n�1

�
cðu; vÞdudv

�
¼ nE

�Z Ur:n�1

Ur�1:n�1

�
2

�Z V2:n�1

V1:n�1

þ � � � þ
Z Vn�1:n�1

Vn�2:n�1

�
þ
�Z V3:n�1

V2:n�1

þ � � � þ
Z Vn�1:n�1

Vn�2:n�1

�
þ � � �

þ
Z Vn�1:n�1

Vn�2:n�1

�
cðu; vÞdudv

�
¼ nE

�Z Ur:n�1

Ur�1:n�1

�
2

Z Vn�1:n�1

V1:n�1

þ
Z Vn�1:n�1

V2:n�1

þ
Z Vn�1:n�1

V3:n�1

þ � � � þ
Z Vn�1:n�1

Vn�2:n�1

�
cðu; vÞdudv

�

¼ n
Xn�1

s¼2

E

�Z Vn�1:n�1

Vs�1:n�1

Z Ur:n�1

Ur�1:n�1

cðu; vÞdudv
�

þ nE

�Z Vn�1:n�1

V1:n�1

Z Ur:n�1

Ur�1:n�1

cðu; vÞdudv
�
: ð16Þ
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Combining (15) with (16), we get the desired result. The proof is
completed. &

Example 1. Let X and Y be two bivariate standard normal r.v.s with
correlation r: Then, in view of Theorem 2, we get

Ar:nðsÞ ¼ nE

Z F�1ðVs:n�1Þ

F�1 ðVs�1:n�1Þ

Z F�1ðUr:n�1Þ

F�1ðUr�1:n�1Þ
frðu; vÞdudv

 !
;

2 � r; s � n� 1; ð17Þ

Ar:nð1Þ ¼ nE

Z F�1ðV1:n�1Þ

�1

Z F�1ðUr:n�1Þ

F�1ðUr�1:n�1Þ
frðu; vÞdudv

 !
; 2 � r � n

ð18Þ

and

Ar:nðnÞ ¼ 1� Ar:nð1Þ � nE

Z F�1ðVn�1:n�1Þ

F�1ðV1:n�1Þ

Z F�1ðUr:n�1Þ

F�1ðUr�1:n�1Þ
frðu; vÞdudv

 !
;

2 � r � n� 1;

ð19Þ
where Fð�Þ refers to the standard normal d.f., and frðu; vÞ denotes
the bivariate normal density function with correlation r: By using the
well-known method of series approximation (see, for instance, Arnold
et al., 1992), (17), (18) and (19) provide us an approximate formula for
Ar:nðsÞ; 1 � s � n, to any desired accuracy. For example, by using the
fact that EðUi:nÞ ¼ i

nþ1 ; EðVj:nÞ ¼ j

nþ1 ; 81 � i; j � n, we get from (17),
(18) and (19)

Ar:nðsÞ � ÂA
o

r:nðsÞ :¼ n

�Z F�1ðs
n
Þ

F�1ðs�1
n Þ

Z F�1ðr
n
Þ

F�1ðr�1
n
Þ
frðu;vÞdudv

�
; 2� r � n� 1;

Ar:nð1Þ � ÂA
o

r:nð1Þ :¼ n

�Z F�1ð1
n
Þ

�1

Z F�1ðr
n
Þ

F�1ðr�1
n
Þ
frðu;vÞdudv

�
; 2� r � n;

and

Ar:nðnÞ � ÂA
o

r:nðnÞ :¼ 1� ÂA
o

r:nð1Þ � n

�Z F�1ðn�1
n
Þ

F�1ð1
n
Þ

Z F�1ðr
n
Þ

F�1ðr�1
n
Þ
frðu; vÞdudv

�
;

2 � r � n� 1;
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ORDER                        REPRINTS

which are considered primary approximate values of Ar:nðsÞ; 1 � s � n:
Clearly, more accurate values can be obtained by expanding the function

Cðu; vÞ ¼
Z F�1ðvÞ

�1

Z F�1ðuÞ

�1
frðx; yÞdxdy

in (7), (8) and (9) in a Taylor series around the point
�
EðUi:mÞ ¼ i

mþ1 ;
EðVj:mÞ ¼ j

mþ1

�
; where ði; jÞ ¼ ðr; sÞ; ðr � 1; sÞ; ðr; s� 1Þ; ðr � 1; s� 1Þ;

m ¼ n� 1 in (7); ði; jÞ ¼ ðr; 1Þ; ðr � 1; 1Þ; m ¼ n; in (8) and ði; jÞ ¼
ðr; n� 1Þ; ðr � 1; n� 1Þ; ðr; 1Þ; ðr � 1; 1Þ; m ¼ n� 1; in (9). On the other
hand, a primary approximate value of mnðrÞ is given by

m̂monðrÞ :¼ 1þ n
Xn�1

s¼2

Z F�1ðn�1
n
Þ

F�1ðs�1
n
Þ

Z F�1ðr
n
Þ

F�1ðr�1
n
Þ
frðu; vÞdudv

 !
þ ðn� 1ÞÂAo

r:nðnÞ:

The Table 1 gives a comparison between some primary approximate
values of Ar:nðsÞ ðÂAo

r:nðsÞÞ and the corresponding actual values of Ar:nðsÞ
(denoted by prs) computed in David et al. (1977). Although we use a pri-
mary approximate, this table shows that the suggested approximations

Table 1. Comparison between some values of ÂAo
r:nðsÞ and the corresponding

values of prs for n ¼ 9.

r ¼ 0:1 r ¼ 0:2 r ¼ 0:3 r ¼ 0:7 r ¼ 0:9

r s ÂAo
r:nðsÞ prs ÂAo

r:nðsÞ prs ÂAo
r:nðsÞ prs ÂAo

r:nðsÞ prs ÂAo
r:nðsÞ prs

9 8 0.1305 0.1285 0.1494 0.1459 0.1674 0.1631 0.2295 0.2185 0.2250 0.2033

5 0.1098 0.1100 0.1061 0.1069 0.0999 0.1015 0.0441 0.0546 0.0027 0.0149

4 0.1044 0.1051 0.0954 0.0975 0.0846 0.0877 0.0234 0.0345 0.0000 0.0059

1 0.0801 0.0856 0.0549 0.0635 0.0351 0.0451 0.0000 0.0041 0.0000 0.0001

8 8 0.1242 0.1220 0.1350 0.1334 0.1474 0.1458 0.2313 0.2355 0.3825 0.3992

5 0.1125 0.1109 0.1125 0.1108 0.1125 0.1102 0.0999 0.0941 0.0396 0.0511

4 0.1089 0.1078 0.1053 0.1042 0.1017 0.0999 0.0657 0.0656 0.0099 0.0233

1 0.0945 0.0946 0.0756 0.0773 0.0576 0.0612 0.0045 0.0107 0.0000 0.0006

7 7 0.1125 0.1154 0.1170 0.1205 0.1179 0.1266 0.1737 0.1824 0.2835 0.3104

5 0.1098 0.1114 0.1116 0.1124 0.1134 0.1141 0.1296 0.1253 0.1224 0.1112

4 0.1080 0.1094 0.1071 0.1082 0.1062 0.1071 0.0990 0.0955 0.0495 0.0573

1 0.0981 0.1000 0.0846 0.0877 0.0702 0.0747 0.0108 0.0205 0.0000 0.0021

6 6 0.1116 0.1126 0.1134 0.1150 0.1170 0.1188 0.1584 0.1625 0.2547 0.2742

4 0.1089 0.1107 0.1098 0.1110 0.1107 0.1122 0.1269 0.1234 0.1242 0.1127

3 0.1080 0.1095 0.1071 0.1081 0.1062 0.1071 0.0990 0.0955 0.0495 0.0573

1 0.1044 0.1048 0.0954 0.0973 0.0846 0.0877 0.0234 0.0345 0.0000 0.0059

5 5 0.1116 0.1117 0.1134 0.1134 0.1161 0.1165 0.1548 0.1570 0.2484 0.2640
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ORDER                        REPRINTS

are close to the actual values given by David et al. (1977), especially
for small values of r: In calculating a double integral of typeR b
a

R d
c
frðu; vÞdudv; required in the evaluation of ÂA

o

r:nðsÞ; we have used
the program Bivar1c.exe of the National Institute of Occupational
Health, Denmark (home page: http:==www.amidk).

Corollary 1. Using the fact that X and Y are independent if and only
if Cðu; vÞ ¼ uv (see Nelsen, 1999), one can see that if X and Y are
independent, then Ar:nð1Þ ¼ 1

ðnþ1Þ2 ; Ar:nðsÞ ¼ 1
n
; 2 � r; s � n� 1; and

Ar:nðnÞ ¼ 1� 1
ðnþ1Þ2 � 1

n
: Moreover, mnðrÞ ¼ 3

2 n� 5
2 þ o 1

n

� �
:

Corollary 2 (Universal Bounds for Ar:nðsÞ and mnðrÞ). Using the well-
known Fréchet bounds xþ y� 1 _ 0 � Cðx; yÞ � x ^ y; valid for all
dependent functions and arbitrary 0 � x; y � 1; one can derive lower
bounds Ar:nðsÞ and m

n
ðrÞ as well as upper bounds Ar:nðsÞ and �mmnðrÞ for

Ar:nðsÞ; 1 � s � n and mnðrÞ; 2 � r � n� 1; respectively. For example,
m
n
ðrÞ � mnðrÞ � �mmnðrÞ; 2 � r � n� 1; where

m
n
ðrÞ ¼ 1þ nðn� 2ÞEðUr:n�1 þ Vn�1:n�1 � 1 _ 0Þ

� nðn� 2ÞEðUr�1:n�1 ^ Vn�1:n�1Þ

þ n
Xn�1

s¼2

EðUr�1:n�1 þ Vs�1:n�1 � 1 _ 0Þð

�EðUr:n�1 ^ Vs�1:n�1ÞÞ þ ðn� 1ÞAr:nðnÞ;
mnðrÞ ¼ 1þ nðn� 2ÞEðUr:n�1 ^ Vn�1:n�1Þ

� nðn� 2ÞEðUr�1:n�1 þ Vn�1:n�1 � 1 _ 0Þ

þ n
Xn�1

s¼2

ðEðUr�1:n�1 ^ Vs�1:n�1Þ

� EðUr:n�1 þ Vs�1:n�1 � 1 _ 0ÞÞ þ ðn� 1ÞAr:nðnÞ;
Ar:nðnÞ ¼ 1� Ar:nð1Þ � n EðUr:n�1 ^ Vn�1:n�1Þð

�EðUr�1:n�1 þ Vn�1:n�1 � 1 _ 0Þ
�EðUr:n�1 þ V1:n�1 � 1 _ 0Þ þ EðUr�1:n�1 ^ V1:n�1ÞÞ;

Ar:nðnÞ ¼ 1� Ar:nð1Þ � n EðUr:n�1 þ Vn�1:n�1 � 1 _ 0Þð
�EðUr�1:n�1 ^ Vn�1:n�1Þ � EðUr:n�1 ^ V1:n�1Þ
þEðUr�1:n�1 þ V1:n�1 � 1 _ 0ÞÞ;

Ar:nð1Þ ¼ EðUr:n þ V1:n � 1 _ 0Þ � EðUr�1:n ^ V1:nÞ
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ORDER                        REPRINTS

and

Ar:nð1Þ ¼ EðUr:n ^ V1:nÞ � EðUr�1:n þ V1:n � 1 _ 0Þ:
In the above-stated relations, given the possibility that Ar:nðtÞ < 0 and
Ar:nðtÞ > 1; t ¼ 1; n; in this case, we must take Ar:nðtÞ ¼ 0 and �AAr:nðtÞ ¼
1; respectively.

Many facts and useful properties of Ar:nðsÞ [and, consequently, mnðrÞ]
can be directly derived by using the representation given by (6) through
(9). In the sequel, we assume that X and Y are r.v.s with continuous joint
d.f. Fðx; yÞ; p.d.f. fðxÞ, and (unique) dependence function Cðu; vÞ: More-
over, we will use the symbols A

ðX;Y Þ
r:n ðsÞ and mðX;Y Þn ðrÞ instead of Ar:nðsÞ

and mnðrÞ, if we need to emphasize the role of the random vector ðX; Y Þ:

Remark 1 (See Relations 1 and 2 of David, 1977). On account of the
known properties of the dependence function, and by using Theorems
2.2 and 2.4, we deduce the following

(1) If X and Y are exchangeable, i.e., Fðx; yÞ ¼ Fðy; xÞ; 8x; y, then
Ar:nðsÞ ¼ As:nðrÞ and mnðrÞ ¼ mnðsÞ:

(2) If fðx; yÞ ¼ fð�x;�yÞ, then Ar:nðsÞ ¼ An�rþ1:nðn� sþ 1Þ:

Remark 2. By using Theorem 2 and Theorem 2 of Schweizer and Wolff
(1981), we deduce that, if Y ¼ fðXÞ a.s., where f is strictly increasing
(resp., decreasing) a.s. on the range of X, then Ar:nðsÞ; 1 � s � n, and
mnðrÞ are given by (6) through (8) and (14), respectively, by replacing
the function Cðu; vÞ by u ^ v (resp. uþ v� 1 _ 0).

Theorem 4. Let X and Y be as in the above-mentioned remarks. Then

(1) If f1 and f2 are strictly increasing a.s. on Range X and Range

Y , respectively, then A
ðf1ðXÞ;f2ðY ÞÞ
r:n ðsÞ ¼ A

ðX;Y Þ
r:n ðsÞ, 1 � s � n, and

mðf1ðXÞ;f2ðY ÞÞ
n ðrÞ ¼ mðX;Y Þn ðrÞ.

(2) If f1 and f2 are strictly decreasing a.s. on Range X and

Range Y , respectively, then, for all 2 � s � n� 1, A
ðf1ðXÞ;Y Þ
r:n ðsÞ,

A
ðX;f2ðY ÞÞ
r:n ðsÞ, and A

ðf1ðXÞ;f2ðY ÞÞ
r:n ðsÞ are given by (6) by replacing

the function Cðu; vÞ by �Cð1� u; vÞ, �Cðu; 1� vÞ, and Cð1� u;

1� vÞ, respectively. Moreover,

Aðf1ðXÞ;Y Þ
r:n ð1Þ¼�EðCð1�Ur:n;V1:nÞÞþEðCð1�Ur�1:n;V1:nÞÞ;

AðX;f2ðY ÞÞ
r:n ð1Þ¼ 1

nþ1
�EðCðUr:n;1�V1:nÞÞþEðCðUr�1:n;1�V1:nÞÞ
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and

Aðf1ðXÞ;f2ðY ÞÞ
r:n ð1Þ ¼ 1

nþ 1
� EðCð1� Ur:n; 1� V1:nÞÞ

þ EðCð1� Ur�1:n; 1� V1:nÞÞ:

Finally, A
ðf1ðXÞ;Y Þ
r:n ðnÞ, AðX;f2ðY ÞÞ

r:n ðnÞ, and A
ðf1ðXÞ;f2ðY ÞÞ
r:n ðnÞ are given

by (9) at first by replacing A
ðX;Y Þ
r:n ð1Þ, in (9) by A

ðf1ðXÞ;Y Þ
r:n ð1Þ,

A
ðX;f2ðY ÞÞ
r:n ð1Þ and A

ðf1ðXÞ;f2ðY ÞÞ
r:n ð1Þ, respectively, and then by

replacing the function Cðu; vÞ by �Cð1� u; vÞ; u� Cðu; 1� vÞ,
and uþ Cð1� u; 1� vÞ, respectively.

(3) If L1 and L2 are any given continuous distributions,

then A
ðL�1

1
ðF1ðXÞÞ;L�1

2
ðF2ðY ÞÞÞ

r:n ðsÞ ¼ A
ðX;Y Þ
r:n ðsÞ, 1 � s � n and

m
ðL�1

1
ðF1ðXÞÞ;L�1

2
ðF2ðY ÞÞÞ

n ðrÞ ¼ mðX;Y Þn ðrÞ:

Proof. Using Theorems 2 and 3, the proofs of (1), (2), and (3)
are followed from (i), (ii), and (iii) of Theorem 3 of Schweizer
and Wolff (1981), respectively, and a series of straightforward
verifications. &

2.2. Multivariate Extension

Suppose that associated with each X there are m variates
Yjðj ¼ 1; 2; . . . ;mÞ, i.e., we have n independent sets of variates
ðXi; Y1i; . . . ; YimÞ, with common joint d.f. Fðx; y1; . . . ; ymÞ and dependence
function Cðu; v1; v2; . . . ; vmÞ: Triggered by a problem in hydrology, this
situation has recently been intensively studied, especially when the
mþ 1 variates have a multivariate normal distribution (see David
and Nagaraja, 1998). Let Yj½r:n� denote Yji, which is paired with Xr:n:
Our aim in this subsection is to investigate the joint d.f.
Ar:nðs1; s2; . . . ; smÞ :¼ PðR1r:n ¼ s1;R2r:n ¼ s2; . . . ;Rmr:n ¼ smÞ: In princi-
pal, Ar:nðs1; s2; . . . ; smÞ may be derived by using the same method of
David et al. (1977) by which they derived Ar:nðsÞ: However, in this case,
the situation becomes tedious and complicated, for example, let lðXiÞ
denote the rank of Xi among the nXs, with a similar meaning for
lðYjiÞ; j ¼ 1; 2; we have for r; s ¼ 1; 2; . . . ; n;

Ar:nðs1; s2Þ ¼
Xn
i¼1

PðlðXiÞ ¼ r; lðY1iÞ ¼ s1; lðY2iÞ ¼ s2Þ

¼ nPðlðXnÞ ¼ r; lðY1nÞ ¼ s1; lðY2nÞ ¼ s2Þ;
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where the subscript is taken to be n for definiteness. Let Fðx; y1; y2Þ :¼
PðX < x; Y1 < y1; Y2 < y2Þ and fðx; y1; y2Þ be the p.d.f. of Fðx; y1; y2Þ:
Let F1ðxÞ; F2ðy1Þ, and F3ðy2Þ be the marginals of Fðx; y1; y2Þ: For conve-
nience, let x :¼ ðx1; x2; x3Þ :¼ ðx; y1; y2Þ: Then, FðxÞ :¼ Fðx; y1; y2Þ and
fðxÞ :¼ fðx; y1; y2Þ: Finally, for 1 � i1 6¼ i2 6¼ i3 � 3; let Fi1i2ðxi1 ; xi2Þ ¼
limxi3!1 FðxÞ: It can now be shown that after some routine calculations,

Ar:nðs1; s2Þ ¼
Xs1�1^s2�1

j1¼0

Xr�1^s2�1

j2¼0

Xr�1^s1�1

j3¼0

X‘
l¼‘

�
Z 1

�1

Z 1

�1

Z 1

�1
Kj1;j2;j3;l:nðxÞfðxÞdx1dx2dx3;

where ‘ :¼ maxð0; j2 þ j3 � r þ 1; j1 þ j3 � s1 þ 1; j1 þ j2 � s2 þ 1Þ;
‘ :¼ minðj1; j2; j3; j1 þ j2 þ j3 � r � s1 � s2 þ nþ 2Þ; and

Kj1;j2;j3;l:nðxÞ

¼

n!FlðxÞ
�
1�

X3

i¼1
FiðxiÞ

þ
XX

1�i<j�3
Fijðxi; xjÞ � FðxÞ

�n�r�s1�s2þj1þj2þj3�lþ2

l!ðn� r � s1 � s2 þ j1 þ j2 þ j3 � lþ 2Þ!

�
Y3
t¼1

1�t1<t2�3
t1;t2 6¼t

ðFt1t2ðxt1 ; xt2Þ�FðxÞÞjt�r

� ðFtðxtÞ � Ftt1ðxt; xt1Þ � Ftt2ðxt; xt1ÞþFðxÞÞit�jt1�jt2þl�1

ðjt � lÞ!ðit � jt1 � jt2 þ l� 1Þ! ;

where in the above formula we adopt ði1; i2; i3Þ :¼ ðr; s1; s2Þ: Obviously,
the complexity of the preceding formula retards any expected benefit
resulting from it. However, by using the same argument applied in
Theorem 2 we can represent it in usable form. Namely, we have

EðCðUr:n;V1;s1:n;V2;s2:nÞÞ

¼
Z 1

0

Z 1

0

Z 1

0

cðu; v1; v2ÞGr;s1;s2:nðu; v1; v2Þdudv1dv2;

where cðu; v1; v2Þ ¼ @3Cðu;v1;v2Þ
@u@v1@v2

, Cðu; v1; v2Þ is the dependence function of

Fðx; y1; y2Þ; Xr:n d F�1
1 ðUr:nÞ; Yt�1;st�1:n d F�1

t ðVt�1;st�1:nÞ; t ¼ 2; 3; Yt;st:n is

the stth order statistic of ðY1t; Y2t; . . . ; YntÞ; t ¼ 1; 2; respectively; and
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finally (see Barakat et al., 2004),

Gr;s1;s2:nðu; v1; v2Þ ¼ P Ur:n � u;V1;s1:n � v1;V2;s2:n � v2
� �

¼
Xr�1

i1¼0

Xs1�1

i2¼0

Xs2�1

i3¼0

Ii1;i2;i3:nðu; v1; v2Þ;

where

Ii1;i2;i3:nðu; v1; v2Þ :¼
Xi2^i3
j1¼0

Xi3^i1
j2¼0

Xi1^i2
j3¼0

X‘0
l¼‘0

K�
i1;i2;i3;j1;j2;j3;l:n

ðu; v1; v2Þ;

and

K�
i1;i2;i3;j1;j2;j3;l:n

ðu; v1; v2Þ

¼

n!FrðxÞ
�
1�

X3

i¼1
FiðxiÞ

þ
XX

1�i<j�3
Fijðxi; xjÞ � FðxÞ

�n�i1�i2�i3þj1þj2þj3�l

l!ðn� i1 � i2 � i3 þ j1 þ j2 þ j3 � lÞ!

�
Y3
t¼1

1�t1<t2�3
t1;t2 6¼t

ðFt1t2ðxt1 ; xt2Þ�FðxÞÞjt�l

�ðFtðxtÞ � Ftt1ðxt; xt1Þ � Ftt2ðxt; xt1ÞþFðxÞÞit�jt1�jt2þl

ðjt � lÞ!ðit � jt1 � jt2 þ lÞ!
;

where in the above-mentioned formula we adopt ðx1; x2; x3Þ :¼ ðu; v1; v2Þ:
Therefore,

ðnþ 1ÞEðCðUr:n�1;V1;s1:n�1;V2;s2:n�1ÞÞ

¼
Xr�1

i1¼0

Xs1�1

i2¼0

Xs2�1

i3¼0

Ai1þ1:nþ1ði2 þ 1; i3 þ 1Þ;

which, after some routine calculations, implies that

Ar:nðs1; s2Þ ¼ nE

�Z V2;s2 :n�1

V2;s2�1:n�1

Z V1;s1 :n�1

V1;s1�1:n�1

Z Ur:n�1

Ur�1:n�1

cðu; v1; v2Þdudv1dv2
�
;

ð20Þ

for all 2 � r; s1; s2 � n� 1:
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The representation (20) can be extended to mþ 1 variates, as follows;

Ar:nðs1; s2; . . . ; smÞ ¼ nE

�Z Vm;sm :n�1

Vm;sm�1:n�1

Z Vm�1;sm�1 :n�1

Vm�1;sm�1�1:n�1

� � �
Z V1;s1 :n�1

V1;s1�1:n�1

�
Z Ur:n�1

Ur�1:n�1

cðu; v1; v2; . . . ; vmÞdudv1dv2 � � �dvm
�
; ð21Þ

for all 2 � r; s1; s2; . . . ; sm � n� 1; where cðu; v1; v2; . . . ; vmÞ ¼
@mþ1Cðu;v1;v2;...;vmÞ

@u@v1@v2���@vm ; Xr:n d F�1
1 ðUr:nÞ; Yt�1;st�1:n d F�1

t ðVt�1;st�1:nÞ; t ¼ 2; . . . ;

mþ 1 and Yt;st:n is the stth order statistic of ðY1t; Y2t; . . . ; YntÞ;
t ¼ 1; 2; . . . ;m; respectively.

By using the method of series approximation, (21) provides us an
approximate formula for Ar:nðs1; s2; . . . ; smÞ; 2 � r; s1; . . . ; sm � n� 1;
to any desired accuracy. For example,

Ar:nðs1; s2; . . . ; smÞ � bAAo
r:nðs1; s2; . . . ; smÞ

:¼ n

Z sm
n

sm�1
n

Z sm�1
n

sm�1�1

n

� � �
Z s1

n

s1�1

n

Z r
n

r�1
n

cðu; v1; v2; � � � ; vmÞdudv1dv2 � � �dvm

is a primary approximate value of Ar:nðs1; s2; . . . ; smÞ; 2 �
r; s1; s2; . . . ; sm � n.

2.3. Upper Bound of the Confidence Level of the
Tolerance Region

A tolerance region for the continuous d.f. Fðx; yÞ with tolerance
coefficient g is a random region such that the probability is g that this
random region covers or includes at least a specified percentage ð100bÞ
of the distribution. If this region is a rectangle for which its vertices
are order statistics of a random sample of size n; the tolerance region
(rectangle) Rr1;s1;r2;s2:n :¼ fðXr1:n;Xs1:nÞ; ðYr2:n; Ys2:nÞg, r1 < s1 and r2 < s2,
symbolically satisfies the condition

Tr1;s1;r2;s2:n :¼ PðPðXr1:n < X < Xs1:n; Yr2:n < Y < Ys2:nÞ � bÞ ¼ g:

The following theorem gives an upper bound for Tr1;s1;r2;s2:n;
1 � r1 < s1 � n; 1 � r2 < s2 � n; in terms of the d.f.s of the concomitant
ranks order statistics.
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Theorem 5. For any 1 � r1 < s1 � n and 1 � r2 < s2 � n, we have

Tr1;s1;r2;s2:n �
1

ðnþ 1Þb
Xs1

i¼r1þ1

Xs2
j¼r2þ1

Ai:nþ1ðjÞ:

Proof. Clearly, we have

Tr1;s1;r2;s2:n ¼ P

�Z Xs1 :n

Xr1 :n

Z Ys2 :n

Yr2 :n

fðx; yÞdxdy � b
�
: ð22Þ

If in (22) we make the substitutions u ¼ F1ðxÞ and v ¼ F2ðyÞ; we obtain

Tr1;s1;r2;s2:n ¼ P

�Z F�1
1

ðXs1 :n
Þ

F�1
1

ðXr1 :n
Þ

Z F�1
2

ðYs2 :nÞ

F�1
2

ðYr2 :nÞ
cðu; vÞdudv � b

�

¼ P

�Z Us1 :n

Ur1 :n

Z Vs2 :n

Vr2 :n

cðu; vÞdudv � b
�
:

Therefore, we get

Tr1;s1;r2;s2:n ¼
Xs1

i¼r1þ1

Xs2
j¼r2þ1

Ti�1;i;j�1;j:n;

where

Ti�1;i;j�1;j:n ¼ P CðUi:n;Vj:nÞ � CðUi�1:n;Vj:nÞ � CðUi:n;Vj�1:nÞ
�

þ CðUi�1:n;Vj�1:nÞ � b
�
:

On the other hand, because the r.v. W :¼ CðUi:n;Vj:nÞ�
CðUi�1:n;Vj:nÞ � CðUi:n;Vj�1:nÞ þ CðUi�1:n;Vj�1:nÞ is nonnegative, an
appeal to the well-known Markov’s inequality yields

PðW � bÞ � EðWÞ
b

¼ ðnþ 1ÞEðWÞ
ðnþ 1Þb ¼ Ai:nþ1ðjÞ

ðnþ 1Þb ;

which was to be proved. &

Example 2. Table 2 gives the upper bound of Tr1;s1;r2;s2:n; for b ¼ 0.70,
0.80, 0.85, 0.90, 0.98, 0.99, r1 ¼ r2 ¼ 1 and s1 ¼ s2 ¼ n ¼ 8, where
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Fðx; yÞ is a standard bivariate normal distribution with correlation coeffi-
cients r ¼ 0:1; 0:2; 0:3; 0:4; 0:5; 0:6; 0:7; 0:8; 0:9; 0:95: The different values
of Ai:9ðjÞ; 1 � i; j � 8 are extracted from a table in David et al. (1977).

Table 2 reveals an interesting and, at the same time, expectant fact that
the percentage of the standard bivariate normal distribution, which is cov-
ered by a random sample, will increase as the coefficient of correlation
increases. This fact clearly implies that the size of the random sample
required to cover at least a specified percentage of the standard bivariate nor-
mal distribution will decrease with an increasing coefficient of correlation.

Clearly, in view of the results of Sec. 2.2, one can easily derive the
following extension of Theorem 5.

Theorem 6. For any 1 � ri < si � n; i ¼ 1; 2; 3; � � � ;mþ 1, we have

Tr1;s1;���;rmþ1;smþ1:n

� 1

ðnþ 1Þb
Xs1

i¼r1þ1

Xs2
j1¼r2þ1

� � �
Xsmþ1

jm¼rmþ1þ1

Ai:nþ1ðj1; j2; � � � ; jmÞ;

where

Tr1;s1;���;rmþ1;smþ1:n

:¼ PðPðXr1:n < X < Xs1:n; Yr2:n < Y1 < Ys2:n; . . . ;

Yrmþ1:n < Ym < Ysmþ1:nÞ � bÞ

and Rr1;s1;���;rmþ1;smþ1:n :¼ fðXr1:n;Xs1:nÞ; ðYr2:n < Y1 < Ys2:nÞ; . . . ; ðYrm:n <
Ym < Ysm:nÞg is the 100b% tolerance region [ðmþ 1Þ-dimensional

Table 2. The upper bound of Tr1;s1;r2;s2:n for r1 ¼ r2 ¼ 1 and s1 ¼ s2 ¼ n ¼ 8.

r b ¼ 0:99 b ¼ 0:98 b ¼ 0:90 b ¼ 0:85 b ¼ 0:80 b ¼ 0:70

0.1 0.6117 0.6179 0.6729 0.7124 0.7570 0.8651

0.2 0.6146 0.6209 0.6761 0.7159 0.7606 0.8693
0.3 0.6192 0.6255 0.6811 0.7212 0.7662 0.8757
0.4 0.6257 0.6321 0.6883 0.7288 0.7743 0.8849
0.5 0.6346 0.6411 0.6980 0.7391 0.7853 0.8975

0.6 0.6460 0.6526 0.7106 0.7524 0.7995 0.9137
0.7 0.6587 0.6654 0.7246 0.7672 0.8152 0.9316
0.8 0.6806 0.6875 0.7486 0.7926 0.8422 0.9625

0.9 0.7155 0.7228 0.7870 0.8333 0.8854 1
0.95 0.7297 0.7372 0.8027 0.8500 0.9030 1
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rectangle] for the d.f. Fðx; y1; � � � ; ymÞ; with tolerance coefficient
Tr1;s1;���;rmþ1;smþ1:n:
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