ASYMPTOTIC INDEPENDENCE OF CERTAIN STATISTICS
CONNECTED WITH THE EXTREME ORDER STATISTICS
IN A BIVARIATE DISTRIBUTION

By O. P. SRIVASTAVA*

Pennsylvania State University

SUMMARY. The exact distribution of extremes in a sample and its limiting forms are well
known in the univariate case. The limiting form for the largest observation in a sample was derived by
Fisher and Tippet (1928) as early as 1927 by a functional equation, and that for the smallest was studied
by Smirnov (1952). Though the joint distribution of two extremes has not been fully studied yet Sibuya
(1960) gave a necessary and sufficient condition for the asymptotic independence of two largest extremes
in a bivariate distribution. In this paper a necessary and sufficient condition for the asymptotic indepen-
dence of two smallest observations in a bivariate sample has been derived, and the result has been used to
find the condition for the asymptotic independence of any pair of extreme order statistics, one in each com-
ponent of the bivariate sample. This result is further extended to find the condition for asymptotic in-
dependence of the pair of distances between two order statistics, arising from each component.

1. INTRODUCTION AND NOTATIONS

Let F(z, y) be a continuous distribution function of (X, ¥) with marginal distri-
bution functions F'(x) and F,(y). Let the observations of a random sample (X, Y;)
t=1,2,...,n be ordered component-wise so that

; ZP < IO < 2
an
WL WP L. WP

are the ordered values of X; and Y;, ¢ = 1, 2, ..., n respectively. Further, let
Ggl (@, y) = PIZY < 2, WP < 9]
G{(z) = PIZ) < 2]
G ™y) = PLWM < y]
where k and ! are positive integers such that

lim k/n = lim I/n = 0.
N—y n—y o

Finkelshtein (1953) in the particular case (k = 1, [ = 1) proved that for suitable choice
of constants @, b, ¢, and d,(a, >0, ¢, > 0), the covergence of the sequence of distribu-
tion functions G{%(a,x+b,, ¢,y-+d,) to a distribution function Gyy(z,y) is a necessary
and sufficient condition for the simultaneous convergence of each of the functions:

U, (x) = nFy(a,x+b,)

Valy) = nFyle,y+d,) e (1)

W (@, y) = nF(a,2+b,, ¢,y+d,)

to U(z), V(y) and W(x, y) respectively where the functions U(x), V(y) and W(z, y)
are nondecreasing, non-negative functions of « and y such that U(—w) = V(—w) = 0,

U(40) = V(+o©) = 0.

*Now with Punjab Agricultural University, Ludhiana.
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SANKHYA : THE INDIAN JOURNAL OF STATISTICS : SErIES A
Throughout the paper Gy ;(x, y), G(x) and G;(y) are used for the asymptotic
distribution functions of (Z{", W{), Z{ and W™ respectively. More explicitly
G, y) = lim PIZ < a,a4b,, WP < cpytd,]
Gi(x) = llm P[Z™M < a,x+b,]
and Gi(y) = lim P[W{ < c,y+d,]

n—y» o

where a,, b,, ¢, and d, are constants as mentioned above. Further, for the sake of
brevity we define

[ 1 [F(z, 3/)] [Fy(@)—F(w, y)] 2 [Foly)—F (@, y)] °
I »!

Salt1s Mgy Mgy ) = <' =1 e (2)
|

[1—F.(x)—Fyy)+Fla, y)]"* for0 < n; < n

Lo otherwise.

2. LEMMAS AND THEOREMS
Lemma 1: If G{P(a,x+b,, cy+d,) converges then

Giz) =1 — V@ e (3)
and
Gi(y) = 1—e7® v (@)

Proof : G"M(a,x+b,) = P[ZPM L a,x+b,] = 1— [1__[%&(_@_]1;.
Since convergence of G{{(a, z-+b,, ¢, y-+d,) assures the convergence of U,x), to
U(z) the result (3) follows.

Proof for (4) is similar.

Theorem 1 : If the sequence G{P(a,x+b,, cy-+d,) converges, then

 O=G@—G)]
Jim [1—F@ye-+b,, o+ 1'= ey ) T, 3

Proof :
Grafey) = lim PLZY < a,54-b, W < oig-+d,)

= 1— lim [{l _FI anx‘l_bn }n+{l —'F2(cny+dn)}”—{l _Fl(anx—{'bn)
n—yoo
—Fy(cy+d,)+Fla,x+b,, cy+d3"]

— 1— lim {1_235@4}"_ lim {1 V'}fy) }

N—y * n—yx

n

+ lim {1—
n—yxo

= 1—exp (— U(x))—exp (— V(y))+exp (— Uz)—V(y)+W(z, )

= Gy(2)4-G1(y)—1+[1—G()][1—Gy(y)] exp (W(z, y)). .. (6)
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BIVARIATE EXTREME ORDER STATISTICS
Also,

E::—y) ]nz exp(—W(z, y)).

lim [1—F(@,x+b,, ¢,y+d,)* = lim [1—
n—yx n—Ppx

(7)
From (6) and (7), (5) follows immediately.

Theorem 2 : A necessary and sufficient condition for asymptotic independence
of Z{™ and W is that

F(a’nx'}‘bm cny+dn) = O(I/n)' e (8)

Proof : Since the left hand expression of (5) is equal to 1 if and only if
F(a,x+b,, c,y+d,) = o(l/n), the result follows.

At the end of the paper it has been shown that for a bivariate normal distri-
bution condition (8) is satisfied and so the smallest observations in the two components
of a sample from a bivariate normal population are asymptotically independent.

Lemma 3 :

6110w, ) = 4w, 9)— 7 ) P IL— Pyl

-1 n
+ Z anﬂ’ k'_;u: m—pu, n—m— k‘l’:u) (9)

m=p p=

PTOOf : Since G’g‘)l(x’ ?/) = 3 3 g" fﬂ(lu’ r—i, m—u, n—r—m—l—,u)

r=f Mm=] u=0

G (@, y)— G, (, y)

=% I fuu, b—p, m—p, n—k—m—+p)

Mm=] p=0

n -1 n
= 5 fults bty m—pt, n—l—mtp)— = 3 f(, k—pt, m—p, n—k—m4p)
8=0 =0

‘Mm=0 u=0

= (" ) F P ol ;‘2:0 5 ol g gy n— )

Lemma 4 :
Gly) = 1— a4 ez;p'(— Vy) . (10)
m=0
Proof :
Gi(y) = PIW" < yl = 1—P[W{" > y]
-1 n
= 1—- = (M) F@ Pyl
m=0 \M
. oynr Valy) mr, Valy) 1
Thus Gi"e y+d)_1_méo(m>[ P I ]

177

This content downloaded from 129.174.21.5 on Sun, 14 Aug 2016 19:10:12 UTC
All use subject to http://about.jstor.org/terms
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so that taking the limit,

G =1="3 YWY

m=0 m!

Theorem 3: If Z{" and W™ are asymptotically independent, then for any

k>1,1>1, Z" and W are asymptotically independent.

Proof :  From Theorem 2, if Z{” and W{" are asymptotically independent
then ,
F(a,z+by, cy+d,) = on™).
The theorem will be proved by induction.
Let Z{" and W{™ be asymptotically independent, i.e.
G, = lim G} (@,2+b,, cy+d,)

N—p

= lim G (a x—l—b”) hm G™ (cy+d,)

Ne—Pp 0

= Gy(x) Gi(y).
From Lemma 2 we have

Ic+1 l(a’ w+bn’ C":l/—l-d ) 73 (a’nx‘l"bm cny+dn)

“( Z )Fl(a,.w+b,.)k [1—Fy(a,z+b,)]"*

+3 Efn/»,k By m—p, n—m—k-+p)

Mm=0 u=0

where a prime on f denotes that x and y are replaced by a,x+b, and c,y+d, res-
pectively. It can be easily proved that

k o-Ulx
lim (" )Fya,ot0,) (- Foatbp = @0
n—yo k

LS wan
Also,
=1 m
X Zlfn(/l/:k_:u’: m—p, n—m— k+/’l’)_"z anﬂ, M M, v—M— k+/u')
m=0 p= m=0 p=1

-1
'I" P frll(o: k9 m, n—m_k)
m=0

e (12)
The first expression on the right can be expressed as
3z 3 n! [l y)\]" [l =Wl
meo =1 pk—p)! (m—p)! (n—m—k—+p)! n n

[ Va(y) =W, y) ]"‘"‘ [ 1 U@+ y)— W, ) ]n—m—-k+n

n n
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BIVARIATE EXTREME ORDER STATISTICS

which under the condition F(a,z-+b,, ¢,y-+d,) = % W ,(x, y) = o(n~1), approaches
Zero as n— oo.

The second expression on the right of (12) can be expressed as

meo k! m! (n—m—Fk)! n n

[1-— Up@) 4V o(y)— W o, y)] n—m—k

n
which after simplification and taking the limit as # approaches infinity reduces to

U(x)k e~ U®) 12—1 V(y)m e—Vun .
k! m=0 m!

Hence from (9) and (10) it can be easily shown that

. — U)oV 7
lim 62,1 (0,00, eyy+d,) = [Galo)— =] 67 o)

which proves that if Z{® and W™ are asymptotically independent, so are Z{"); and W{".

Similarly it can be shown that Z{" and Wi, are also asymptotically inde-
pendent. Thus, by induction the proof of the theorem is complete.

An immediate consequence of the above theorem is that if F(a,z+b,, ¢, y+d,)
= o(n~1) then Z{ and W!" are asymptotically independent.

In the following the asymptotic independence of distances d{"} = Z{®, — Z{"

and dip = W, — W, under the same condition will be proved by the following
two lemmas.

Lemma 5 :
—U@) [MI .o (13)

k=1
lim P[Z{" > a,x+b,, Z > a,a +b,]= X ¢ .
i=0 .

H—p 0

Proof : Since Z{" > a,x+b,, it follows that all the X;’s are greater than
a,x-+b,. Letting 4; be the event such that ¢ be the number of X,’s which are less than
a,x +b,:

P = (% )Ty, b, Fya,a-+b,)F (1= Fyfa,a+ )1

Thus it is obvious that

U,(@)=Ue) 177, _ Una') 7=
e e

k=1
PIAY > aa+b,; 20 > a0 +b,] = 3 (
i=0

and taking the limit as n— oo,

-1 n_ i
lim P[Z{" > a,x+b,; Z{" > a2’ +b,] = % ¢ UC" V) —U)r i‘U(x)] .
n—y»oc =0 .
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Lemma 6: If
Fla,x+b,, ¢,y+dn) = o(n),

then lim P[Z"™ > %, Z{ > a'; WP >y, WM > y']
n—y)o

= lim P[Z{" >, Z{ > 2'] im P [W{P >y, WP > ¢']
n—y»o n—yo

where subscript n on P means that x, x', y and y' have been replaced by a,x-+b,, a,x’'+b,,
c,y+d,, ¢y’ +d, respectively.

Proof : Let A,,, be the set defined as follows :

A, ={o:pofw’seR,vof w'se Ry, oofw’se Ryand n—p—v—o of w’s € R}

where
R =[X>2,y<¥,<Y]
B=[z< X2, y<Y Y]
Ri=[z< X2, Y>y]
.R4 - [-X > x’; Y > y/]$
5o that
n! n—p-v—a
P(Alll/o) = ,u’! V! O'!(%—/L—-V-—O")! P[Rl]ﬂ P[R2]y 'P[IES]L7 P[R4] “ e (14)
Thus

k=1 I-1 min(k,1)—1
POIZM > a, 70 > o'; WM > y, Wim > yl=% X X PAu_yi-y,)

v=0 pu=0 0=0

Expressing P, (R,), P,(R,), P,(R;) and P,(R,) in terms of U ,(x), V (y) and W (z, y)
and taking the limit, it follows immediately that

lim P [Z(n) > Z(n) > 2 W(n) = W > ] kil li‘,l min%, -1 1
m £, > X, 4 ' , _
" 1 ’ ' y Y v=0 u=0 0=0 0'!(,66—0')!(\)—0')!

><nli_1»nm V)=V —W', y)+ W',y (W', )= W', y)— W, y )+ W, y)I’

xX[Ul")=Ulx)— W', y')+ Wiz, y)I'~* exp (—U@)—V(y)+ W', )}

Since W(z, y), W(x', y), W(z, y') and W(x',y’) are o(1/n) by the condition of lemma,
the expression within the summation sign will be zero unless ¢ = 0. Therefore

lim P20 > o, Z{" > o'; W >y, W > y']
N~—P ©

k-1 1-1

=5 T o exp(—UW) =V N U)— V@) ()~ V)

v=0 u=0
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BIVARIATE EXTREME ORDER STATISTICS

Comparing the right hand expression with Lemma 5, Lemma 6 follows immediately.

n) v
In view of the above lemma the random vector Z(™ = < 2 is asympto-
zg

/Wgn)
tically independent of W™ = { ..., |-
wi
Theorem 4 : If F(a,x+b,, c,+d,)=0(1/n) then the distance d{") = Zm—Zm

is asymptotically independent of d{*)_, = W{»—W{.

Proof : Under the condition of the theorem since the random vectors Z™
and W™ are asymptotically independent, the Borel functions Z{® — Z{™ and W{» — W{
are also asymptotically independent.

3. APPLICATION

In this section we apply the result of Theorem 2 to a bivariate normal distri-
bution. Without loss of generality we can take the variance-covariance matrix of

the form
/l p A
A= (p ] n<p<l,
80 that flx, y) = B X __ 1 —_(x2—2 2
V= an(i—prp ° P[ 21—p8) & pxy+y)]
and Fa,y)= [ | fu,v) dodu

—© -

For marginal distribution F(x) = \—/—;_7; j’z exp(—4u?)du it is known (Cramér,

1946, p. 374) that the distribution of nF(x) converges to a proper distribution. This
result after algebraic manipulation reduces to the fact that if

a, = (2logn)}t =c¢,
and b, = —2log n+4(log log n+log 4m) = d,,

F(a,z+b,) converges to a proper distribution function. Using the result (Cramér,
1946, p. 290) we can write

v!

@ v "N L ’
Fa,x+b,, cy+d,) === FOA)fY) P’
v=0

where 2 =ax+b, Yy =cytd, ... (15)
and where f” () is v-th derivative of f(z)
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It is immediate that lim n ¢,(z, y) = n exp[—#(2 log n)(x24y?)+p] = 0, hence
n—y)w

in order to prove that F(a,x+b,, ¢,y+d,) = o(1/n) it is sufficient to prove that infinite
series (15) and

$(2, 9) = oxpl—H(2 log mat+92] = £ BN
are of the same order when n approaches co.

Noting that f"(z) = —af"U(x)—(r—1)f"2(x) the term by term ratio of the
two series approaches 1 as n approaches co, and thus the result is proved. Thus two
extreme order statistics one in each component of a bivariate normal distribution
are asymptotically independent.
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