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A Steepest-Ascent Method for Solving
Optimum Programming Problems

A systematic and rapid steepest-ascent numerical procedure is described for solving
two-point boundary-value problems in the calculus of variations for systems governed
by a set of nonlinear ordinary differential equations.
sented for minimum time-to-climb and maximum altitude paths for a supersonic in-

Numerical examples are pre-

terceptor and maximum-range paths for an orbital glider.

1 Summary

A sysTEMATIC and rapid steepest-ascent numerical
procedure is described for determining optimum programs for
nonlinear systems with terminal constraints. The procedure
uses the concept of local linearization around a nominal (non-
optimum) path. The effect on the terminal conditions of a small
change in the control variable program is determined by numeri-
cal integration of the adjoint differential equations for small per-
turbations about the nominal path. Having these adjoint (or in-
fluence) functions, it is then possible to determine the change in
the control variable program that gives maximum increase in the
pay-off function for a given mean-square perturbation of
the control variable program while simultaneously changing the
terminal quantities by desired amounts. By repeating this proc-
ess in small steps, a control variable program that minimizes one
quantity and yields specified values of other terminal quantities
can be approached as closely as desired. Three numerical ex-
amples are presented: (a) The angle-of-attack program for a
typical supersonic interceptor to climb to altitude in minimum
time is determined with and without specified terminal velocity
and heading. (b) The angle-of-attack program for the same
interceptor to climb to maximum altitude is determined. (c¢) The
angle-of-attack program is determined for a hypersonic orbital
glider to obtain maximum surface range starting from satellite
speed at 300,000 ft altitude.

2 Introduction

Optimum programming problems arise in connection with proc-
esses developing in time or space, in which one or more control
variables must be programmed to achieve certain terminal con-
ditions. The problem is to determine, out of all possible pro-
grams for the control variables, the one program that maximizes
(or minimizes) one terminal quantity while simultaneously yield-
ing specified values of certain other terminal quantities.

The calculus of variations is the classical tool for solving
such problems. However, until quite recently, only rather simple
problems had been solved with this tool owing to computational
difficulties. IEven with a high-speed digital computer these
problems are quite difficult because, in the classical formulation,
they are two-point boundary-value problems for a set, of nonlinear
ordinary differential equations. Numerical solution requires
guessing the missing boundary conditions at the initial point,
integrating the differential equations numerically to the terminal
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point, finding how badly the specified terminal boundary condi-
tions are missed, and then attempting to improve the guess of the
unspecified initial conditions. This process must be repeated
over and over until all terminal conditions are satisfied. This
process is not only tedious, expensive, and frustrating, it some-
times does not seem to work at all [1].! It is remarkably sensi-
tive to small changes in the initial conditions; however, it can be
made to work through great patience, good guessing, and second-
order multiple interpolation [2, 3, 4].

Recently Kelley [5, 6] and the authors with several coworkers
[7, 8] have revived a little-known procedure which offers a prac-
tical, straightforward method for finding numerical solutions to
even the most complicated optimum programming problems. It
is essentially a steepest-ascent method and it requires the use of a
high-speed digital computer.

3 A Maximum Problem in Ordinary Calculus

In order to explain the steepest-ascent method it is helpful to
consider its use in a simpler problem first; namely, the problem
of finding the maximum of a nonlinear function of many variables
subject to nonlinear constraints on these variables. This is a
problem in the ordinary calculus. A quite general problem of this
type can be stated as follows:

Determine « so as to maximize

¢ = ¢(x), (1)
subject to the constraints
Y= 1(x) =0, (2)
f(x, @) +fo =0 3)
where
i
a = , an m X 1 matrix of control variables, which we are
free to choose, (4)
| O
[
X = ,ann X 1 matrix of state variables, which result from

the choice of «, (5)
Tn

i
, a p X 1 matrix of constraint functions, each a
known function of x, (6)

v

1 Numbers in brackets designate References at end of paper.
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¢ is the pay-off function, a known function of x, 7)
i
f = , an n X 1 matrix of known functions of x and «, (8)
T
fio
fo = . , an n X 1 matrix of constants 9)
A

4 Steepest-Ascent Method in Ordinary Calculus

The maximum problem stated in the preceding section can be
solved systematically and rapidly on a high-speed digital com-
puter using the steepest-ascent method. This method starts
with a nominal control variable matrix @*, and then improves
this estimate by determining the direction of steepest ascent in
the « hyperspace; this determination is made by a linearization
about the nominal point in the @« hyperspace. The method pro-
ceeds as follows:

(a) Guess some reasonable control variables a*, and use them
in equations (3) to calculate numerically the state variables x*
that correspond to this choice. In general, this nominal “point”
will not satisfy the constraint conditions { = 0, or yield the maxi-
mum value of ¢.

(b) Consider small perturbations de, about the nominal control
variable point where

da = ¢ — a¥ (10)
These perturbations will cause perturbations dx in the state
variables, where

dx = x — x* (11)
Taking differentials of equations (3) we obtain to first order in
the perturbations the linear set of equations for dx,

Fdx + Gda = 0 (12)
where
()" )
ox, S W
F = (13)
(£ (2
B ox YT\ oz, |
o) ' \ By
G = (14)

o \* of. \*
L ool REERE oy |
and ( )* indicates that the partial derivatives are evaluated at the

nominal point. Using Lagrange multipliers (Appendix, sec-
tion 1), we may write

dp = A'Gda + Ay'df
dl = Ay'Gde + Ay'dy

(15)
(16)

where the A matrices are determined by the linear equations

248 / JuNE 1962

(°—"’> + 2F =0, (17)
ox
\/ *
BUA" 4 %E it (18)
Ox
where
Con o]
S AP o
2 _[2¢ %] o | . I
ox I:b.u’ T om, | ox " 0 e
o, oY,
| Bt

and ()’ indicates the transpose of ( ); i.e., rows and columns are
interchanged.
Note that the X are influence numbers since they tell how much
¢ or 1 is changed by small changes in the constraint levels fo.
For steepest ascent, we wish to find the de matrix that maxi-
mizes d¢ in equation (15) for a given value of the positive definite
quadratic form

(dP)? = do’'Wde, (20)

and given values of d1 in equations (16). The values of di are
chosen to bring the nominal solution closer to the specified con-
straints, {f = 0. Choice of dP is made to insure that the perturba-
tions da will be small enough for the linearization leading to equa-
tions (12) to be reasonable. W is an arbitrary non-negative defi-
nite m X m matrix of weighting numbers, essentially a metric in
the @ hyperspace; it is at the disposal of the “optimizer” to
improve convergence of the procedure.

The proper choice of de is derived in section 2 of the Appendix
and the result is

2 — dAB'lys ! 1
da = £WIG(hg — Iylyy~lye) [(dP) d? th d@] a
Tog — lyg'lyyp™ye
+ WG Aglgg 1B (21)
where
dB = db — Ay'dfy,
oy = MW/GW-IGy,

22
lyg = Ap'GW1G’Ay, (22)

Isp = Ag'GWTIG'Ag,

( )~ !indicates inverse matrix, and the 4 sign is used if ¢ is to be
increased, the — sign if ¢ is to be decreased. Note that the
numerator under the square root in equation (21) can become
negative if d3 is chosen too large; thus there is a limit to the size
of df for a given dP. Since dP is chosen to insure valid lineariza-
tion, the d asked for must also be limited. The predicted change
in ¢ for the change in control variables of equation (21) is

dp = £(((@P)* — dB'lyy'aBNIss — lyg'lyylye)]"/?

+ lyo'lyy™1dB + Ag'dhe.  (23)
Notice if dif = 0, dfp = 0, equation (23) becomes
d
d_i = £(Igp — lug'lyy~lye)" (24)

which is the magnitude of the gradient in the @ hyperspace, since
dP is the length of the step in the e hyperspace. As the maximum
is approached and the constraints are met (d¢ = 0), this gradient
must tend to zero, which results in
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dp = lyg'lyy Y + (Xg” — lyo'lypy~0y" )dky (25)
This relation shows how much the maximum pay-off function
changes for small changes in the constraint levels.

(¢) A new control variable point is obtained as

anpw = @oup | da

where da is obtained from equation (21). angw is used in
the original nonlinear equations (3) and the whole process is
repeated several times until the ¥ = 0 constraints are met and
the gradient is nearly zero in equation (24). The maximum
value of ¢ has then been obtained.

This process can be likened to climbing a mountain in a dense
fog. We cannot see the top but we ought to be able to get there
by always climbing in the direction of steepest ascent. If we do
this in steps, climbing in one direction until we have traveled a
certain horizontal distance, then reassessing the direction of
steepest ascent, climbing in that direction, and so on, this is the
exact analog of the procedure suggested here in a space of m-di-
mensions where ¢ is altitude and ay, a; are co-ordinates in the
horizontal plane, Fig. 1. There is, of course, a risk here in that
we may climb a secondary peak and, in the fog, never become
aware of our mistake.

5 Optimum Programming, a Problem in the Calculus of
Variations

An optimum programming problem of considerable generality
can be stated as follows, Fig. 2:
Determine «(¢) in the interval {, < ¢ < T, so as to maximize

¢ = ¢(x(1), 1), (26)?
subject to the constraints,
¢ =Ux(T),T)=0, (27)
d
2 = Kx(t), o), 1), (28)
dt
to and x(f) given, (29)®
T determined by @ = Q(x(7), T') = 0 (30)
The nomenclature of the problem is as follows:
()
a(t) = , an m X 1 matrix of control variable pro- (31)
v grams, which we are free to choose,
Lo (1)
EO)
, ann X 1 matrix of state variable programs, (32)
x(t) = which result from a choice of «(¢) and
. given values of x(f),
EX0)
2
, & p X 1 matrix of terminal constraint func-
Y = tions, each of which is a known function of (33)

x(T)and T,

P

? If an integral is to be maximized, simply introduce an additional
state variable z, and an additional differential equation 2z, = g(x, «,
¢) where g is the integrand of the integral. 2¢(7) is then maximized
with z¢(t) = 0.

3In some problems not all of the state variables are specified
initially; in this case the unspecified state variables may be deter-
mined along with «(f) to maximize ¢.
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Fig. 1 Finding maximum of a function of two variables by steepest-
ascent method

TERMINAL POINT
1=T

INITIAL POINT
=1y MAXIMIZE ¢
¥:0
N:03T
X(1,)
GIVEN

211X,

Fig. 2 Symbolic sketch of oplimum programming problem

¢ is the pay-off function and is known function of x(7') and 7',
(34)

i
, an n X 1 matrix of known functions of x(¢), (35)
a(t), and ¢,
Jn

Q = 0 is the stopping condition that determines final time T,
and is a known function of x(7') and 7' (36)

The formulation of the necessary conditions for an extremal
solution to this problem has been given by Breakwell [2] with
the added complexity of inequality constraints on the control
variables. The present paper is concerned with the efficient and
rapid solution of such problems using a steepest-ascent procedure.

6 Steepest-Ascent Method in Calculus of Variations

The optimum programming problem stated in the preceding
section can be solved systematically and rapidly on a high-speed
digital computer using the steepest-ascent technique. This
technique starts with a nominal control variable program a*(2),
and then improves this program in steps, using information ob-
tained by a mathematical diagnosis of the program for the pre-
vious step. Conceptually it is a process of local linearization
around the path of the previous step. The method proceeds as
follows:

(a) Guess some reasonable control variable programs a*(i),
and use them with the initial conditions (29) and the differential
equations (28) to calculate, numerically, the state variable pro-
grams x*(¢) until € = 0. In general, this nominal “path” will
not satisfy the terminal conditions 1 = 0, or yield the maximum
possible value of ¢.

(b) Consider small perturbations () about the nominal con-
trol variable programs, where
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da = at) — a*(l) (37)

These perturbations will cause perturbations in the state variable
programs 0x(¢), where

Ox = x(1) — x*(1) (38)

Substituting these relations into the differential equations (28)
we obtain, to first order in the perturbations, the linear differen-
tial equations for dx,

:Tlt (%) = F()dx + G(Vde, (39)
where
)
LY, -
F(t) = _ (40)
(. (2
(3) oo = |
()
L) 2
G() = (41)

ol (LS ey |
and ( )*indicates that the partial derivatives are evaluated along

the nominal path. From the theory of adjoint equations, section
3 of the Appendix, we may write

dp = j:oT A/ (GO a(L)dl + Ng'(10)0x(lo) + PdT, (42)
a = [T A OGOIEAL + M/ x(®) + 4T, (43)

aQ = f,nT MG a(t)dl + Aa'(to)dx(te) + AT, (44)

where the elements of the A matrices are determined by numerical
integration of the differential equations adjoint to equations
(39); namely,

d:

T —F/ (&)™ (45)
with boundary conditions
¢ \* ad;)*
Ay’ = = ’ = (==
d’(T) (aX)l=T’ ;"Il(T) (ax !=T..
o0\ *
A(T) = (b—> (46)
X t=T
where
(2% o]
or, T 2z,
2% _ [99 a_¢] o _ . i
ox  Lom’' oz, ) ox . .
L7 7
| om T dr, |
P
ox oz’ " oz, |’
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and

i _ (20, 2 \* Ll AN
= (az L™ '),ST’ b= (az L ’)t.w’

*
ot ox 1=T
( ) indicates the transpose of ( ); i.e., rows and columns are in-
terchanged.
Note that the X are influence functicns since they tell how much
a certain terminal condition is changed by a small change in some
initial state variable. Note also that the adjoint equations (47)
must be integrated backward since the boundary conditions are
given at the terminal point, { = 7.
For steepest ascent we wish to find the de(¢) programs that
maximize d¢ in equation (42) for a given value of the integral

(48)

@y = [, " s Wbe(o, (49)
given values of dy in equations (43) and dQ2 = 0 in equation
(44). The values of d1 are chosen to bring the nominal solution
closer to the desired terminal constraints, § = 0. Choice of dP
is made to insure that the perturbations de(¢) will be small enough
for the linearization leading to equations (46) to be reasonable.
W(t) is an arbitrary symmetric m X m matrix of weighting func-
tions chosen to improve convergence of the steepest-ascent pro-
cedure; in some problems it is desirable to subdue d« in certain
highly sensitive regions in favor of larger d« in the less sensitive
regions.

The proper choice of de(¢) is derived in section 4 of the Ap-
pendix and the result is

(dP)? — d@’lw"dg]'/’

Oa(t) = =W'G'(dsa — ypalyylyg) |: T
Ig — lyo'lye e

+ WG dypaluy™dB, (50)
where
dB = dii — Mya'(t)0x(k),
i = N 3’%
Aua = Ay — Ag —
e v Q a
(51)

T

gy = j;o Qo' GW G’ dyadt,
T

lyg = j:o Ap2'GW 1G Agadt,

T
Tog j: 2o’ GW1G Dgord,

( )~ 'indicates inverse matrix, and the + sign is used if ¢ is to be
increased, the — sign is used if ¢ is to be decreased. Note that
the numerator under the square root in equation (50) can become
negative if df is chosen too large; thus there is a limit to the size
of d@ for a given dP. Since dP is chosen to insure valid lineariza-
tion, the d asked for must also be limited. The predicted change
in ¢ for the change in control variable program (50) is

d$ = £ [((dP)* — dB'lyy'dB)Tge — lys'lyyNye)i"”
+ lys'lyy 1B + Ag0'()0x(l)  (52)
Notice that if d§ = 0, 6x(4%) = 0, equation (52) becomes

dé

ap -~ Tse — lyolyyyg)'/? (53)
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which is a “gradient” in function space, since dP is the “length”’
of the step in the control variable programs. As the optimum
program is approached and the terminal constraints are met (di
= 0), this gradient must tend to zero, which results in

do = lyg'lyy1dl + [Aae'(l) — lye'lyy ™ ypa’(t0)10x(L)  (54)

This relation shows how much the maximum pay-off function
changes for small changes in the terminal constraints and for
small changes in the initial conditions.

(¢) New control variable programs are obtained as

axew(t) = aorn(t) + da(t) (55)

where da is given in equation (50). anew(f) is used in the
original nonlinear differential equations (28) and the whole process
is repeated several times until the terminal constraints are met
and the gradient is nearly zero in equation (53). The optimum
program has then been obtained.

Note that minimizing final time T fits into this pattern con-
veniently. TFor this case we let ¢ = —¢ which implies ¢ = —1,
24 = 0, and hence

1
Qoo = 5 Ao
T 1 1
B o= =G j: | 5 MGl + = MWt (56)

1 Computing Procedures

The computing procedures evolved over a period of time in
solving many types of problems are summarized here. The com-
puter used for all these problems was an IBM 704.

(a) Compute the nominal path by integrating the nonlinear
physical differential equations with a nominal control variable
program and appropriate (here assumed fixed) initial conditions
and store the solution on tape.

(b) Compute the Xy, Ay 1, dy o, . o . My, Mo functions all at the
same time by integrating the adjoint differential equations back-
ward, evaluating the partial derivatives on the nominal path by
reference to the tape in (a).

(¢) Simultaneously with (b), calculate the quantities dgo, dyig,
.o+ dype and store dgo'G and Aye’G on tape.

(d) Also simultaneously with (b) and (¢) perform the inte-
grations (backward) leading to the numbers 74, lyg, lyy.

(e) Print out the values of ¢, ¥, ¥, . . . ¥, achieved by the
nominal path.

(f) Select desired terminal condition changes dyn, dys, . .. dY,
to bring the next solution closer to the specified values ¢ = 0
than were achieved by the nominal path.

(g) Select a reasonable value of (dP)*/(T — {,), which is a
mean-square deviation of the control variable programs from
the nominal to the next step.

(k) Use the values of d{ and dP to calculate (dP)* —
dl'lyy~'dy; if this quantity is negative, automatically scale down
dy to make this quantity vanish. If the quantity is positive,
leave it as is.

(7) Using the values of dP and dv (modified by (%) if necessary)
caleulate da(Z) from equation (50), (6x(&) = 0).

(7) If final time, 7', is not, specified or being extremalized, com-
pute the predicted change, d7', for the next step:

1 Ty,
dT = —5 j:o Ao'Goadt

If |d7'| is greater than a preselected maximum allowable value,
scale down da(¢) to achieve this maximum value.

Journal of Applied Mechanics

(k) Obtain a new nominal path by using axgw = @orp + 6«
and repeat processes (a) through (k) until the terminal con-
straints 1 = 0 are satisfied and the square of the gradient, T4 —
Vyelyyye, tends to zero.

8 Example 1

Angle-of-Attack Program for u Supersonic Interceptor to Climb From
Sea Level to a Given Altitude in Least Time. A typical supersonic in-
terceptor is considered with lift, drag, and thrust characteristics
as shown in Fig. 4. The vehicle is considered as a mass point
(short period pitching motions are thus neglected) and the nomen-
clature used is shown in Fig. 3. The problem is to find the angle-
of-attack program «(t¢), using maximum thrust, that takes the
interceptor to a given final altitude in the least time, starting just
after take-off at // = 0.22, v = 0, at sea level (h = 0). First the
problem is solved with no terminal constraints, then with M =
0.9 specified at the terminal point, then with 3/ = 0.9 and y = 0
at the terminal point. The differential equations for the inter-
ceptor path are

V= I%f[) cos o — D———(h’nI:I' «) — gsiny (87)
h=Vsiny (59)
&=V cosy (60)
wm = a(h, M) (61)

where () means % (), and

F = F(h, M) is thrust, given as a tabular function, Fig. 4(a)

V2

D = Cpyle, M)° 2S is drag
72

L = Cya, M) pI2Sis lift,

Cp(a, M), Ci(e, M) are given as tabular functions, Fig. 4(b)

p = p(h)is air density, given as a tabular function
g = acceleration due to gravity (taken as constant here)
V.
M = — is Mach number
a

ALTITUDE LIFT
ZERO-LIFT AXIS

VELOCITY,V

HORIZONTAL

DRAG

WEIGHT

X

HORIZONTAL
DISTANCE

TITTT 77T T T I T T 7777777 77T 7 77 7T T T T T I 77777

Fig. 3 Nomenclature used in analysis of supersonic interceptor
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Fig. 4(a) Supersonic interceptor—lift and drag coefficient versus Mach
number and angle-of-attack

y
1! /
heALTITUDE
HeMAXIMUM ALTITUDE FOR

TV
T STEADY HORIZONTAL FLIGHT
|
/
| ] d %

a2
P
$

0o 04 08 12 15 20
MACH NUMBER

Fig. 4(b) Supersonic interceptor—thrust versus Mach number and alti-
tude

a = a(h) is speed of sound, given as a tabular function
m(h, M) is fuel consumption, given as a tabular function
m is mass of vehicle

The adjoint differential equations are:

o £ (B8 200 D1 )

ma OM mV ma Cp OM
geosy L L 1 oC F sin o
+hy ( V2 + mV?  mVa Cp OM my?
(62)
sina OF . 1 om
mVa oM + Apsin y + Azcosy + )\,,,; oM =0

Ay + Ay (—gcos v) + Ay (g s;‘ 'y) + AnV cos y

— A Vsiny =0 (63)

5 pa, (_DLlde D1 2C,Mda , cosadr
A v mpdh mCp OM a dh m  Oh
L 1dp L 1 3C, Mda , sina oF
I 7<mvpdh mV C, oM kT P ah) (64)
o
+)\ME‘—0
A =0 (65)
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1.0
.8 ]
h= ALTITUDE

el He MAXIMUM ALTITUDE FOR
=jx STEADY HORIZONTAL
= .4
5 /
<

2 //

1]

[+] 5 10 1.} 20 25
MACH NUMBER

Fig. 4(c) Supersonic interceptor—altitude versus Mach number for
steady level flight

N D F cos L F sin «
*m“v(ﬁ" )“v(-mTv— mev)-"

(66)

In the nomenclature of Sections 5 and 6, three cases were cal-
culated:

Case ¢ \l/l ¢/1 Q
1 wi By - ki o B
2 -, M =09, - h—H (67)
3 =t M =09, v b =l

where H is the final altitude desired, taken in this case as the
maximum altitude for steady horizontal flight (the service ceil-
ing). Initial conditions were

M = 0.22
Y =0
h =0 (68)
x =0
Wo
m = —
g

where W, is the initial weight.

The results are shown in Fig. 5. The trajectories all show the
“zoom’’ characteristic found by other investigators [9]; the air-
plane first climbs, then dives accelerating through sonic speed,
then pulls up, trading kinetic for potential energy in the earth’s
gravitational field. This characteristic appears to be caused by
the sharp transonic drag rise, the rapid thrust attenuation with
altitude, and the thrust increase with Mach number. These
surprising trajectories show the danger in using classical per-
formance methods on high-performance airplanes. The quasi-
steady analysis to determine local maximum rate-of-climb shows
an almost constant slightly subsonic Mach number to be the best
for climb. If the airplane is flown this way, it takes nearly twice
as long to reach the altitude H as it does with the trajectories
shown in Fig. 5. This quasi-steady flight path was used as the
nominal path in the steepest-ascent method and the optimum
path was reached in six or seven ‘‘steps.”

Note that the addition of the M = 0.9 terminal constraint in-
creased the minimum time to climb by 8 per cent. Further addi-
tion of the ¥ = 0 terminal constraint increased the minimum
time to climb less than !/, per cent. The angle-of-attack pro-
grams are not at all unusual and should not be difficult to ap-
proximate for actual flight situations.
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L3
H
— TERMINAL MACH NO.CONSTRAINED TO 0.9, TERMINAL
|___FLIGHT PATH ANGLE CONSTRAINED TO ZERO
==-TERMINAL MACH NO.CONSTRAINED TO 09

—=+=NO TERMINAL CONSTRAINTS

h=ALTITUDE

H=MAXIMUM ALTITUDE FOR
STEADY HORIZONTAL FLIGHT

X=HORIZONTAL DISTANCE

xpen

Fig. 5(a) Supersonic interceptor—flight path for minimum time to climb
to service ceiling from sea level—altitude versus range

1.0 ™ T
i N no TerRMINAL
. /%msmmurs
4 A AN
. Y, M¢=9
\\’/
\
A\ M;e9.7 =0
.6 X Loty
h N\
H \
4 A\
h = ALTITUDE
-2 +| HeMAXIMUM ALTITUDE
| FOR STEADY LEVEL
A2/| FLIGHT
o > )
0 5 10 5 20

MACH NUMBER

Fig. 5(b) Supersonic interceptor—flight path for minimum time to climb
to service ceiling from sea level—altitude versus Mach number

9 Example 2

Angle-of-Attack Program for a Supersonic Interceptor to Climb to
Maximum Altitude. The same airplane considered in Section 8 is
used here with the pay-off function, ¢, being altitude, k. The
stopping condition is & = y = 0; i.e., flight-path angle zero.
The initial condition was taken as the maximum energy condi-
tion for steady horizontal flight, where energy per unit mass is
(V2/2) + gh; i.e., kinetic plus potential energy. This maximum
energy condition occurred at

2.0 T T I T

h = ALTITUDE

H = MAXIMUM ALTITUDE FOR STEADY
HORIZONTAL FLIGHT

1.5 X = HORIZONTAL DISTANCE 4
h /
210
H |
0.5
0
0 | 2 3 4 5 3 7
X
H

Fig. 6(a) Supersonic interceptor—flight path for maximum altitude—al-
titude versus range
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Fig. 5(c) Supersonic interceptor—flight path for minimum time to climb
to service ceiling from sea level—angle-of-attack versus range
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Fig. 5(d) Supersonic interceptor—flight path for minimum time to climb
to service ceiling from sea level—angle-of-attack versus time

h

— = 0.81
H

y=20
M =21

In this case no terminal constraints were used. The physical and
adjoint equations are the same as those in Section 8.

The resulting flight path is shown in Fig. 6. It again contains
a preliminary climb and dive, followed by a zoom to the maxi-
mum altitude which is 64 per cent higher than the service ceiling
(maximum altitude for steady horizontal flight). If all the energy

20
~
1.5 \\
h \\
7o AN
S5
h = ALTITUDE
H = MAXIMUM ALTITUDE FOR STEADY
HORIZONTAL FLIGHT I
o] T 1 t
o 5 1.0 1.5 2.0 25

MACH NUMBER

Fig. 6(b) Supersonic interceptor—flight path for maximum altitude—al-
titude versus Mach number
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Fig. 6(c) Supersonic interceptor—flight path for maximum altitude—
angle-of-attack versus range
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Fig. 6(d) Supersonic interceptor—flight path for maximum altitude—
angle-of-attack versus time

could be converted into potential energy, the maximum altitude
would be 97 per cent higher than the service ceiling. Note that
the thrust essentially vanishes near h/H = 4/3: actually the
turbojet engines will “blow out’’ somewhere near this latter
altitude.

10 Example 3

Angle-of-Attack Program for a Hypersonic Orbital Glider to Achieve
Maximum Range. The problem here is to find the angle-of-attack
program «(t) for a hypersonic glider to achieve maximum range
on the surface of the earth, starting from the point where it has
been injected into a low-altitude satellite orbit by a rocket booster.
The nomenclature for the analysis is shown in Fig. 7, and the lift-
drag characteristics are shown in Fig. 8. The wing loading used
was

mgo
— =273 1bft2
S
where
m = mass of vehicle
go = acceleration of gravity at earth’s surface
S = wing plan-form area

The initial conditions used were

V = 25,920 ft sec™!
v = 0.18 deg (69)
h = 300,000 ft

Owing to the wide range of velocities encountered in this
problem (landing speeds were around 200 ft sec™!) it was found
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Fig. 7 Nomenclature used in analysis of hypersonic orbital glider
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Fig. 8 Hypersonic orbital glider—lift and drag coefficients as functions
of angle-of-attack

convenient to use distance along the flight path, s, as the indepen-
dent variable in solving the differential equations. The physical
differential equations used are:

dav D(h, M, a) g(h) sin 7y
ds mV v (70)
_dl _ cosy L(h, M, @) _ g(h) cos v (1)
ds R+h mV? vz
LY = i (72)
ds Y
d
_‘t = C_OBL (73)
ds 14+ h
R
di 1
— = 74
ds v (74)
where
L ' leration d i
g = G R+1n)’ acceleration due to gravity

R = radius of earth (3440 nautical miles)

o
]

Cp(a) %— p(h)V2S, drag force

~
I

= Cil@) -;— o(h)V2S, lift force
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p = p(h), density of atmosphere, a tabular function (ARDC
standard atmosphere used)
Cp = Cp,+ Cpylsind |, Cp, = 0.042, Cp;, = 1.46, Newtonian
drag coefficient
C1 = Crysin « [sin @ cos a, Cz, = 1.82, Newtonian lift co-

efficient

The adjoint differential equations for the influence functions
are:

d\y 2¢ sin vy 2¢ cos y 1
s +)\W(T>+)\1<T> + A (—7> =0,
(75)
d\ g cos 7y g sin 7y
—71;1+)‘”<—T>+>\’<—V—2
—ﬂ'y—) — Az gn.y + Mcosy =0, (76)
R+ h 1+ i
R
d_)\;.+ 2gsiny D 1 dp
ds “\ VAR + h) mV?2 p dh
2g cos vy cos y L 1 dp
+ % < VXR+h) (R+h)? = mV? p dh) (77
+ )\z P &L_Q =0,
oy
R
d\,
B 0, (78)
. 0, (79)
ds
where
Ae = VA, (80)

'[7
w = log T’— (Vo some reference velocity)
0

The resulting flight path is shown in Fig. 9(a). For comparison
the flight path for @ = 20.5 deg is as shown; this is the angle-of-
attack for maximum lift-to-drag ratio, which is in this case
(L/D)max = 2.0. It can be seen that the optimum «(¢) program
differs from the o = 20.5 deg path most significantly in the first
10 min of the flight; this is truly the critical part of the flight.
The optimum path achieves 15 per cent more range than the
maximum L/D path. Again the optimum control variable pro-
gram, Fig. 9(b) should not be difficult to approximate in practice.
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APPENDIX

1 Use of LaGrange Multipliers for Small Perturbations About a Given
Control Variable Point.

For the maximum problem stated in Section 3 of the paper, we
wish to determine the changes in ¢ and 1 for a small perturbation
da in the control variables from a nominal point @*. To do this
consider first the quantity

D = P(x) + Ap'(Kx, @) + fo) (81)

where dg’ is a row matrix of Lagrange multipliers to be deter-
mined for our convenience. Note that the term multiplying As’
is zero by equation (3) so that & = ¢. Take the differential of
this quantity:

(82)

09 , of , oF '
d@ = (bx + l'p ax) dx + 1,,, o da + lqs (Ifo,

and evaluate the partial derivatives at the nominal point a* —
*.
%%
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AP = d¢ = ((—Z%) + 9.¢’F) dx + Ae'Gde + Ag'dhy, (83)

where the nomenclature is explained in Section 4 of the paper.
Now let us choose g’ so that the coefficient of dx vanishes; i.e.,

(_ag)* + %A'F = 0, (84)
ox
or

Ay = — (ba—(f>* F-! (85)
This reduces equation (83) to the expression

dp = Xy'Gda + Ay’ dfy (86)
An exactly similar procedure yields

di = XAy'Gda + y'dhs, (87)
where

<%>* + AF =0 (88)

2 Steepest-Ascent Method in Ordinary Calculus Using a Weighted
Square Perturbalion of the Control Variables to Determine Step Size.

The problem, as stated in Section 4 of the text, is to choose de
80 as to maximize d¢ for given values of d1, dfo (usually zero), and
dP, where

(I¢ = 3»¢'Gd(1 + 9\4,'("0 (89)
d\!! = 1¢,'Gd(! + l,p’dfu (90)
(dP)? = da'Wda (91)

We use the process of Section 1 of the Appendix again; i.e., we
consider a linear combination of the three foregoing equations:

dp = Xg'Gda + Ag'dby + v'(dy — Xy/dfy — Ay/'Gda)

+ u((dP)? — da'Wdea) (92)
where v’ is a 1 X p row matrix of constants, and u is a constant, all
to be determined for our convenience. Note that the quantities

multiplying ¥/ and u are both zero, by equations (90) and (91).
Take the second differential of this quantity:
A’ = (A'G — v'AY'G — 2pda’W)d?e (93)

Thus the maximum of d¢ occurs when the coefficient of d*«
vanishes in equation (93). This will be the case if

doi= 21—” W-(G"g — G'Apy) (94)
Substituting (94) into (90) we have
1
dg = 2 (lgg — lyyv) (95)
where
dB = di — Ay'dh
lyp = X/'GWIG'2g (96)
lyg = M/'GWIG'Qy
Solving equation (95) for v we obtain
v= —2ulgy7'dB + lyyllye (97)

Substituting (97) and (94) into (91), and solving for u, we obtain
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[ Lo — lya'lyw"lye :I'/’
2 3
) (apPy — ag’lyg—'ag| ’ (98)
where
Igp = 3~¢’GW—1G'3~¢ (99)

Substituting (97) and (98) into (94) and (89) we obtain the results
given in Sections 4 of the text in equations (21) and (23), respec-
tively.

These results have a simple geometric interpretation in the a-

hyperspace. Equations (89) and (90) with dfy = 0 may be
written
dp = Vgda = (VW /)W "/ da (1 0)
dy = Vide = (VYW ~'/)W"da (101)

i.e., d'G = V¢ is the gradient of ¢ in the a-hyperspace, and
Ay/G = V1) is the gradient of ¢. For the moment we will con-
sider ¥ to be a single scalar quantity rather than a column
matrix. If W is the metric in the a-hyperspace then dP is the
infinitesimal distance from the present nominal point to a neigh-
boring point @ + dea. We wish to choose de to maximize d¢,
keeping dy = 0, for a given value of

dP = |W~"de].

Hence we must subtract the component of VoW —'/2 that is
parallel to VYW ="z from V¢W ~'/2. Using the Pythagorean
theorem we have simply then

0V ity — (VOW W g
(dP) (V¢W )(W Vd’ ) (wa—l/:)(w—‘/zv‘pl)
— yow-iyp — YEW VYR
= VoW~V VYW vy (102)

= Tpp — Iyy'Iyy~Iyy
which gives a geometric interpretation of equation (24). Clearly

this quantity is positive unless V ¢ is parallel to V, in which case
it is zero.

3 Adjoint Differential Equations for Small Perturbations About
Given Control Variable Programs.

For the optimum programming problem stated in Section 6 of
the text, we wish to determine the changes in ¢, {, and Q for
small perturbations, da(¢), in the control variable programs about
given nominal control variable programs a*(t), where @ = 0 is
the stopping condition. To do this we consider the linear equa-
tions (39) describing small perturbations about the nominal
path:

Edt_ (6x) = F()ox + G(t)oa (103)

To determine the changes in ¢, {, and © we introduce the linear
differential equations adjoint to (103) defined as

o )
ke =F ()X

(104)
where Ay is an 7 X 1 matrix, Ay is an n X p matrix, and dq is an
n X 1 matrix. If (103) is premultiplied by &’ and (104) is pre-
multiplied by (8x)’ and the transpose of the second product is
added to the first product, we have

L d(6x) )

oy 7+Iﬁx=lF5x—lF5x+lG5a

or

% (Wx) = NGda (105)
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1f we integrate equations (105) from & to 7', the result is
T
Wox)er = [ WGBadt + (Wx)ims (106)

If we let

wm <22\ . oam = (24)
l"(T)——(bx)l:T’ AT = (bx)¢=7~’
A(T) = (—Z?)* (107)

where the nomenclature is given in equations (47), it is clear that
0p = (Xp'0x)ier; 0= (MP'Ox)imr; OR = (A@'0x)e-r (108)

For small perturbations the value of T will be changed only a
small amount dT', so that

dp = 8¢ + ¢dT
dy = 8 + ¢ar (109)
dQ = 8Q + Qar

where the nomenclature is given in equations (48).
Substituting (107) and (109) into (106) we obtain equations
(42), (43), and (44) of the text.

4 Steepest-Ascent Method in Calculus of Variations Using a Weighted
Mean-Square Perturbation of Control Variables to Determine Step Size.

The problem as stated in Section 6 of the text is to choose da(t)
80 as to maximize d¢ for given values of dv, dx(%) (usually zero),
and dP, with dQ = 0 where

dp = j: oTa.¢'Gaa(1¢ + Ap(to)3x(te) + AT (110)

d = f,,T Ay/Gdadt + Ay (l)ox(ts) + VAT (111)

0 il ﬁ OT Aa'Gdadt + ha'(o)dx(te) + QAT (112)

(dP)? = j:oTtsa’W&adt (113)

We use the analog of the process of Section 2 of the Appendix
with only small differences arising from the additional term in
dT in the foregoing equations. The first step is to eliminate d7'
from equation (112):

1 [T 1
aT = — — f A'Goadt — — Ao'(t)0x(fo)  (114)
Q J, Q

0
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Substituting this into equations (110) and (111), we have the re-
lations

a6 = " dgn'Gbadt + Mg/ (Wox(t0) (115)

i = f: Aga'Goadt + Hya’(lo)oxte) (116)

where the nomenclature is given in equations (51). Next we con-
sider a linear combination of (116) and (113) with (115); i.e.,

Ern f:(lm'G — VA'G — pde’W)adl
+ (dga'(t) — v'dya’(h))dx(t) + v'd + u(dP)? (117)
Now we take the variation of this relation (117):
&(d¢) = ﬁoT(:Mn'G — v'2a'G — 2ude’'W)S%adt  (118)
where 0x(4), d{, and dP are considered constants. The maxi-
mum d¢ will occur if the coefficient of §2e in the integrand of

(118) vanishes; i.e.,

S = 2—1# W1 G/(dgn —pay) (119)

Substituting (119) back into (116) and then (113) we can solve
for the constants v and u:

v = —2ulyy~4dB + lyy~lye (120)
_ Iss — us'lyy~lys ]
A [(dP)* ~ dflyydB S
where
dB = di — Aya’(t)dx(lo)
T /7 ’
g ﬁ A’ GWIG dyads

(122)

T

g & j: Ay’ GWIG! gt
T

Iyy = j:o As2'GW ~1G" dyadt

Substituting (120) and (121) into (119) and (115) we obtain the
results given in Section 6 of the text in equations (50) and (51),
respectively.
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