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Abstract
This paper summarizes and critiques the empirical

research of the 1970s and 1980s on programs for
mathematically gifted students. Much research has shown
that accelerating the mathematics curriculum provides a
very good program for precocious students. Organiza-
tional plans that place mathematically gifted students
together for mathematics instruction also offer opportu-
nities for these students to perform well. Although
technology-based instruction also appears to provide an
efficacious way of providing instruction for mathemati-
cally gifted elementary students, this method should be
examined further with older students and in long-term
studies. Research with enriched curricula and non-com-
puter-based instruction provided inconclusive evidence of
efficacy for mathematically gifted students.

In an earlier review, Sowell, Bergwall, Zeigler, and Cartwright
(1990) examined the literature that describes and identifies

mathematically gifted students. Based on the information avail-
able, they pointed out that no single definition of mathematical
giftedness exists. The literature suggested that mathematically
gifted students could be thought of as those who are preco-
cious or those who engage in qualitatively different mathemati-
cal thinking.

This paper continues the review of empirical research, largely
from the 70s and 80s, on instructional and organizational
programs for mathematically gifted, talented, precocious, ac-
celerated, or high-ability students. Included are all of the known
reports of planned studies that provided information about
both the purpose of a program and the results of its use with

mathematically gifted students.
This review is especially pertinent given the curriculum re-

forms initiated by the National Council of Teachers of Math-
ematics (NCTM). In 1989 the NCTM published Curriculum
and Eualuation .Standards for School Mathematics, which
calls for better mathematical performance by all K-12 students
than in the past. especially in problem solving, communications,
reasoning, and mathematical connections. Standards assumes
a common curriculum for students in grades K-8 but recom-
mends a differentiated program for high school students. As
envisioned in Stondords. students in grades 9-12 would study a
core mathematics program that would be enriched for college-
bound and capable students. E~:ceptionally talented students
would continue into college-level work. Standards warns that

&dquo;we [the NCTM] strongly recommend against acceleration tl
either omits content identified in these standards or advanc
students through it superficially&dquo; (NCTM, 1989, p. 124).

Purposes and Variables
Careful study of the reports located for this review shot

three major purposes for research on programs for mat
ematically gifted students. The studies were conducted in ord
to evaluate (a) the effects of accelerating and or enrichii
mathematics curricula, (b) methods of instruction, and (c) ore g
nizational plans. In addition to the purpose of the study, tl
author gathered additional information about the grade lev(
of the students involved, the duration of the program, wheth
the program was school-based, descriptions of the activities
treatment and comparison groups, and results.

Because the author’s interest is in programs that can be us<

profitably with mathematically gifted students during the scho
year, it is important to know the degree to which the resean
studies examined programs that were tried in schools. Studi
were designated as school based if the mathematics taught
students as part of the research project was their comple
mathematics curriculum for the school year. For this review

programs requiring additional mathematics (e. g., beyond tt

regular mathematics curriculum) or programs offered in sur
mer were considered non-school-based programs.
About half the reports described treatment activities for

single group of participants. The remainder had one or mo
comparison groups, designated either as an alternative trea
ment or as a control group. Alternative treatment groups we
those with students who were drawn from the same populati<
as the treatment group and the participants received an altern
tive specialized treatment, for example, linear teaching strate(
or spiral teaching strategy. Control groups were study parti(
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pants who did not receive specialized treatments and were used

simply for comparison. If control groups represented the same

population as their respective treatment group(s), the controls
were designated as an equivalent group (E). Controls with stu-
dents from populations other than those of their treatment

group(s) were designated as nonequivalent groups (N). As is true
in other research, studies having equivalent comparison groups
are usually subject to fewer validity threats than those with

nonequivalent groups (Campbell & Stanley, 1966).
Results of studies about both cognitive and affective vari-

ables were also gathered. Studies having only one treatment
group typically reported pre- and posttreatment results, whereas
those with comparison groups provided comparative informa-
tion from the groups.

Organization of Review
This review is organized according to the major purposes of

research on programs for mathematically gifted students. Sec-
tions include studies involving acceleration and enrichment

programs, studies involving instructional methods, and studies
involving organizational plans. Within each major section are
the findings from research followed by a discussion. The final

major section provides conclusions and recommendations based
on these reviews.

Studies Involving Acceleration and
Enrichment Programs

This section presents results from 22 studies in which accel-

eration and/or enrichment of the curriculum for mathematically
gifted students was the primary focus. Fourteen studies evalu-
ated accelerating the curriculum: 5 studies, enriching the cur-
riculum; and 3 studies, combining acceleration and enrichment.

Acceleration programs
The studies that featured accelerating the curriculunr for

mathematically gifted students showed consistently that math-
ematically gifted students can leam mathematics very well and
much more qLiicld~7 than the regular mathematics curriculum
allows (Bartkovich ~ Mezunski. 1981 (two studies); Bodine.
Ross. & Gill, 1952; Brody & Fox, 1980; Collins. 1986~ Croll,
1985: Fox, 1974, 1976; George ~ Denham, 1976: House.
1981; Mezynski, Stanley McCoart, 1983; Stanley, 1976
(two studies). 1985; Stc1l11ey & McGl1. 1986). Most of these

projects grew out of the Study for Mathematically Precocious
Youth (SMPY) program. originated by Jualian C. Stanley at
Johns Hopkins University in the early 70s. Stanley and his

associates showed that fast-paced programs featuring diagnos-
tic testing follokk,(-,(i by prescriptive teaching enabled both males
and females to move through the mathematics curriculum

quickly. Follo~k7-tfiioti(iti studies showed that 24 of 25 educa-

tionally accelerated students who began college earlier than
usual also received degrees Ot this group. 4 received
master’s dcgrccs simultc1llCollsly with their baccalaureate

(Stanley. 1985: St,itil(2~i a McCilL 1 ’)Kh)

Of the 14 acceleration studies, 12 involved seventh- and

eighth-grade students, and 2 studies involved students in grades
8-12 (Stanley, 1976 [study 2]: Stanley, 1985: Stanley & McGill,

1986). Four acceleration studies were school based, 8 were
not school based, and 2 were mixed. The mixed studies ran

partly in summer and partly during the school year (Bodine et
al., 1982: George & Denham, 1976). None of these accelera-
tion studies used a comparison group because the researchers
wanted to assist all of the mathematically gifted students they
could locate without the restrictions that experimental design
requires (Stanley & Benbow. 1986).

Using tutorials. summer classes, and other nonconventional
approaches, Stanley and his colleagues produced dramatic
changes in achievement when mathematically gifted students
were offered opportunities to learn at a faster-than-usual pace.
For example, Croll (1985) showed that students, mostly sev-
enth graders, learned in 40 hours the mathematics content
that usually takes 270 hours. Only one finding contradicted
this set of very positive results. Brody (1985) found that accel-
erated mathematics coursework in a summer program had

little or no effect on scores from the Scholastic Aptitude Test
for Mathematics of seventh graders.
Enrichment programs

Table 1 provides information about five studies involving
enrichment programs for mathematically gifted students. The
studies are arranged in alphabetical order of the authors’ names
with additional information about the grade levels, duration of
the treatment, designation as school based (Y for yes, N for
no), descriptions of the activities of the treatment and control
groups, and the results.

As shown in Table 1, treatments varied in the five studies

and so did results. Treatment groups in the Koukeyan (1977)
(fourth graders only) and Weaver (1987) studies performed
better on cognitive measures than their respective control

groups. By comparison, treatment groups in Gratz and Pulley
(1984), Koukeyan (1977) (grades 5-6). and Morningstar (1983)
did not perform differently as a result of treatment. On affec-
tive measures the treatment groups in Gratz and Pulley (1984),
Koukeyan (1977) (fourth graders only), and Wagner and
Zimmerman (1986) showed positive results, but treatment

groups of fifth and sixth graders in Koukeyan’s study and
Morningstar’s s (1983) high school students did not show results
different from those of the control groups.

Acceleration and enrichment programs
Three studies, none of which used a comparison group,

tested a combination of accelerating and enriching the curricu-
lum for mathematically gifted students. Moore and Wood (1988)
found that third- through seventh-grade students who reasoned
well according to their test scores could learn mathematics
more quickly than they would have in the regular graded school
curriculum, In addition to acceleration, the program also con-

tained a variety and depth of topics not usually available to
elementary school students. Four of 17 students completed the
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arithmetic curriculum by the end of the first year of the pro-
gram. By the end of the second year, all students had made

progress in mathematics achievement, study habits, time man-
agement skills, self-esteem, and self-confidence.

In a year-long program. Muller (1985) also found that sev-
enth graders homogeneously grouped in an acceleration-en-
richment program made significant increases in achievement
and had positive attitudes toward mathematics. Lunny’s (1983)
3-year study of mathematically talented eighth graders showed
these students able to move through the high school math-
ematics sequence more quickly than the usual program al-
lowed. In addition to their regular mathematics coursework
during the school year, students took a weekly 2-hour class in
the evening. During their fourth year of high school they were
able to take calculus at the local community college.
Discussion of acceleration and/or enrichment studies
The three acceleration-enrichment studies bear a close re-

semblance to the SMPY studies because each used a fast-

paced program along with additional mathematics. Because
the design and the outcomes were similar to SMPY outcomes,
these studies are discussed as part of the acceleration group.

Stanley and Benbow (1986) provided a rationale for accel-
eration of mathematically gifted students that is quite compel-
ling. In all their studies mathematically gifted is synonymous
with precocious. Students in their research were known to
reason well because each had to score high on the Scholastic
Aptitude Test in Mathematics in order to participate in the
programs. Therefore, when the researchers stated that the
pacing of educational programs must be responsive to the
capacities and knowledge of individual students, they had in
mind students with the particular capability of reasoning well in
mathematics. Stanley and his associates considered and dis-
carded the idea of educational enrichment and chose instead
to adapt existing curricula to the needs of younger students.

Accounts of these studies are too brief to determine the
extent to which the curricula conform to each NCTM standard.
However, all the acceleration and acceleration-enrichment stud-
ies with upper elementary through eighth grade (N = 13)
showed that gifted students could learn mathematics more
quickly than the regular curriculum allowed whether they were
school- or non-school-based programs. Given these successes,
it is highly doubtful that the mathematical capabilities of stu-

Table 1
Studies Involving Enrichment of Mathematics Curricula
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dents such as these would be served well by curricula conform-

ing to the NCTM Standards where the differentiated curricu-
lum is intended oaly for high school students.
Whereas the meaning of ac:celeration as used by researchers

is clear, the meaning of enrichment as used here is ambiguous.
Koukeyan’s reference to a vertical-horizontal program with

objectives both on and above grade level, though it lacks speci-
ficity, approaches an operational definition. However, the re-
maining four studies do not explain clearly what is meant by
enrichment. This term appears to mean anything extra that is
part of the curriculum, for example, more freedom than in

regular classrooms to explore concepts and pursue individual
interests (Gratz & Pulley, 1984) and informal mathematics as an
open process of thought (Wagner & Zimmerman, 1986). Be-
cause the treatments appear to share no common characteris-

tics, attempting to generalize about the results is meaningless.

Studies Involving Instructional Methods
In this section 11 studies are reviewed that sought informa-

tion about the effects of instructional methods for mathemati-

cally gifted students. Seven studies, with primarily elementary
school students. made extensive use of microcomputers and
are reviewed as a group. Tile remaining 4 studies with high
school students used a variety of teaching methods.

Computer-assisted instructional (CAI) programs
In five studies researchers found that computers assisted math-

ematically gifted students in learning problem-solving skills

(Hersberger, 1983; Hersberger & Talsma. 1985: Hersberger
& Wheatley, 1989 (two studies); Robinson & Stanley, 1989).
In both long-term studies lastiii~l a school year or more, treat-
ment groups outperformed equivalent control groups of stu-
dents (Hersberger, 1983; Robinson & Stanley, 1989).

Although results from the previous studies indicated advan-
tages for CAI, results from other studies of CAI with gifted
students were equivocal_ Kanevsky (1985) compared two groups
using CAI in combination with cooperative-competitive goal
structures with a traditional group using flashcard drills. All

three groups improved in mathematics achievement, but there
were no significant differences among the groups. Steele.

Battista, and Krockover (1982) compared students using com-
puter-assisted drill and practice with those using individualized
drill and practice without computers and found no significant
differences. Table 2 (p. 130) presents summary information
about each CAI study.
Non-computer-assisted instructional programs

Short-tertn studies of mathematically gifted high school stu-
dents showed that special instructional treatments produced
positive results in most cases. When an inductive teaching
strategy was compared to a deductive teaching strategy for
building models, both groups improved following instruction
and the deductive strategy produced better results (Bailey, 1982).
Two investigators studied the effects of altering instructional

methods for teaching problem solving. Fowler (1978) found that

a linear teaching strategy produced better results than a spiral
teaching strategy, and Hall (1976) found that both situational
heuristics and planning heuristics training allowed students to
perform better than an equivalent control group on situational
and well-defined taroblems. However, Cunningham (1984) found
that self-instructional training did not produce significant differ-
ences between a treatment group and a nonequivalent control
group in reflectivity or mathematics achievement. Summary
information about these studies is shown in Table 3 (p. 131).
Discussion of studies of instructional methods

Hersberger’s (1983) and Robinson and Stanley’s (1989) find-
ings strongly suggest that mathematically gifted students using
technology-based instructional methods perform well on prob-
lem-solving tasks. These results contradict those of Steele et al.
(1982) and Kanevsky (1985) and probably reflect the content
taught rather than the instructional method employed. Whereas
the first set of researchers sought to have students learn con-
tent that is conceptually challenging (problem solving), the

second group of researchers taught routine content (drill and
practice).
The research on instructional methods without computers,

although yielding some positive results, was short-term. Each
of the four high school studies was dissertation research, of
which three projects were not school-based. The brevity of
instruction is unusual, particularly since three studies (Bailey,
t9S2- Fowler. 1978; Hall, 1976) considered problem solving
as the content focus. These studies were of such short duration
that generalization of their results is not plausible.

Studies Involving Organizational Plans
The seven studies that evaluated different organizational plans

for mathematically gifted students are described in Table 4

(p. 132). Regardless of the organizational plan used, students
in treatment groups outperformed students in either equivalent
or nonequlvalent control groups on achievement tests (Griffin,
1984, Hepp, 1979: Parke, 1983).

In three of the four studies without control groups, students
in the treatment groups did better on tests than comparable
groups of mathematically gifted students receiving a second
treatment (DeComo. 1979: Peters, 1980: Still, 1981). Only
the Flores (1980) study produced results that differed from this
pattern. His study found that mathematically gifted students in
a special purpose school did not differ significantly in achieve-
ment from those in a regular school. However, students in the
regular school had more positive attitudes toward school than
those in the special purpose school.

Discussion of studies of organizational plans
All the studies in this section were relatively long-term with six

of the seven operating a school- year or longer. That six of the
seven studies were also school based makes the findings even
more convincing. Typically, gifted students in one treatment group
experienced fewer opportunities for interacting with other gifted
students than did the other treatment group. for example, a part-
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time gifted program versus a full-time program, heterogeneously
grouped students versus homogeneously grouped students, and
so forth. This suggests that the preferred organizational plan may
be one in which mathematically gifted students have ample op-
portunities to associate with their peers. Gifted students typically
find mutually rewarding exchanges with other gifted students
(Brounstein, Holahan. & Sawyer. 1988: Janos, 1986).

Conclusions and Recommendations
This review was conducted to examine information about

programs for mathematically gifted students who are preco-
cious as well as those who engage in qualitatively different
thinking. The Johns Hopkins SMPY researchers have shown
that accelerating the mathematics curriculum is a good plan for
precocious students who reason well, whether in school- or
non-school-based programs. For students who may be gifted
because they do qualitatively different mathematical thinking.
there is no evidence concerning the efficacy of acceleration.
and indeed such evidence might be suspect if it existed.
A common theme apparent in the accounts of the SMPY

projects is the notion that precocious students enjoy working
alongside others who are precocious: the fast pace appears to
be invigorating. therefore, it seems possible that the successes
of certain organizational p(ans may be due to the degree to
which mathematically gifted students are allowed to work and
socialize together. Situations in which students spend greater
amounts of time together appear to be conducive to greater
achievement and more positive attitudes than situations in

which tirne with peers is limited.

Given the paucity of studies and the lack of a clear definition
of enrichment in those that were reviewed, it is impossible to
draw conclusions about the efficiency of enrichment programs
for mathematically gifted students. Again, however, it is impor-
tant to keep in mind which meaning of gifted is used. Long-
term school-based studies should be designed that describe
clearly what is meant by enrichment both for mathematically
precocious students and for students who do qualitatively dif-
ferent mathematica) thinking. Only then can enrichment be
evaluated satisfactorily.

This review has produced evidence that technology-based
instruction is valuable for mathematical gifted students in

elementary school for probk>in solving. What is needed is an
extension of this line of research to junior and senior high
schooL The push for problem solving in the NCTM Standards
(1989) and increased availabilit of technology should make
this a priority among researchers in gifted education.

Regardless of thc readers preferred definition of mathemati-
cal giftedness, the evidence is substantial that alternative
mathenli1lical programs should be provided for these students.
To subject bright students to the regular program as their only
opportunity.’ in mathematics is to shoitcliange them and our
society. We must find ways to increase their possibilities for
learning mathematics.

Author’s Note
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