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Nuclear Magnetic Resonance in Crystals 

BY DAVID W. MCCALL AND R. W. HAM]~IING 
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(Received 16 May 1958) 

The general problem of crystal structure analysis by means of nuclear magnetic resonance is 

examined from the point of view of Van Vleck's theory for the second moment of the resonance 

absorption as applied to single crystals. Assuming only dipolar interactions to be important, and 

assuming a rigid lattice, a procedure is described for acquiring "and analyzing the experimental 

second moments. It is shown that the second moment may be completely described by fifteen 

parameters in the most general type of crystal and thus only fifteen structural parameters can be 

uniquely determined from second moment data. The fifteen experimental parameters are related 

to fifteen sums over internuclear coordinates. The fifteen lattice sums must be equal to the corre- 

sponding theoretical lattice sums (from Van Vleck's theory) for the correct crystal structure. 

Thus a trial-and-error technique may be employed to determine nuclear coordinates. If the struc- 

ture is known approximately, formulae are presented by means of which one may find the adjust- 

ments required in the nuclear coordinates of the trial structure. The calculations are well suited 

to programming on a high-speed digital computer. 

1. In troduc t ion  

For many years X-ray diffraction has been the most 
important method available for the determination of 

the structure of crystals and it seems unlikely that  this 

situation will change in the near future. However, 

there are certain problems in crystallography for which 

the X-ray technique is not well suited. Nuclear 

magnetic resonance (NMR) has been shown to offer 

a possible means of handling some of these difficult 

cases but NMR has been employed only in rather 

specific types of crystallographic problems. The most 

widely used technique is based on the analysis of fine 

structure characteristic of groups containing two, 

three, or four nuclei. However, this procedure may 

be applied only when the intra-group distances are 

much shorter than the inter-group distances. I t  is the 

purpose of the present paper to consider the problem 

of crystal structure determination by NMR from a 

point of view which is not dependent upon the ex- 

istence of such groups of nuclei. 

The discussion will be based upon the theory of 
Van Vleck (1948). In this theory the central quantity 

is the second moment, AH~, of the NMR absorption" 

where f(H) is the absorption intensity at magnetic 

field H. Van Vleck showed that  this quantity can be 

calculated from a knowledge of certain fundamental 

(and well known) constants and the nuclear coordi- 

nates in the lattice. The problem treated here is, 

conversely, to determine the nuclear coordinates from 

experimental NMR studies. 
The discussion will be limited to the consideration 

of nuclei of spin ½, e.g., H 1, F 19, and pal. The lattice 

will be assumed to be rigid, and only dipolar inter- 

actions are treated. I t  is assumed that ziH~ data are 

available as a function of the orientation of a single 
crystal in the magnetic field. 

The most important applications of the method 

probably involve hydrogen, which is almost invisible 

to X-rays. The nature of the dipolar interaction is 

such that  near neighbors tend to dominate, with the 

result that  short-range structural parameters can be 

determined accurately but long-range structural para- 

meters can be found only with difficulty. In this 

respect the NMR method is complementary to the 

X-ray method. Normally, single crystals whose linear 

dimensions are of the order of one centimeter are 

necessary to produce adequate signals. 

2. Theory  

Van Vleck's theory (1948) for the second moment of 

a magnetic resonance, broadened by dipolar inter- 

actions alone, results in the expression: 

dH~ = T ' ~  .~7 r~6(3 cos e Ykl-- 1)2, (2) 
k : l l  

where only one magnetic species is present. In this for- 

mula F= (-})I(I+ 1)g2fl2/m, where, I is the nuclear spin, 

m is the number of nuclei per unit cell at resonance, 

ykt is the angle between r~t and H0, rk~ is the vector 

between nuclei k and l, and H 0 is the externally ap- 

plied magnetic field, g is the nuclear gyromagnetic 

ratio and/~ is the nuclear magneton. 
It  is convenient to transform equation (2) in such 

a way that  the lattice sums may be calculated for 

any selected orientation of the magnetic field. Let us 

define a coordinate system fixed in the crystal. Let 

the direction of H 0 be defined by 0 and ~ and let the 
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Fig. 1. Coordina te  sys t em e m p loye d  in the  t r a n s f o r m a t i o n  

leading to  equa t ion  (3). 

direction of rg~ be defined by 0~ and 9~,  see Fig. 1. 

Employing  

cos y~t = cos 0 cos 0~t+sin 0 sin 0~ cos (9-9g~) 

one finds t h a t  

(3 cos ~ y ~ -  1)9 -- 9a t + 9b~c t + 9b~d t + 54a~b~ c ~ + 54a~bed ~" 

+ 54btc2d ~ + 108abacd ~ + abac2d + 108a2b~cd 

+ 36btcd ~ + 36bacad + 36abac ~ + 36abad ~ 

+ 36aabc + 36a~bd-  6a ~ - 6b% ~ - 6bed ~ - 12abc 

- 1 2 a b d -  12b~cd + 1 , (3) 

where 

a = cos 0 cos 0~; c = cos 9 cos 9~  

b = sin 0 sin 0~; d = sin 9 sin 9~t • 

I n  equat ion (3) each term is a product  of a funct ion 

of 0 and 9 and a similar funct ion of 0~z and 9~- 

Thus the 0 and 9 terms can be factored out  of the 

individual  terms and the sums computed for any  

crystal  orientat ion.  In  computing sums such as these 

i t  is convenient  to employ cartesian coordinates:  

2 2 2 2 
rk~ = x~z+ Yk~+ Zkz 

c o s  0kz = z~/rk~ 
s i n  2 0~  ~ 2 2 -- (x~÷y~)/rk~ 

= (x~+y~)  

s i .~  9 ~  = y ~ /  ( ~ +  y~,~) . 

One may write equat ion (1) in the form: 

AH~ = A cos t O+B cos ~ O+C+ (D cos 9 + E  sin 9) 

× cos a 0 sin 0 + (F cos 9 + G sin 9) cos 0 sin 0 

+ (H cos 2 9 + I  cos 9 sin 9 + J  sin 2 9) c°s~ 0 sin 2 0 

+ (K cos 9 9 + L  cos 9 sin 9 + M  sin e 9) sine 0 

+ (~V cos 3 9 + 0 cos ~ 9 sin 9 + P cos 9 sin2 9 + Q sin3 9) 

× cos 0 sin a 0 + (R cos t 9 + S cos 3 9 sin 9 + T cos 2 9 sin2 9 

+ U cos 9 sin3 9 +  V sin 4 9) sins 0 ,  (4) 

where the  A, B , . . . ,  V are propor t ional  to la t t ice  

sums. These quant i t ies  are defined in Appendix  I.  

The first step in the  reduct ion of the  NMR da ta  

is to f ind the  lat t ice sums. Of the 22 coefficients t h a t  

appear  in equat ion  (4) only 15 are independent .*  

Appendix I I  gives seven of them in terms of the  

other  15 sums. If  this e l iminat ion be made in equat ion  

(4) then  we have an equat ion of the  form 

15 

AH~ = .~ k~f~(O, 9 ) .  
i = l  

As long as we have made a t  least 15 independent 

measurements  we ma y  use the least-squares method  

of determining the  coefficients k~ by minimizing 

15 }2 

.~  AH~ (exp) - ~ k~f~(O, 9) • 
all ( i-~ l 

data  

This leads to the  15 'normal  equations '  

AH~ ( e xp ) -  ~ k~f~(O, 9) fi(O, 9) = O, 
i = l  

data 

where j = 1, 2, . . . ,  15. 

The problem of solving these fifteen 'normal  equa- 

t ions'  is apt  to be very  difficult in practice, so t h a t  

it  is worth considering more indirect  methods.  Fur ther-  

more, the  sufficient conditions t ha t  enough in- 

dependent data  are available are not  obvious from the  

preceding discussion. Thus, it  is desirable to seek a 

form for equat ion (4) which enables one to discern 

the  conditions for independence of measurements.  

Equa t ion  (4) may  be wri t ten as a double Fourier  

series in 0 and 9 in the form 

zJH~ = 

4 4 

Z 2 {a,,m cos nO cos m9+a~z,m+t cos nO sin m 9 
n=0 m=0 

× an+t, m sin nO cos mg+an+t,m+ t sin nO sin m 9 } .  (5)  

There are 23 non-zero an, m, of which 15 independent  

ones are t abu la ted  in Appendix I I I  while Appendix  IV 

gives eight r edundan t  conditions. Appendix V con- 

tains the resolution of Appendix I I I .  If, now, AH~ is 

measured for several fixed values of 9 a t  equal spaces 

(AO) in 0, covering 0 to 2~, we can apply the  usual 

or thogonal i ty  conditions and obta in  

* I t  can be shown t h a t  there  are no more  t h a n  15 indepen-  

den t  la t t ice  sums in equa t ion  (4) b y  wr i t ing  down the  22 t e rms :  

1, x ~, y2, z~, xy ,  xz ,  zy ,  x 4, x~y, x2y 2, x y  ~, y4, x~z, x~yz,  xy2z,  y~z, 
x2z 2, x y z  2, y2z~, z 4, x z  3, yza; and e l iminat ing  those  conta in ing  

z 2 b y  means  of z ~ ~ r 2 - - x 2 - - y  2. Seven t e rms  can  be e l imina ted  

in th is  w a y  and  no  new t e rms  are  in t roduced .  As all t he  in- 

fo rma t ion  resides in 15 independen t  la t t ice  sums it  is desirable 

to  discard seven of the  sums. This m u s t  be done in such a w a y  

t h a t  each  sum of the  group discarded m u s t  be capable  of being 

expressed in t e rms  of the  15 sums re ta ined.  
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aoo+a02 cos 2qv+3a44 cos 4qv+ao6 sin 2qv 

- (3/4)a~s sin 4qv = g(qp, 0) 

a2o--(hog+a49. ) cos 2q~-4a44 cos 4qv+ag~ sin 2qv 

-t-ass sin 4qv = g(qv, 2) 

a,io+a42 cos 2qv+a,t,t cos 4qv-- (a~6+ao6) sin 2qv 

-- (a2s/4) sin 4qv = g(qv, 4) 

a6~ cos qv+a6a cos 3q~+a6a sin qp--2as7 sin 3qv 

= g(q~, 6) 

as~ cos qv-(asa /2)  cos 3qv+ass  sin qv+as7 sin 3qp 

= g(q~ ,  8) 

where (6) 
2zt/AO 

g(qv, n) = (AOI~) * AH~(qv, iAO) cos (inAO) 
i = 1  

for n = 0 , . . . , 4  
and  

2n/AO 

g(qv, n) = (AO/z~) ~S AH~(qv, iAO) sin [ i (n-4)AO] 
i = l  

for n = 5 ,  . . . , 8 .  

Similarly,  if A H~ is measured for several f ixed values 

of 0 at equal spaces (Aq) in q, we obtain 

aoo+a~o cos 20v+a4o cos 40v = h(Ov, O) 

as1 sin 4Or+a61 sin 20v = h(Ov, 1) 

ao2(1-cos 20v)+a,12 (cos 4 0 v - c o s  2Or) = h(Ov, 2) 

ass  [sin 2Or-(1 /2)  sin 4Or] = h(O~, 3) 

a~4(3-4 cos 20v+cos 40~) = h(Ov, 4) 

a0s(1-cos  40v)+a26 (cos 20v -cos  4Or) = h(Ov, 5) 

a65 sin 2Or+as5 sin 40v = h(Ov, 6) 

as7 (sin 4 0 v - 2  sin 2Or) = h(Ov, 7) 

a2s [cos 20v- (1 /4 )  cos 40v- (3 /4) ]  = h(O~, 8 ) ,  (7) 

where the h(Ov, m) sums are defined in analogy with 

the g(qv, n) given above. 
Exper imenta l ly  it is easier to measure a 0-depen- 

dence at constant  q than  a q-dependence at  constant  0. 

Tha t  is to say, it is preferable for exper imental  reasons 

to use cylindrical  samples, for such specimens best fill 

the  conventional  sort of coil and yield the best signal 

strength.  
Although the set of measurements  used to determine 

the  a ~  is a rb i t ra ry  we must  take pains tha t  enough 

independent  da ta  are available.  F rom equations (6) 

i t  can be shown tha t  i t  is not  possible to determine 

the 15 a ~  uniquely  from 0-dependences at  any  three 

constant  values of qp, even though there are 15 

equations. 
A sufficient set of measurements  consists of 0- 

dependences at  qv = 0, ~/4, z /2  and a q-dependence 

at  0v = ~/2. The latt ice sums are readi ly calculated 

in terms of this set and the results are t abu la ted  in 

Appendix  VI. Note tha t  four oriented single crystals 

are necessary for this type  of analysis.  
In  addi t ion to the direct de terminat ion  of the anm 

the  preceding analysis  yields a number  of sums over 

the exper imenta l  da ta  which must  be ident ical ly  zero. 

g(q~, n) = 0 for n = 1, 3, 5, 7 for any  0-dependence 

at  constant  q and  h(g/2, m) == 0 for m = 1, 3, 6, 7. 

These identi t ies  should be useful in assessing the  

accuracy of the  measurements  and could be used to 

smooth the  data.  
The second par t  of the  reduction of the  NMR d a t a  

is to f ind the latt ice constants. To do this we now 

consider the computa t ion  of the lat t ice sums W for a 

general sub-latt ice described by  the fundamen ta l  

t rans la t ion vectors, a, b, c. There is a point  of t he  

sub-latt ice at 

r~ = n l a + n g b + n s c  , 

where nx, ng., n a are a rb i t ra ry  integers. The sums are 

to be computed relat ive to the point  (x~, y~, z~). Nine 

parameters  are necessary to specify a general  (tri- 

clinic) sub-lat t ice completely and  we designate t h e s e  

as a 0, . . . ,  c o where 
I .  l l  

a = a0i + a0l + a0 k 

b = b0'i + b0j + b0k 

c = co l+  c0'j + csk 

and i, j, k are uni t  vectors along the X-, Y-, and Z- 

axes (see Fig. 2). 

x / [ 

I I 

I / 

Fig.  2. The  relationship of the  crystal lographic parameters  
to the cartesian coordinates.  

Any of the latt ice sums A, B, . . . ,  V m a y  be wri t ten  

a s  

W = vF .~ 2; ~" °'~ ~,o~-(6+~+~+~) (8) ~ kl~t kl~ kl~ kl 
k = l  l 

where u, u, v, and w are known integers .°Equation (8) 

m a y  be wri t ten as 

m 

W = vI~ 2 ~S .S  .S  
k = l  nl  n2 n3 

×{ (xk_n lao_neb  o,, _nac0 ), u (yk_nlao_n2bo_' n a C"o ) v 

× (z k_ nl ao'_ n2b o - naCo)~r-~(s+u+v+w)}, (9) 

where 

r~z t x k -  n l  ao - n20o - n3 Co) 

r i t~  2 ## ..~# ~2 + (yk--nlao--n2bo--naCo) + (zk-- nlao --n2oo--naco) . 

6* 
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We first postulate  a tr ial  s t ructure  on the basis of 

other  experiments  and intuition, i.e., we assume values 
t t  

for x k , . . . ,  Co. Then, the 15 latt ice sums W are 

calculated by  means of equat ion (9). These trial  sums, 

Wt, are then compared with the sums obtained ex- 

perimental ly,  We : 

5W = W ~ -  W~.  (10) 

The next  problem is to determine adjus tments  in 

the  s t ruc tura l  parameters ,  (~x, . . . ,  8c0, which will 

minimize the  d W. This m a y  be done as follows. :By 

direct  par t ia l  differentiat ion one obtains:  

m 

(OW/Ox~) = ~,F 2 2 2,  2 
k = l  n I n g  n a 

× { [ u - ( 6 + u + v + w ) r - ~ * ( x ~ : - n ~ a o - n ~ b o ' - n a c o )  ~'] 

i ~ t t  t ~ u _ l ~  t ' ~ v  

x (xk--n~ao--n~o o --naCo) ( y ~ - n ~ a o - n ~ b o - n a c  o ) 
, !  ! 

x ( z ~ -  n~ a o - n e  b o - n a c o) ~ r~} (~+u+" +w)} 

3. Conc lus ions  

We have seen tha t  NMR second moment  da ta  for 

single crystals m a y  be used to determine crystal  

s t ructures  provided only dipolar forces are impor t an t  

and the latt ice is rigid. We will now consider the  

quan t i ty  of s t ructura l  information which m a y  in 

general be obtained. 

The sums given in equat ion (9) m a y  be wri t ten in 

terms of sub-sums:  
m m 

W = _~ ~ W (~~) , 
k = l  s = l  

where W (h'~') represents the  W sum over the  ]c sub- 

latt ice and W (kv represents the W sum over the  s 

sub-lattice, all sums computed about  the  point  

(x~, yk, zk). Thus, there are m 2 sub-sums to be com- 

puted for each of the 15 equations. However ,  

W (n) = W (22) = . . .  = W(~,o 

. ° ° ° ° . . . . . .  ° . . . . . .  ° . . . . . . . . .  . . .  ° . . . .  ° .  ° . . . . . . . .  a n d  

m 

(oW/Oc'o') = ~,I' ~ 2`  2`  
]¢=I n 1 n 2 n 3 

! t! 

x { [ ( 6 + u + v + w ) r - ~ 2 ( y k - - n ,  ao--n2bo--nac o )~'-v] 

t t  t ~ u l  t ~ t t~ , ,o~  1 

x ( x ~ - n l a o - n 2 b  o -naco)  ( y k - n l a o - n ~ o o - n a c o )  

x ( z ~ - n  l a o ' - n 2 b  o-naco)~nar~(6+u+v+~)}. 

Therefore by 

m , ,  

d W  = 2 ( O W / ~ x D d x ~ + . . .  + (~W/~co')dco 
k = l  

we have 
m 

= 22  x 222{ }+... + c'o'22z2{ }. 

k=l (II) 

There are 15 equations of the  form of equat ion (11) 

and these m a y  be used to solve for the parametr ic  

ad jus tments  dx, . . . ,  dc". I f  there are more than  15 

paramete rs  to be adjus ted addit ional  conditions are 

required if a unique solution is to be obtained.* 

This self-consistent procedure leads to an improved 

tr ial  s t ruc ture  and the process is repeated until the 

(5 W are minimized. 

When  other  nuclear magnetic species are present  in 

the  s t ructure  equat ion (2) must  be augmented  by a 

second te rm to cover the foreign nuclei. Van Vleck 

(1948) showed this te rm to be 

2 ` I ) r ~ 6 (  3 c°s~ Ykt-- 1) e , 
k = l ]  

where F!  = ( 1 /3 ) I / ( I /+  1)g~fl~'/m. The extension of the 

foregoing analysis to include this te rm is obvious. 

* For example, X-ray analysis may yield very accurate 
t !  

values for the unit-cell dimensions a0 , . . . ,  c o but no infor- 
mation regarding the positional parameters Xk, Yk, Zk. In such 
a case one would adjust only the parameters X k , . . .  ; i.e. 
assume that da o . . . .  are zero. 

W(iD = W(ii) 

so there are only [ r e ( m - l ) ! 2 !  +1 distinct sub-sums to 

be computed.  The calculation of so m a n y  latt ice sums 

is exceedingly tedious for most  crystals. However ,  

the  problem is well suited to solution by high-speed 

electronic digital computers  which will eliminate much 

of the  h u m a n  labor. 

The general latt ice requires nine parameters  for its 

description, i.e., the components of a, b, and  c, and  

this description serves to locate one nucleus per  uni t  

cell. Three addit ional  parameters  are required for 

every other  nucleus (per unit  cell) to be specified. As 

we have  seen there are 15 latt ice sums and thus  15 

parametr ic  ad jus tments  can be made.  Therefore, with 

no outside information available, NMR second momen t  

analysis can uniquely determine a crystal  which has 

no more than  [ (15-9) /3 ]  ÷1 - 3 nuclei per  uni t  cell. 

Thus we must  draw upon all the outside informat ion 

a t  our disposal. X- ray  diffraction da ta  is p robably  

the most  likely source of such information,  and in 

complex s tructures  it m a y  be t ha t  it  is not  pract ical  

to begin the NMR s tudy  until  a complete X - r a y  

analysis has been carried through.  X - r a y  d a t a  can be 

quite useful, however,  even if a s t ructure  analysis has 

not  been a t tempted .  For  example, knowledge of the  

latt ice type,  unit-cell dimensions, and the number  of 

molecules per unit-cell great ly  simplifies the initial 

~teps. Also, such inl0rmati0n increases the number of 
parameters  tha t  the NMR method described herein 

can cope with, e.g. if the  cell dimensions are known 

the NMt~ method can determine six nuclei per uni t  

cell as opposed to three when no da ta  are available 

a t  the outset. 

F rom ra ther  superficial aspects of the  NMR spectra 

one m a y  often obtain s t ructural  information which is 

highly per t inent  to the second moment  analysis. For  

example (Pake, 1948), when protons occur in pairs,  

as in hydrates ,  each proton sees predominate ly  the  
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loca l  f i e ld  due  to  i ts  neares t  ne ighbor .  This  resu l t s  in  

a charac ter i s t i c  d o u b l e t  s t r u c t u r e  w h i c h  y ie lds  the  

p r o t o n - p r o t o n  s e p a r a t i o n  a n d  t h e  o r i e n t a t i o n  of t h e  

i n t e r - n u c l e a r  vector .  T h u s  a n y  a d j u s t m e n t  of  t h e  

p a r a m e t e r s  of one  of t h e  n u c l e i  m u s t  be a c c o m p a n i e d  

b y  k n o w n  a d j u s t m e n t s  of t h e  other .  

W h e n  t h e  space  group  of the  crysta l  is k n o w n  it  

m a y  be poss ib le  to  e s tab l i sh  t h a t  cer ta in  of the  l a t t i c e  

s u m s  are i d e n t i c a l l y  e q u a l  to  zero  b y  s y m m e t r y .  This  

a n a l y s i s  is d irect  a n d  o b v i o u s  for the  s u b - s u m s  W (~) 

b e c a u s e  all  t h e  s y m m e t r i e s  of  the  crys ta l  also a p p l y  

to  t h e  sub- la t t i ce .  For  e x a m p l e ,  i f  the  crysta l  possesses  

a p l a n e  of s y m m e t r y  n o r m a l  to  t h e  Z - a x i s  i t  is ap-  

parent ,  b y  in spec t ion ,  t h a t  t h e  s u b - s u m s  D (~), E (~), 

F(~) ,  G(~), Nq~), 0(~) ,  a n d  P ( ~ )  are zero.  The  sub-  

s u m s  W (~o c a n n o t  be  dea l t  w i t h  s u c h  d i spa tch .  In  

order t h a t  use  can  be m a d e  of s y m m e t r y  t h e  p o i n t  

(x~, yg, z~) m u s t  l ie  on  a p l a n e  of s y m m e t r y ,  on an  

ax i s  of  ro ta t ion ,  or on an  i n v e r s i o n  p o i n t  of t h e  sub-  

l a t t i ce  s. 

A P P E N D I X  I 

D e f i n i t i o n  o f  2 2  f u n d a m e n t a l  l a t t i c e  s u m s  

( e q u a t i o n  ( 4 ) )  

m 

A = 9 / ' . ~  .~ r~ 6 cos ~ 0 ~  9/" ~ ~ ~ ~-1o 
-~- ~ r l ' r l  

k=i  l k = l  l 

m 

B - 6 / ' ~  ~ r~ 6 cos 2 0 ~  6 / ' 3 '  e - s  
= = - -  ~ Z k l r k l  

k - - 1  l k = l  l 

m 

k = l  l 

m 

D = 36/'._Y _.Y r~ ~ cos a 0e~ sin 0e~ cos q)~ 
k = l l  

- 3 6 / ' ~  3 --10 
- -  ~ X k l Z k l r k l  

k=l  l 
m 

E = 3 6 / ' . ~  ~ r~ 6 cos 3 0 ~  s in 0 ~  s in ~ 
k = l  l 

- 3 6 / ' ~  ~ -~o 
- -  y k l Z k l ? ' k l  

k = l  l 

F = - 1 2 / ' ~  .~  r~ 6 cos 0 ~  s in 0e~ cos q)~ 
k = l  l 

m 

- 1 2 F . ~ ,  ~ x ~ z ~ r ~  s 
k = l  1 

G = - 1 2 / ' . ~  .2~ r~ ~ cos 0 ~  sin 0 ~  s in q~e~ 
k = l  I 

m 

= -- 1 2 F . ~  ~ y ~ z ~ r - ~  s 
k = l  l 

H = 5 4 / - ' . ~  ~ '  r~ ~ cos e 0e~ sin e 0 ~  cos ~ q)e~ 
k = l  l 

m 

- -  5 4 F ~  ~ ~2 ~2 ~ - ~ o  

- -  ,~ k U . k l  ~ k l  
1 ¢ = 1 l  

I = 1 0 8 / ' . ~  ..~ r~ ~ cos e 0 ~  s in e 0 ~  cos ~ s in q)~ 
k = l  l 

m 

1 0 8 / ' . X  ~ e - l o  = x ~ y ~ z ~ r ~  

k = l  l 

m 

J = 54/ ' .~7  ~ r~ ~ cos ~ 0~z s in  e 0 ~  s in e q ~  
k----1 l 

m 
2 2 - -10  = 5 4 / ' ~ 7  ~ y ~ z ~ r ~  

k = l l  
m 

K = - 6 F ~  ~ r~ 6 s in ~ 0 ~  cos e ~ 
k=l  l 

m 

= - 6 / ' f l Z . ~ '  ~ - s  
X k l ~ ' k l  

k = l l  
m 

L = - 1 2 / ' ~  . ~  r~} ~ s in e 0 ~  cos q ~  sin q ~  
k = l  l 

m 

= - 12/ ' .~7 ~ x ~ y ~ z r ~  s 

k = l  l 

M = - 6 F . ~  ~ '  r~ ~ s in e 0e~ sin ~ ~ 
k = l  l 

- - 6 / ' ~  ~." ~ .-s 
- Y~d~ 

m 

N = 36/'.~Y .~' r~ 6 cos 0e~ s in  ~ 0e~ cos ~ ~ 
k = l  l 

- 36/'~, . ,Y" a ~ - I o  
- -  X k l Z k l . k l  

k = l  1 
m 

0 = 108/'._Y ~ r~ ~ cos 0~z s in  ~ 0~a cos e q0e~ s in ~ 
k = l  l 

m 
2 - - 1 0  = 108/" ~ ~ x ~ y ~ z k ~ r ~  

k = l  l 

P = 1 0 8 / ' . ~ . ~  r~ ~ cos 0 ~  s in ~ 0 ~  cos q)e~ s in e ~@~ 
k = l  I 

m 

1 0 8 / ' Z  ~ ~" - l o  = ~ x k ~ y ~ z ~ r ~  
k = l  l 

Tn 

Q = 3 6 / ' . X  Z r~ 6 cos 0~z s in a 0k~ sin a q~z 
k = l  l 

- 3 6 / ' ~ Z  ~ a -  . -ao 
- -  ",qkl  ~ k l  7 k l  

k = l  l 
m m 

R = 9 _ F ~  ~v r~}6 s in k 0 ~  cos 4 qokz = 9 / ' ~ "  ~" x~lr~ 1° 
~ = l  I k = l  l 

m 

S = 3 6 F ~ 7  . ~  r~ 6 s in 4 0k~ cos 3 q~k~ sin q~z 
k = l  l 

7n 

~k l ,~ t  k l  ~ k l  
k = l  l 

m 

T = 54/-'.~' .~Y r~ 6 s in  k 0el cos e g)kz s in e q)kz 
k = l  l 

m 

- 54/" ~ ~ .~e o e ~-1o 
- -  ~ l~l ~t k l  ~ k l  

k = l  l 

U = 3 6 / ' . ~  .~Y r~ 6 s in k 0k~ cos ~0~l s in a q)~l 
b=l  l 

m 

- 3 6 F  ~7 . ~  ~ ~ a ~-1o 
- -  " ~ k l  Y k l  " k l  

k = l  l 

m 

V = 9 / ' . ~  Z r~ 6 s in k 0~z s in k ~ = 9 F Z  ~ y~r-~ 1° 
k = l  l k = l  l 

A P P E N D I X  II 

7 r e l a t i o n s  b e t w e e n  f u n d a m e n t a l  l a t t i c e  s u m s  

K = - B - 6 C - M  

H = 2 7 C - 3 A - 3 R + 3 V + 9 M  

T = 2 7 C + 9 B + 3 A - 3 R - 3 V  
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aoo 

ao2 

ao6 

a~.o 

a~.6 

a2s 

aao 
aa~ 

644 

661 

663 

665 

a81 

as5 

687 

P = - 9 F - 3 D - 3 N  

0 = - 9 G - 3 E - 3 Q  

I = - 9 L - 3 S - 3 U  

J = - 2 7 C - 9 B - 3 A + 3 R - 3 V - 9 M  

A P P E N D I X  I I I  

15 n o n - z e r o  F o u r i e r  coeff ic ients  in  e q u a t i o n  (5) 

expressed by fundamental  lattice s u m s  

= (7B/64)+ (9A/64)+ (49C/64) 

= ( 1 5 C / 8 ) + ( S B / 1 6 ) - ( 3 R / 1 6 ) + ( 3 V / 1 6 ) + ( 5 M / 8 )  

= - ( 5 L / 1 6 ) -  (3S /32) -  (3U/32) 

= ( 5 A / 1 6 ) + ( 3 B / 1 6 ) - ( 3 C / 1 6 )  

= - ( L / 4 ) - ( S / 8 ) - ( U / 8 )  

= - ( S / 1 6 ) + ( U / 1 6 )  

= (35A/64)+ (45B/64)+ (27C/64) 

= - (27C/8)-  (9B/16) + (7R/16) -  (7 V /16 ) -  (9M/8) 

= (R/16)+ ( V / 1 6 ) - ( 2 7 C / 6 4 ) - ( 9 B / 6 4 ) - ( 3 A / 6 4 )  

= ( D / 1 6 ) - ( F / 1 6 )  

= ( N / 4 ) + ( 9 F / 1 6 ) + ( 3 D / 1 6 )  

= ( E / 1 6 ) - ( G / 1 6 )  

= (7D/32)+(9.F/32) 

= (7E/32)+(9G/32)  

= (9G/32)+(3E/32)+(Q/8)  

A P P E N D I X  IV 

Eight redundant relations between the 

% , m  (equation (5)) 

a83 = - - a 6 3 / 2  a67 = --2a87 

aos = --3a2s/4 %4 = 3aaa 

aas = --a~s/4 a~4 = --4a44 

a46 ---- - -  a~. 6 - -  a66 a~  = -- %2-- a42 

A P P E N D I X  V 

Reso lu t i on  of r e l a t i ons  in A p p e n d i x  I I I  

A = (9%0/4) + (21a2o/4)- (7a4o/4) 

B -- - (5%0/2)-  (23a~.o/6)+ (17aao/6 ) 

C = (5%0/4)-  (5a2o/12)-(a4o/12) 

D = 2%1 + 9a61 

E = 2as5 +9%5 

.F = 2as~-7a6t 

G = 2as~-7a6~ 

.L = - 8ao6-- 6a2s 

M =  8a4a- 2a4~.- 2ao~- (%0/4) - (7a~.o/12 ) + (13a4o/12) 

N = 4a63- 6asl + 9a6~ 

Q = 8 a 8 7 -  6%5 + 9a65 

R = 5aa2 + 9ao~. + 8aa4 + (9%0/4) - (15a~.o/4 ) + (9aao/4) 

S = 8%6 + 10a=s- 8a=s 

U = 8%6 + 10a~. 6 + 8aes 

V = 8a44 - 5aae - 9ao= + (9%o/4) - (15a2o/4) + ( 9aao/4 ) 

A P P E N D I X  VI 

The 15 fundamental  lattice s u m s  expressed 
by an independent set of 15 functions g(~p,  n) 

(equation (16)) 

A -- (15/4)g(0, 0 )+  (21/4)g(0, 2 )+  (7/4)g(0, 4) 

- ( 7 / 4 ) g ( ~ / 2 ,  0)-(7/2)g(7~/2,  4)+2h(~/2 ,  4) 

B = - (19/6)g(0, 0)- (23/6)g(0 ,  2 ) -  (1/2)g(0, 4) 

+(2/3)g(~/2 ,  0)+ (lO/3)g(ze/2, 4 ) - ( 4 / 3 ) h ( ~ / 2 ,  4) 

C = (5/12)g(0, 0)- (5/12)g(0 ,  2) - (1 /4)g(0 ,  4) 

+(5/6)g(~/2,  0)+ (1/6)g(~/2, 4 ) - ( 2 / 3 ) h ( ~ / 2 ,  4) 

D = 24V(2)g(~/4,  7)+ 16V(2)g(~/4, 5)+3g(g/2 ,  7) 

+2g(~/2,  5 ) -22g(0 ,  7 ) -7g(0 ,  5) 

E = -14V(2)g(x~/4, 7)-7~(2)g(xc/4, 5)+ 16g(~/2, 7) 

+ 16g(7~/2, 5 )+  14g(0, 7 )+  7g(0, 5) 

.F = -24~(2)g(xe/4, 7 ) -16~(2)g(~ /4 ,  5)+3g(g/2 ,  7) 

+2g(~/2,  5)+26g(0,  7)+9g(0,  5) 

G = 18~(2)g(~/4, 7)+9~(2)g(g/4,  5)-16g(:~/2,  7) 

-16g(g /2 ,  5 ) -18g(0 ,  7 ) -9g (0 ,  5) 

.L = 8g(z/4, 4 ) - h ( ~ / 2 ,  5 )+2h(g/2 ,  4) 

- (1/3)g(O, 4) - (7 / ]2)g(0 ,  2 ) -  (17/12)g(0, O) 

N = 24~(2)g(=/4, 7 )+  16~/(2)g(=/4, 5)+3g(:~/2, 7) 

+2g(7~/2, 5 ) -30g(0 ,  7 ) -7g (0 ,  5) 

Q = -14V(2)g(g/4  , 7)-7V(2)g(~/4 ,  5)+8g(g/2 ,  7) 

+ 16g(:~/2, 5 )+  14g(0, 7)+7g(0,  5) 

R = - 2 h ( g / 2 ,  4 )+  (1/2)g(ze/2, 4)-(3/2)g(z~/2,  O) 

+ (7/4)g(0, 4) - (15/4)g(0 ,  2 )+  (15/4)g(0, 0) 

S = -8g(7~/4, 4 ) - h ( ~ / 2 ,  5 ) - 2 h ( z / 2 ,  4 )+4h(g/2 ,  8) 

U = -8g(x~/4, 4 ) - h ( g / 2 ,  5 ) - 2 h ( ~ / 2 ,  4 ) - 4 h ( g / 2 ,  8) 

v = - 2 h ( ~ / 2 ,  4)+ (]]/2)g(~/2, 4)+ (]5/2)g(~/2, 0) 
- (13/4)g(0, 4) - (15/4)g(0 ,  2 ) -  (21/4)g(0, 0) 
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