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INTRODUCTION 

Nearly all of the proposals for expressing numerically the t ransmit t ing 

ability of a dairy sire are special forms of the general equation : 

I = a + c  ( X - b Y )  (1) 

W h e r e  I = the index or measure used for  comparing one sire with another.  

a = a constant  which br ings  the average of the whole group of indexes to the 

desired level but  does not  alter the difference between any two sires. 

e = a constant  which can be used to expand or contract  the variabi l i ty  of I wi thout  

changing any correlation between it and other variables. 

X = the average record of the daughters  of the sire. 

¥ = the average record of the dams of those daughters .  

b = a constant  which determines the relatL'e emphasis  on ¥ as conlpared with X. 

When only the average of the daughters is used as the proof of a sire, 

equation (1) becomes: I = X ; i . e . ,  a and b are 'each zero while e is 1.0. At  

the other extreme when the sire proof is considered to be simply the increase 

or decrease of his daughters over their dams, a is zero but b and c are each 

1.0, whence I = X -  Y. The most widely used sire index (known by various 

names, such as intermediate, equal-parent, luodified Mount Hope, etc.) sets 

a equal to zero but b to 0.5 and c to 2.0; i .e . ,  I = 2 ( X - 0 . 5 Y ) .  The recent 

proposal 1 by V. A. Rice of a " N E W "  index is simply to let c = 1.0, b = 0.5, 

and a = b times the breed average; whence I = 0.5 (breed average)+ X -  0.5Y. 

Turner  long ago (page 24 in Missouri Research Bulletin 79 in 1925) pro- 

~50 100 These posed to let I = ( X -  0.15Y) ; i . e . ,  a = zero, b = 0.15, and c = 85 " 

examples show what diverse kinds of indexes are all included as special cases 

of equation (1). 

The real accuracy of an index is measured by its correlation with the true 

transmit t ing ability (G) of the sire for which it is computed. The amount  

of improvement made in the offspring by selecting bulls with equal intensity, 

but according to Ii, to I2, . . . or to I,, is strictly in proport ion to r ~ ,  ra~, 

• . . or rG~,,. The size of b affects rm but a and c do not. 

The object of the present paper  is to show what value of b will make rG~ 

as large as is possible for any index of the type described by equation (1). 

Also some related problems of using an index are discussed. These ideas 
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a n d  f ind ings  arose  l a r g e l y  as a r e s u l t  of  d i scuss ions  wi th  P r o f e s s o r  V. A.  Rice  

abou t  his  " N E W "  index.  H e l p f u l  sugges t ions  f r o m  h im a n d  the  use of his  

d a t a  fo r  r e f e r ence  a re  g r a t e f u l l y  acknowledged ,  b u t  he is no t  to be he ld  

r e spons ib l e  for  the  conclus ions  or  i n t e r p r e t a t i o n s  in  the  p r e s e n t  a r t i c le .  

PREDICTING G FRO]YI Y AND X 

P e r h a p s  the  s imp le s t  d e r i v a t i o n  of (1)  is the  o r d i n a r y  m u l t i p l e  r eg res -  

s ion equa t ion  fo r  p r e d i c t i n g  G f rom Y a n d  X.  The  p a t h  coefficient d i a g r a m  

fo r  tha t ,  a n d  the  p e r t i n e n t  f o r m u l a s  fo r  the  bes t  poss ib le  p r e d i c t i o n  of  G 

f r o m  X a n d  Y jo in t l y ,  a re  shown on the  l e f t  in  f igure  1. 

I " 0 '~ c ( X - b Y )  

- y ' ~ .  b'~;- ,bCovo, io~oXY 

G 

- To,r,, 
x , ~ _  • x "  C~, 

Y , - C  

• ~ * c X  - b c Y  

"X~  TZ@ i| 1o ~ dlffer~ated v~lh 
b -  . ~ .  ~ x T ~ -  T~ - ~  ~ b ,o ,~d ,,ho, ,~ .  

O~ TGX - TGYTXy of b ,....,,o~,. Txo mexmwn. 
When IM! value of b is uled: 

OXX _ _ _  J ~ "  Z TGXT@ yTX~ T~y 
.~°~ .~ -T~  . T~ . . . . .  ,:~To~ V ; __ ;~ .  

FIG. 1. Biometric relations between daughter average (X), average of mates (Y)~ 
and breeding value (G) of sire. Left:  Predicting G from X and Y. l~ight: Correlation 
between G and any index (I) which is the sum or difference of any multiple of X and any 
multiple of ¥ with or without the addition or subtraction of any constant. 

Cx 
I f  roy is zero, the  f o r m u l a  fo r  b s impl i f ies  g r e a t l y  to : r x y - - ,  . . . , ,i.e., to 

~Y 

Cova r i ance  X Y  
T h a t  is, the  o p t i m u m  va lue  of b is the  r eg res s ion  of X on 

V a r i a n c e  Y 

¥ ,  as  Rice  ma in t a in s .  I f  roy is a smal l  pos i t ive ,  the  o p t i m u m  va lue  of b wi l l  

be somewha t  less, as  is shown more  c l ea r l y  b y  r e w r i t i n g  the  f o r m u l a  fo r  b 

( f igure  1) as fol lows : 

_[ b = ox rxy 
oy r~x - r a v r x y  J 

The  l a s t  t e r m  wi th in  the  b r a c k e t s  goes to zero when  ray  does b u t  m u s t  have  
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a positive value when ray does, since rQx is pract ica l ly  cer ta in  to be con- 

siderably larger  than  ro~. 

The rQx will be positive and  of considerable size because each daughter  

gets half  of her G as a sample half  of her s i re 's  G. Each daugh te r ' s  record 

(O) is pa r t l y  determined by  her  own G. Many  of the other factors  which 

can make her record large or small will be r andom f rom one daughter  to 

another  and  hence will tend  to cancel each other in the average (X)  of 

several daughters.  The relat ion between rGx and reo is as follows: 

,/ ° rex = reo l + ( n - 1 ) w  

where there are n daughters  and the correlat ion between the records of 

pa terna l  sisters is w. In  most da i ry  data  collected f rom m a n y  different 

herds but  analyzed as a single population, w is around 0.2 to 0.3, much of 

this coming f rom environmental  differences between herds, al though w also 

includes r2eo. Hence in most data  used for  proving dai ry  sires rex will be 

something like 1.5 to 2.0 times as large as reo. t~easonable values for reo 

(approximate ly  half  the square root of the her i tabi l i ty  of differences between 

individual  cows) in most da i ry  data  are a round 0.2 to 0.3 for  quant i ty  of 

milk or f a t  and around 0.3 to 0.4 for  test. 

Fo r  ray to have a positive value requires tha t  there be a general  tendency 

for  the breeders who a l ready have high producing  cows to t r y  harder  than  

average, and for  the breeders who have cows with low records not to t ry  as 

hard, to get good bulls to mate  with them. Fur ther ,  such a difference in 

efforts would produce a positive rely only to the extent  that  the breeders esti- 

mate correct ly the breeding values of the bulls at the time of choosing. Pre- 

smnably there is some difference of this k ind in the efforts made but  this 

gives re¥ only a very  small positive value because the correlat ion between 

the real t ransmi t t ing  abili ty of an unt r ied  young bull and the purchase r ' s  

estimate of tha t  f rom the bul l ' s  pedigree, or f rom other informat ion available 

when the bull is first pu t  to work, is general ly small. We shall not be f a r  

wrong if we proceed on the assumption tha t  rex is nmch larger  than re¥ 

al though the la t ter  may  not be quite as low as zero. 

How a positive correlation between G and Y could lower the proper  

value of b is readi ly  unders tandable  when one reflects tha t  if those breeders 

whose herd averages are a l ready high do general ly  succeed in buying young 

bulls with bet ter- than-average breeding value, then a man seeking to find the 

best young bulls will have some degree of success if he does nothing but  

choose the bulls being used in herds which a l ready had bet ter- than-average 

product ion at the time those bulls were introduced. This is the line of 

thought  we follow when we sometimes infer  tha t  a young bull  bought  for  use 

in a high-producing herd is p robably  an exceptionally good bull or he would 

not have been selected for  use in that  herd. (Of course we are often wrong 

in such an inference, but  there may  well be a gambler ' s  marg in  in favor  of 
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it.) Under  such conditions Y becomes a positive indicator  of G in its own 

r ight  and not merely a negative indicator,  useful  for  discounting the effects 

of environmental  differences f rom herd to herd and the effects which genetic 

differences between groups  of mates have on the records of their  daughters ,  

which is its usefulness when ray is zero. 

M A X I M I Z I N G  T I l E  C O R R E L A T I O N  B E T W E E N  I AND G 

The op t imum value of b can also be found, by sett ing up  the equation for  

rGi as indicated on the r ight  side of figure 1, differentiat ing it with respect  

to b, and  then finding what  value of b will nlake that  differential equaI to 

zero. Tha t  value of b turns  out to be the same as is shown on the lef t  side of 

figure 1, as of course it should be. The two ways of finding the op t imum 

value of b are the same in principle. 

A C T U A L  V A L U E S  F O U N D  FOR b 

The values found by Rice for  the regression of X on Y for  milk in seven 

sets of data  ranged only f rom 0.49 to 0.70 with an unweighted average of 

0.60. Fo r  fa t  test the same sets of data  yielded values ranging  f rom 0.45 to 

0.69 with an average of 0.55. Using 0.5 for  b in dairy  data will be near ly  

correct, especially if r a y  has some small positive value. On page 33 of tile 

repor t  of the New Zealand Dai ry  Board  for  1943 a table of expectat ions for  

fa t  product ion indicates that  the regression of X on Y (tile proper  value of 

b if  ray is zero) in those data  is about  0.58 to 0.62. This table is based on 

20,150 daughter -dam pairs  which were used in proving 1395 sires. Paren-  

thetically it may  be noted that,  since the observed regressions are a little 

larger  than  0.5, the daughter -dam difference seems just  a shade more accu- 

rate  as a sire index than the daughter  average alone. 

GAIN FROM CONSIDERING T I I E  RECORDS OF T I I E  MATES 

The amount  of improvement  made in the next  generat ion by selecting on 

the basis of I is ro~ times the improvement  to be made by selecting (with the 
rGX 

1 
same intensity) for  X alone. I f  roy is zero, this factor  reduces to V / 1 -  r~xy 

which in Rice 's  data  has values ranging  f rom 1.14 to 1.27, with an un- 

weighted average of 1.21 for  milk, and f rom 1.12 to 1.26 with an unweighted 

average of 1.18 for test. Making some rough allowance for  roy having a 

snmll positive value and for  the fact  tha t  in actual  pract ice the value used 

for  b will not always be the exact op t imum value for  that  par t icu lar  set of 

data, the use of I would make improvement  fronl sire selection something 

like 12 to 20 per  cent fas ter  than if X were used alone. Thus the gain f rom 

using proper ly  the records of the mates  along with the records of the 

daughters  when proving a sire is not ext remely large in da i ry  data, a l though 

it cer ta inly  is real. 
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I t  is sometimes argued that the gain from including the mates is not 

enough to balance tt~e loss from excluding those daughters which are out of 

untested dams. For  this to be true would require that there be few daughters 

out of tested dams, that  there be many out of untested dams, and that the 

correlation between the records of daughters of tile same bull be low. I f  this 

latter correlation is as low as 0.24 and bulls are selected on the records of 

their daughters alone, progress will be 11 per cent faster when they have 

ten daughters than when they have five ; if the correlation between daughters 

is + 0.30, the corresponding gain will be 9 per cent instead of 11, while with 

a correlation of + 0.36 it will be increased only 7 per cent, and with a correla- 

tion of + 0.42 it will be increased only 6 per cent. The abov~ correlations 

are about what exist between paternal sisters in various aspects of Rice's 

data on Ayrshires and tIolsteins. Therefore the loss from omitting entirely 

the daughters from untested cows would rarely equal the gain to be had by 

considering Y properly, even if that  required omitting half the daughters. 

lV[oreover, where the record of a mate is missing, one could substitute almost 

as well in the index the average of the other nmtes or (better still) the aver- 

age of that daughter ' s  contemporary herd mates who are not by tile same 

sire. With the spread of herd testing, as contrasted with testing only selected 

individuals, the proportion of daughters who are out of untested dams be- 

comes ever smaller, more of the mates having been tested themselves as 

daughters in the proving of some earlier sire. 

I t  thus appears that  almost the only cost of getting the extra 12 to 20 

per cent of progress to be had by including the records of the nmtes is the 

clerical cost of asselnbling and computing their r(~cor(ts. 

CAUSES OF T I I E  CORRELATION B E T W E E N  X AND Y 

The correlation between the records of individual daughter  and dam has 

generally been reported as of the order of + 0.3 to + 0.4 in most studies of 

data collected from many different farms but analyzed as a single popula- 

tion. Why  such a correlation will usually be different from the rxy which 

describes the data as they actually are grouped ill the proving of sires is 

explained as follows. Figure  2 shows, in terms of path coefficients, how rxv 

is constituted. The letters have the following meanings:  

O = t h e  r e c o r d  o f  a d a u g h t e r .  

D = t h e  r e c o r d  o f  a m a t e .  

r =  the  c o r r e l a t i o n  b e t w e e n  t h e  r e c o r d  o f  a d a u g h t e r  a n d  t h e  r e c o r d  o f  h e r  o w n  d a m .  

v = t h e  c o r r e l a t i o n  b e t w e e n  ti le r e c o r d  o f  a d a u g h t e r  a n d  t h e  r e c o r d  o f  a m a t e  o f  h e r  

s i r e  o t h e r  t h a n  h e r  o w n  d a m .  

u = t i le  c o r r e l a t i o n  b e t w e e n  t h e  r e c o r d s  o f  t w o  m a t e s  o f  t h e  s a m e  s i re .  

w = t h e  c o r r e l a t i o n  b e t w e e n  t h e  r e c o r d s  o f  t w o  d a u g h t e r s  o f  t h e  s a m e  s i re .  

In  the numerator  of rxy (formula shown in figure 2) v occurs n - 1 times 

as often as r. The denominator starts out as 1.0 when n = i but, as n becomes 
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indef in i te ly  large, this  d e n o m i n a t o r  ter~ds toward  n t imes the geometr ic  m e a n  

of u a n d  w, i.e., toward  n k / u w :  I t  seems s implest  to t h i n k  of rxY as a com- 

v 
plex average cons is t ing  rough ly  of one p a r t  r a n d  n - 1  pa r t s  ~ / uw "  Most  

of this  sh i f t  of rxy f rom r toward  a n  express ion which is m a i n l y  d o m i n a t e d  

by  v, u, and  w, is u sua l l y  accomplished by  the t ime n is as la rge  as five. The 

regress ion of X on Y is co r when  n I b u t  t ends  toward  co v . . . . .  as n becomes 
CD CD U 

indef in i te ly  large. 

Txy " n r x y +  n ( n - n )  v x y  

- v + ( n - I ) v  "*h~¢h appr~¢h. V ' - -L  - ~  ~ - - ~ -  ueE 
OI n be~nel, indefinitely lar~le. 

ReOroeslon of X any = "rxy- E • 
I+  t n - I ) U  

which Is the optimum value of b ,,, the l i ra  index whe~ TGy is zero. 

TGy "TGO ~ /  I ÷ (tin_ i) u TGX " TC, O / ~  

W ,, 1'oo 

U ,, I"oD 

T ,, T~o;To.o.'TO.On 

• v • to,o.-To, o . - ' ro~ - ' r~ ,o .  

~ . ~ n / O + l n ' l )  U 
-%/ n 

Fro. 2. Biometrie relations between X and ¥, showing how rxy IS constituted of 

r, v, u, and w, and may be very different from r. 

I n  p rov ing  da i ry  sires, n has a m i n i m u m  va lue  of five ( in  the D a i r y  

B u r e a u  p rocedure - - s ix ,  ten,  or more  in  var ious  of the r eg i s t ry  associat ion 

p rocedures ) ,  bu t  is u s u a l l y  va r iab le  in  a n y  list of p roved  sires f rom which 

rxv m a y  be calculated.  T h a t  is, sires which have been proved  on exact ly  five 

d a u g h t e r - d a m  pa i r s  wil l  be i nc luded  in  the same list  wi th  sires which have 

been  proved  on six, seven, or more pairs .  Va r i a t i ons  in  n cause rxv or b or 

vx 2 or vy 2 to sh i f t  f rom one l i m i t i n g  va lue  toward  ano the r  in  p r o p o r t i o n  to 

the changes  in  the rec iproca l  of n.  Therefore ,  the h a r m o n i c  m e a n  s of n 

2 The harmonic mean of n is the n which has a reciprocal equal to the mean of the 

reciprocals of the actual n's. 



D A M S '  RECORDS W H E N  P R O V I N G  DAIRY SIRES 943 

should  be used when  a n a l y z i n g  in to  the i r  c ons t i t ue n t  pa r t s  (r, v, u, a n d  w) 

the rxr ,  b, cx or cy computed  on a popu la t i on  of p roven  sires i n  which n was 

a var iable .  The ha rmon ic  m e a n  wilt be l ess - - somet imes  cons ide rab ly  l e s s - -  

t h a n  the a r i thme t i c  mean.  F o r  example,  the first 220 indexed  sires in  Vol- 

ume  14 of the H o l s t e i n - F r i e s i a n  Red Book had  n ' s  v a r y i n g  f r o m  6 to 83, 

a l though  for  ha l f  of them n was 12 or less. The a r i thme t i c  m e a n  was 15.2 

while the ha rmon ic  m e a n  was 11.2. F o r  the first 152 Hols te in  p roved  sires 

i n  Misc. Pub .  522 f rom the U. S. Dept .  of Agr .  the a r i t hme t i c  m e a n  was 8.77 

b u t  the ha rmon ic  m e a n  was 7.60. Here  n r a n g e d  f rom five to 35 b u t  ha l f  

the  sires were proved  on seven pa i r s  or less. A m o n g  the 73 A y r s h i r e  proved  

sires l is ted in  the same pub l i ca t ion ,  the a r i thme t i c  m e a n  was 7.40 a n d  the 

ha rmon ic  mean  was 6.88. 

I n  table  1 are shown the va lues  for  u, w, a n d  v computed  f r o m  the da ta  

Rice shows in  his tables 1 a n d  4. Because the s ta t is t ics  on X a n d  Y (Rice ' s  

TABLE 1 

The ingredients of rxr in V. A.  tlice's data on Holsteins and Ayrshires 

Milk Test 
Statistic 

Ayrshire tIolstcin Ayrshire Holstein 

r 1 0.29 0.32 0.48 0.43 
v ~ 0.26 ~ 0.18 0.12 0.18 
u ~ 0.365 0.28 0.28 0.22 
w ~ 0.475 0.28 0.28 0.36 

2 (r - v) 0.06 ~ 0.29 0.72 0.51 

1 As given by Rice. 
2 Computed from the values of rxy in Rice's table 4, substituting the values given for 

r ill his table 1 and the values computed here for u and w. 
~r ~ l+(n-l)u 

s Computed from the formula : 
OD 'z n 

' Computed from the formula: ax-~2 - 1 + (n - 1)w 
O'O 2 n 

Somewhat inflated because the data in Rice's table 4 include a considerable time 
trend. 

6 The correct figure here will be larger than this by about twice the size of the bias 
mentioned in footnote 5. 

table  4) came f rom a s l igh t ly  different  sample  of H e r d  I m p r o v e m e n t  

Reg i s t ry  da ta  t h a n  the s ta t is t ics  on 0 an d  D a nd  because in  da i r y  da ta  the 

s t a n d a r d  dev ia t ion  tends  to v a r y  wi th  the mean,  Rice ' s  observed c y  a nd  v x  
GD GO 

were multiplied by the ratio of the corresponding means before computing 

u and w. Even after this correction, the figures for u, w, and v are still 

inf la ted (as compared  wi th  r which comes whol ly  f rom Rice ' s  table  1) wher- 

ever the da ta  f rom Rice ' s  table  4 covered a longer  per iod  in  which there  was 

a m a r k e d  t ime t rend .  This  seems to have been i m p o r t a n t  on ly  for  the A y r -  

shire  milk. The da ta  conce rn ing  Ayrsh i r e s  in  table  4 were collected over a 

per iod  of 25 or 30 years,  whereas  the Hols te in  da ta  go scarcely ha l f  tha t  f a r  
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back. For Ayrshire milk the time trend was marked, since the means in 

Rice's table 1 are 7.1 per cent larger for daughters and 5.8 per cent larger 

for dams than the corresponding means in his table 4. For Ayrshire test 

and for the Holstein data the time trend was too small to have much effect 

on the present analysis, the maximum increase of any of these means in his 

table 1 over the corresponding mean in his table 4 being only 1.2 per cent. 

For computing the u, w, and v shown here in table 1, the observed harmonic 

mean of 11.2 was used for n in the Holstein data and 11.5 was used in the 

Ayrshire data. (The Ayrshire arithmetic mean actually was 13.39 but the 

distribution of n was not available for computing the harmonic mean 

directly. ) 

Causes of r, u, v, and w 

Figure 3 shows how r, u, w, and v are caused partly by differences in 

breeding value and partly by differences in environment. Environment is 

used here to include all other causes of variation in the records except differ- 

ences in the genetic value of the cows which made them. 

The meaning of the symbols is as follows : 
g~ is the  f r ac t ion  of  the  pheno typ ic  var iance  ((~o=' or (JD ~) due to addi t ive ly  genet ic  

di f ferences  between ind iv idua l  cows. 

e'-" is the  f r ac t ion  of  the  phcno typ ic  w~rianee which is no t  add i t ive ly  genet ic .  

d is the  genet ic  correla t ion b(,twcen int~tes of  "l sire. I t  has  a modera t e  pos i t ive  

value because some of the  ma t e s  are re la ted to each other  and  also because  

some breeders  t ry  ha rde r  t h a n  o thers  to breed and  select for  h igh  produc t ion .  

m is the  ave rage  gene t ic  corre la t ion  be tween the sire and  a ma te .  I t  will be  very  

l i t t le above zero, since mos t  b reeders  t ry  to avoid even mi ld  inbreed ing .  

Assor t ivc  m a t i n g  on somat ic  l ikeness m u s t  be indirect  s ince the  male  canno t  

exhibi t  the charac te r i s t i c  h imse l f .  Hence  assor t ive  m a t i n g  can  con t r ibu te  

bu t  l i t t le to m. Moreover  assor t ive  m a t i n g  is no t  ex t reme for  these  charac-  

ter is t ics ,  s ince no one t r ies  in ten t iona l ly  to m a t e  low p r o d u c i n g  cows to bul ls  

wi th  unusua l ly  low produc t ion  in thei r  pedigrees .  

r~:  is the  corre la t ion between the  non-gene t ic  causes  of  wi r ia t ion  for  the  ind iv idua l  

denoted by the  subscr ip ts .  I t  has  a modera te ly  la rge  posi t ive va lue  because  

herds  differ  much  f r o m  each o ther  in the i r  m a n a g e m e n t ,  as well as in  uncon-  

t rol led env i ronmen ta l  condi t ions  such as weather ,  condi t ion of  pa s tu re s ,  etc.  

General ly  rE~: will be l a rge r  be tween d a u g h t e r s  t h a n  be tween  ma tes ,  or  t h a n  

be tween a d a u g h t e r  and  a mate ,  because the d a u g h t e r s '  records  a re  more  

nea r ly  con temporaneous  and  t hus  are  sub jec t  to more  nea r ly  the  same peculi-  

a r i t ies  of  m a n a g e m e n t  and  wea ther  or o ther  cnvironlnent .  

r~:  exis ts  only to the  ex ten t  t h a t  the  he rds  wi th  the  h i g h e s t  in t r ins ic  b r eed ing  

values  are  also f ed  and  m a n a g e d  be t te r  t h a n  the  ave rage  herd,  while he rds  

wi th  low in t r ins ic  b reed ing  values  are  fed  and  m a n a g e d  less well t h a n  aver- 

age.  There  m a y  well bc some of th i s  in da i ry  d a t a  bu t  rc, E m u s t  be smal l  

Because of  the  u n c e r t a i n t y  concern ing  the  b reed ing  va lue  of  t he  ave rage  

an ima l  while it  is ye t  alive and  because  no one in ten t iona l ly  t r ies  to collect 

and  breed  low producers .  The  G and  the E in rG~: p e r t a i n  to d i f fe rent  

individuals .  

The environmental terms and the terms for cross-correlations between 

genetic and environmental causes of variation (figure 3) are almost the same 
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in  r as they are in  v, except when  a sire is p roved  in  two or more  herds.  I n  

such cases the e n v i r o n m e n t a l  t e rm  inc luded  in  r is ce r t a in  to be l a rge r  t h a n  

the  co r re spond ing  one in  v. Because the i r  o ther  te rms  are so n e a r l y  the 

same, s u b t r a c t i n g  v f rom r leaves a r e m a i n d e r  which comes close to equa l l ing  

g 2 ( 1 -  d) D o u b l i n g  this a n d  then  m a k i n g  a l lowance for  d y ie lds  an  esti- 
2 

ma te  of the he r i t ab i l i t y  of differences be tween records  of mates  of the same 

sire. F i g u r e s  for  2 ( r  - v)  are shown in  the bot tom l ine  of table  1. D i v i d i n g  

these by  someth ing  like 0.85 to 0.95 (to allow a reasonable  a m o u n t  for  d) 

/ 

Composition of r~ u,v, ond w. 
. . . .  ,.. i , . o . ,  . . . . . . .  ,°,,°o 

term term between Heredity 
and Envlroeanea~L 

, .  , ~ .  j[(,,~=,,), e' ,~c2eQ,~ ~ 

• ~'("°) ÷ '%,0.* , o : ~ . :  ,o ,~ , . ,  

T - V "  ~'(l-d ) (it =l dour.r, .ere te,t.d ~o.e here) 

w - , .  l '0 . .o- , )  ÷ 

Fro. 3. Path coefficient diagram showing the causes of the correlations between the 
records of daughters and of dams. 

y ie lds  es t imate  of he r i t ab i l i t y  of i n t r a -b reed  differences be tween  cows. A 

smal l  a m o u n t  should  then  be deduc ted  f rom tha t  to allow for  the (compara-  

t ive]y few) cases in  which a sire was proved in  two or more herds  di f fer ing 

(of course) somewhat  in  managemen t .  The es t imate  of mi lk  in  the A y r s h i r e  

breed  is c e r t a in ly  too low because of the t ime t r e n d  which c o n t r i b u t e d  con- 

s iderab]y  more to u, w, a n d  v t h a n  it  d id  to r, 3 as was m e n t i o n e d  above. The 

3 The figure for r came wholly from Rice's table i which covered only a short period 

of time. The figures for u, w, and v came from differences or ratios between statistics in 
his table 1 and in his table 4, the latter having extended over a considerably longer period. 
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three other estimates are compatible with most of those derived f rom other 

studies, namely  something under  0.3 (perhaps  under. 0.2) for  differences in 

milk records and something of the order  of 0.5 to 0.7 (or less if  the data  

included m a n y  sires which each had daughters  in more than  one herd)  for  

differences in test. A strong influence of contemporanei ty  on Ayrshi re  milk 

and Holstein test  may  be indicated by w being so dist inct ly larger  than u, 

but  perhaps  tha t  needs confirmation on more extensive data  before effort is 

spent  on finding an explanat ion for  it. Certa inly the daugh te r s '  records 

would general ly have been made within a more restr ic ted range  of t ime than  

the records of tl~e dams. 

The similari ty of rxv in the data for  H e r d  Improvemen t  Regis t ry  (Rice 's  

table 4) and in the Da i ry  Bureau  data  for  Da i ry  H e r d  I m p r o v e m e n t  Associ- 

ations (Rice 's  tables 2 and 3) tempts  one to suppose tha t  her i tabi l i ty  and the 

other factors  affecting sire proving are the same in both kinds of data. How- 

ever, the numerical  value of rx r  depends more on the rat io of v to u and w 

than i t  does on the difference between r and v. The topic meri ts  f u r t h e r  

study. 

O P T I M U M  VARIABILITY FOR SIRE I N D E X E S  

The var iabi l i ty  of a sire index does not a l ter  its accuracy  (provided there  

are at least 16 to 20 classes f rom the lowest to the highest figure) but  may  

affect considerably its convenience "in use and its susceptibil i ty to misinter- 

pretat ion.  The var iabi l i ty  of the index can be made as large or as small as 

one chooses by al ter ing the value of c. Two plausible defiuitions for  the 

var iabi l i ty  which a sire i n d e x  should have for  nlaxinmm convenience in 

actual  use are as follows : A. The index should equal the most probable breed- 

ing value of the sire. B. The index should have the same s tandard  deviation 

as the records of cows. 

The theoretical advantages  of s t andard  A are obvious. I t  expresses the 

sire proof  direct ly in terms of the goal for  which indexes (and indeed all 

forms of progeny testing or est imating breeding value) arc intended. Under  

it the c of equation (1) should make ~ = rmc'o. To do this requires tha t  c be 

a p p r o x i m a t e l y -  ~ -  ~°2 ~ which in the data  per ta in ing  to da i ry  sires 
Gx s 1 --  r S x y  

comes close to 2g 2. Fo r  example, it has values of 1.65, 1:82, 2.10, and 1.84 g2 

in Rice 's  table 6 for  Ayrsh i re  milk and test and Holstein milk and test, 

respectively. Unfor tuna te ly  the value of g2 is not known with high cer- 

t a in ty  (i.e., within real ly  na r row fiducial limits) in any  population.  I n  

most da i ry  data  it seems to be a round 0.15 to 0.30 for  quant i ty  of milk and 

somewhat h i ghe r - -pe rhaps  above 0.50---for test. Moreover g2 will va ry  a 

bit as there is more or less care in controll ing or correct ing for  environmental  

variables, a larger  or smaller number  of daughters,  whether  single records 

or l ifetime averages are used for  daughters  and for  dams, etc. 

A t t empt ing  to state the proper  numerical  value for  c turns  the spotl ight  
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on the  p rac t i ca l  di f f icul ty  of us ing  s t a n d a r d  A, n a m e l y  the  u n c e r t a i n t y  abou t  

the prec ise  va lue  of g2 to use, the v a r i a t i o n  (usua l ly  s l ight )  in t h a t  f r o m  

one p o p u l a t i o n  to another ,  and  the  l a rge  v a r i a t i o n  in g2 f r o m  one cha rac te r -  

istic to another ,  wi th  the r e s u l t a n t  necess i ty  of us ing  one f o r m u l a  fo r  test, 

ano the r  fo r  milk, etc. Also m a n y  wil l  t h i n k  "most  probab le  b r eed ing  v a l u e "  

is more  theore t i ca l  and  in t ang ib le  t h a n  an ac tua l  r ecord  (D or 0 )  which  is 

a f a m i l i a r  and  v e r y  rea l  t h i n g  to them. I f  s t a n d a r d  A is used, the i n d e x  

of a s i re  canno t  be c o m p a r e d  d i r ec t l y  wi th  the  r ecord  of a cow u n t i l  the  cow's  

r eco rd  is f irst  t r a n s l a t e d  to the scale of  " p r o b a b l e  b r e e d i n g  v a l u e s "  by  

r eg res s ing  i t  1 - g~ of the way  t o w a r d  the  b reed  average .  

A n y  change  f r o m  one s t a n d a r d  to ano the r  wil l  a lways  cause cons iderab le  

confusion.  I t  would  be u n f o r t u n a t e  to adop t  s t a n d a r d  A now and  s t a r t  

i n d e x i n g  sires, us ing  0.40 as c fo r  mi lk  and  0.80 as c fo r  test,  on ly  to f ind 

t h r ee  or  f o u r  years  l a t e r  t h a t  0.50 and  1.10 or  0.30 and  0.70 wou ld  have  been 

more  accura te  fo r  most  d a i r y  popula t ions .  E v e n t u a l l y  we m a y  come to 

s t a n d a r d  A or someth ing  v e r y  s imi lar ,  bu t  the change  should  first  rece ive  

cons iderab le  s c r u t i n y  and  much  t r i a l  and  ac tua l  prac t ice .  

S t a n d a r d  A a u t o m a t i c a l l y  d i scounts  the  records  fo r  the ave rage  a m o u n t  

of  non-gene t ic  v a r i a t i o n  in them and  thus  p ro tec t s  the user  aga ins t  too easi ly  

f a l l i ng  a v i c t im  to his wish fu l  th ink ing .  No index  can  be g u a r a n t e e d  to 

show the b r eed ing  va lues  of  each i n d i v i d u a l  p r o v e n  sire co r r ec t l y  bu t  a scale 

which  is jus t  as l ikely  to r a t e  an  i n d i v i d u a l  too low as too h igh  is less sus- 

cep t ib le  to m i s i n t e r p r e t a t i o n  tban  one on which  the h igh  indexes  are  gen-  

e r a l l y  h ighe r  and  the low indexes  are  gene ra l l y  lower  t h a n  the b r e e d i n g  

va lues  of  the sires to which they  apply .  

S t a n d a r d  B pu t s  the indexes  of s ires and  the records  of  dams  on an equa l  

foot ing ,  so t h a t  they  can be c o m p a r e d  d i rec t ly .  4 F o r  z~ to equal  VD exac t ly  

4 Strictly speaking, this requires that mean I and mean D be approximately equal 

(since in most dairy data X differs little from Y) and that ox _ OD where Gd is the 
r ig  rDGd 

breeding value of the cow who has record D. The writer has shown (Joum DAm¥ ScI., 

18 :  1-19. 1935) that rm and rind will not be far apart if heritability is larger than 0.10 

and especially if (as seems almost always to be the case in dairy data collected from 

several herds) the environmental contribution to the correlation between daughters of a 

sire is + 0.10 or larger. The argument may be reviewed here in slightly different terms 

by referring to the composition of r~a as shown in figure 1. When ray = zero and rx~ = 0.5, 

,J n . Now rao is half the correlation between a daughter's r~o reduces to roe ~ ( f f - -  1)u 

record and her own breeding value. This latter correlation will be the same as between 

a dam's record and her breeding value (rvaa), except as more intense selection among the 

dams than among the daughters may have reduced rD~a slightly and more laetations per 

dam than per daughter may have raised rm~a. Hence rid is approximately oo 1 - -  - -  • --= which 
rDad OX ~/3 

isn't  very far from unity. I t  has values ranging from 0.86 to 0.99 in :Rice's table 6 but 

perhaps should be increased a little to allow for the dams having been. a bit more highly 

selected than the daughters were. In short, selection of dams on their own records will 

rarely be either much less or much more accurate than selection of sires on their indexes. 



948 JAY L. LUSH 

~D 
requires tha t  c - I f  rGy is zero and rxy = 0.5, this 

~ G X  2 + b 2 ~ y  2 - -  2brxYzxvy 

i s~ ]4~- -  n which, f o r m o s t o f  the likely values of n and w, gives 
l + ( n - 1 ) w  

c a value not f a r  f rom 2 .0- -more  often a little less than  a little more. Rice 's  

table 6 would require for  c values of 1.74, 1.71, 2.03, and  1.85, respectively, 

to make the index conform exactly to s tandard  B. The E P  index, now 

ra ther  widely used, has 2.0 for  e and therefore  comes fa i r ly  close to stand- 

ard  B. The E P  index cannot be equalled for  s implici ty of computat ion,  

among indexes which use an approx imate ly  correct value for  b. 

I f  the index is used only for  comparing the sires with each other and with 

cows, no fu r the r  step than  s tandard  B is necessary. F o r  reducing indexes 

(or records of cows) to breeding values or for  predic t ing the product ion of 

fu tu re  offspring the indexes (or records) need to be regressed toward the 

average of the breed f a r  enough (1 - g" of the way) to allow for  the average 

amount  of non-genetic var iance in them. I f  this second step is neglected or 

not understood, the user of indexes constructed according to s tandard  B (or 

the user of cows' records) may  easily build hopes too high (in terms of 

actual  pounds  or per  cent) on tile bulls or cows with the high figures and 

may  damn more severely than he should those with low figures. 

In  principle stan(lards A and B differ only in tha t  the regression toward  

the breed average is " b u i l t  i n t o "  the operat ion of figuring the index under  

A and hence is a l ready accomplished when the index is obtained, while B 

requires two steps to reach the same goal. The first step yields the index 

itself, which can be compared direct ly with the records of cows but  is more 

variable than  breeding values. The second step (which is not necessary for  

compar ing sires with each other or with cows and hence is often omitted) 

is to est imate probable breeding value f rom the index by regressing it 1 - g" 

of the way toward the breed average. 

Rice 's  N E W  index, which uses 1.0 for  c, comes near  to s tandard  A for  

test but  the proper  value for  c for quant i ty  of milk is not tha t  large. The 

breeding values of sires for  amount  of milk or of f a t  will general ly be nearer  

to the breed average than  their  N E W  indexes. The N E W  indexes are s imply 

E P  indexes regressed half  way toward the breed average---i.e., the N E W  

index for  each bull is exactly half  way between his E P  index and whatever  

constant figure is used for  the breed average in comput ing the N E W  index. 

Since this difference is only one of coding (i.e., the E P  index is divided by 

two and then has a constant  added to it to fo rm the N E W  index),  the two 

indexes have the same correlat ion with any  other var iable  and are equally 

accurate for  comparing one sire with another. 

PREDICTING T I I E  A C T U A L  P R O D U C T I O N  OF F U T U R E  D A U G H T E R S  

F o r  predict ing the product ion of a fu tu re  daughter  the correct procedure 

in principle is s imply to average the most probable breeding values of the dam 
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and the sire. Then this average should be raised or lowered enough to allow 

for the environment in which the daughter  is to make her record being better 

or worse than average. But  in practice we rarely have any direct measure 

of that environment. Probably the average record of that  herd for the most 

recent two or three years could be used advantageously for this purpose, but  

this is not yet  being done generally. The environment pertaining to the 

daughter  will usually be correlated slightly (something of the order of + 0.2 

to + 0.3) with the record of her dam if she and her dam make their records 

in the same herd. I t  will usually be still more closely correlated (something 

of the order of + 0.4 to + 0.6) with the index of her sire if she is to make her 

record in the same herd as the one in which her older sisters made the records 

on which that  index is based. In  this latter case the sire index assumes a 

large par t  of the predictive value which would attach to the direct measure 

of the daughte r ' s  herd environment if such a measure were available. Be- 

cause of its lower correlation with the herd environment, the dam's  record 

does not assume much of this predictive value for environment if the sire 

index was made in the same herd but it does assume considerable if the 

daughter is to make her record in the same herd as her dam but in a differ- 

ent herd from that  in which her sire was proved. I f  the daughter  is to make 

her record in a herd in which neither her dam nor her sirc's earlier daughters 

were tested (an uncommon ease in dairy data),  then both the sire's index 

and the dam's  records are useful only for their genetic relation and neither 

of them will help as an indicator of the herd environment under which the 

daua'bter will make her record. 

I f  sire indexes are to be used almost solely for estimating the production 

of future  daughters, either singly or in groups, then one can make a good 

case for building into the index enough extra variation to.allow also for its 

importance as an indicator of non-genetic circumstances (i.e., for the kind 

of environment) which will prevail for that  daughter  or those daughters. 

But  D also should receive extra weight for its real, although generally lesser, 

usefulness for the same thing. This leads at once to four different scales for  

¢:~ and vD (or four different factors by which to nmltiply them), according 

to whether the future  daughter  is to make her record in the same herd as her 

dam and her older paternal sisters, in the same herd as her dam but a differ- 

ent one from her sisters, in a different herd from her dam but the same herd 

as her sisters, or in a different herd from either her dam or her sisters. 

Possibly there is 'some simple way of doing that but it seems to the writer 

probable that  the simplest way will be to use s tandard A (which is s tandard 

B regressed 1 - g 2  of the way toward the breed average) and then modify 

the prediction up or down according to whether the most recent average of 

the herd in which the daughters are to be tested is above or below the breed 

average. 

Predictions of the production of an individual fu ture  daughter  cannot 

be expected to be highly accurate. A corrclatiou of around 0.1 to 0.2 i.e., 
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g~ times the square root of one-hal f - -be tween the actual  and  the predicted 

record  of the individual  daughte r  (for  quan t i ty  of f a t  or milk a bit  higher 

for  test) is about  as much  as can reasonably be expected if the dam has only 

one lactation and the s i re 's  proof was of only average accuracy and the 

daughter  is to make her record in a different herd. Al though this would be 

raised dist inctly if  the dam is judged by all of her records and if there were 

three or more of those, and  if the sire 's  proof  is unusua l ly  accurate  by reason 

of a large number  of daughters  and unusual ly  careful  discounting of the 

environmental  circumstances which appl ied to his daughters  and mates, ye t  

it seems unduly  optimist ic to expect by tha t  means to a t ta in  an average 

accuracy as high as a correlat ion of + 0.4 between actual  record and  pre- 

dicted record. 

The average product ion  of n fu tu re  daughters  can of course be predic ted 

more accurate ly  than  the product ion of one daughter .  This is only an auto- 

matic result  of the averaging  process and does not introduce any  new bio- 

logical principle.  The averaging permits  many  of the chance circumstances, 

which cause a daughter  to produce more or less than  was predicted, to cancel 

each other ' s  effects in the average of n daughters.  The correlat ion between 

n times when predict ing tile predict ion and fact  is l + ( n - 1 ) w  a s  large 

average product ion of n daughters  as when predict ing the product ion of one 

daughter .  Also vx is only ~ j l + ( n n -  1)w as large as co 

$ 

and this o f  itself 

makes the error  of predict ion seem smaller, if that  e r ror  is measured in 

actual  pounds or percent  instead of being measured relat ive to cx or co. The 

net result  is that  in actual  units  the s tandard  error  of est imating the average 

of n daughters  is only ~ 1  - w + n (w - t 2) n ( 1 -  t 2) as large as the s tandard  error  of 

est imating one daughter ,  where t is the correlation between prediction and 

fact  when predict ing one daughter .  

SUMMARY 

Near ly  all sire indexes which have been proposed can be described by 

the general  equation, I = a n  c ( X - b Y ) ,  in which a, b, and c are constants, 

X is the average product ion of the daughters,  Y is the average product ion 

of their  dams and I is the index. 

The size of a affects only the general  level (the mean)  of the indexes. 

The size of c affects the var iabi l i ty  of I but  not its accuracy for  compar ing 

the breeding values (G) of two or more indexed sires. The size of b affects 

the acuracy of the index  as well as its variabil i ty.  

The main contr ibution of this pape r  is in showing tha t  m a x i m u m  accu- 

racy  of the index is a t ta ined  when b zx r o x r x y - r o ~ .  I f  rGy= zero this 
ay rax-rQyrxY 
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op t imum value of b becomes s imply the regression of X on Y .  I f  roy .has 

a small positive value (as is possible if  breeders whose cows have high records 

general ly  t ry  harder  than  other breeders  to get good b u l l s - - a n d  if the ex t ra  

efforts are par t ia l ly  successful) the op t imum value of b is a little less than  

the regression of X on ¥ .  The regression of X on Y is about  0.5 to 0.6 

both fo r  milk and for  test in most sets of da ta  actual ly  used fo r  proving  da i ry  

sires. The opt imum value for  b in da i ry  data will, therefore,  be not  f a r  

f rom 0.5. 

I f  roy is zero, selection of sires on the op t imum index, as thus defined, 

1 
will make - -  t imes as much progress  as choosing the sires on the 

V/1 - rfxy 

average of their  daughters  alone. The size of this factor,  when ray is 

very  small and rxv has such values as are usual ly encountered in p rov ing  

da i ry  sires, is about  1.12 to 1.20. 

The size of rxy or of the regression of X on Y is affected more by the 

correlat ion (v) between a daugh te r ' s  record and the record of a mate  of her  

sire, other than her own dam, than  it is by the correlation (r)  between a 

daughter  and  her own dam, especially when n is large. The regression of 

X on Y approaches v and rxv approaches v u - ~ - - ~  as a limit when n becomes 

ext remely large, u being the phenotypic  correlation between the mates  of 

the same sire and w being the phenotypic  correlation between daughters  of 

a sire. 

A sire index can be made as var iable  as desired by  ad jus t ing  c. The 

value 2.0, used for  c in the intermediate  or equal-parent  indexes makes c~ 

general ly  jus t  a little larger  than CD or Co. This index can be used ra the r  

fa i r ly  for  comparing proven sires direct ly with individual  cows, as is neces- 

sary  in evaluat ing pedigrees. I t  is, however, more var iable  than real breed- 

ing values. Consequently, if  it is to be used direct ly as the s i re ' s  most  

probable  breeding value, the index needs first to be regressed fa r  toward the 

breed average ( jus t  as cows'  records do) to allow for  the average amount  of 

non-genetic var ia t ion in such indexes. Approx imate ly  this amount  of re- 

gression would already be accomplished in an index which used for  c twice 

the her i tabi l i ty  of differences between the records of individual  cows. Rice 's  

proposed " N E W "  index, which uses 1.0 for  c, is the equal-parent  index 

regressed half  way toward the breed average. I t  is, therefore,  half  as var ia-  

ble but  has exactly the same accuracy. 


