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Preface

The origin of this book was a seminar in the philosophy of
mathematics held at Smith College during the summer of 1979. An informal
group of mathematicians, philosophers and logicians met regularly to
discuss common concerns about the nature of mathematics. Our meetings
were alternately frustrating and stimulating. We were frustrated by the
inability of traditional philolsophical formulations to articulate the actual
experience of mathematicians. We did not want yet another restatement of
the merits and vicissitudes of the various foundational programs—
platonism, logicism, formalism and intuitionism. However, we were also
frustrated by the difficulty of articulating a viable alternative to founda-
tionalism, a new approach that would speak to mathematicians and philoso-
phers about their common concerns. Our meetings were most exciting when
we managed to glimpse an alternative. Occasionally some reading would
suggest a new perspective on mathematics or pose fresh problems with
philosophical merit and mathematical relevance. Then the philosophy of
mathematics would seem to come alive again.

Toward the end of the seminar, my colleague, Stan Stahl, mathematical
logician turned computer scientist, suggested the idea of an anthology of
readings suited to the modern reader. From the first, we conceived of the
anthology as a bridge linking those disciplines concerned with the general
character of mathematics. So we insisted that it include representatives
from mathematics, philosophy, logic and related fields. In addition, we
preferred accessible articles written in English or generally familiar
notations. It seemed prudent to direct the essays to a sophisticated amateur
since most of us are only amateurs in at least one of the fields relevant to the
philosophy of mathematics!

Originally the anthology was to be divided into three major sections. The
first was a group of essays that challenged the dogmas underlying founda-
tionalist views of mathematics. The second focused on mathematics as
actually practiced, thereby reexamining the data from which the philosophy
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of mathematics is to begin. The final section was to have reviewed some of
the recent advances in mathematical logic which bear on general philosophi-
cal issues.

Alas, the exigencies of historical circumstances intervened. Stan Stahl
dropped out as co-editor, and I realized that I could not do justice to each
section in a single volume. So what was originally to be the third section has
been omitted from the present anthology, although it is still projected as a
separate volume. I took this step reluctantly, for there is much to be learned
by using the tools that were originally developed by foundationalists. There
are the recent and lively discussions of mathematical structures, the iterative
concept of set and the new proposals for mathematical definitions of truth.!
Moreover there is a resurgence of constructivism, including provocative
reinterpretations of intuitionism by mathematicians and philosophers.?
Nevertheless, to have included all points of view would have diluted each—
and would have resulted in a very heavy book. Consequently I chose to
develop a few approaches at length rather than attempt a survey of the field.

One result of this is that the present anthology has a more polemical cast
to it than was originally intended. It seems to come out swinging against
tradition, both by repudiating foundations of mathematics and by stressing
the quasi-empirical concept of mathematical practice, a concept that many
traditionalists regard as out-and-out heresy. Well, perhaps a little polemic is
appropriate now and again to breathe new life into a discipline, and I have
no objection to providing a stalking horse for future critics. I would only in-
sist that any excess be attributed solely to me as editor and not to any of the
individually well reasoned selections in the anthology.

This volume could not have been completed without the help of many in-
dividuals. First and foremost, of course, is Stan Stahl and the other partici-
pants of the seminar: James Callahan, David Cohen, Jim Henle, Joan
Hutchinson and Stan Wagon. I’ve also benefitted from useful discussions
with Murray Kiteley, Michael Albertson, Phyllis Cassidy and Andrew
Boucher. Kathryn Pyne Addelson and Bert Mendelson provided valuable
suggestions. I am grateful to Klaus Peters of Birkhauser Boston, Inc. and to
Philip Davis and Reuben Hersh for unflagging support. Last, but not least,
1 have benefitted enormously from the editorial assistance of Maria Fleming
Tymoczko, a medievalist by training, a comparatist by profession and a
philosopher by domestic necessity.

NOTES

1. Interest in mathematical structures was stimulated by P. Benacerraf’s essay,
““What Numbers Could Not Be,”’ Philosophical Review, 74 (1965), 47-73. Among
the replies to Benacerraf are M. Resnick’s ‘‘Mathematical Knowledge and Pattern
Cognition,” Canadian Journal of Philosophy, V (1975), 23-39, and P. Kitcher’s
““The Plight of the Platonist,”” Nous, 12 (1978), 119-136.

"For discussions of the iterative concept of set, see H. Wang, ‘‘The Concept of Set”’
in From Mathematics to Philosophy, Humanities Press, New York (1974), 181-223; G.
Boolos, ‘“The Iterative Conception of Set,”” Journal of Philosophy, 68 (1971), 215-231;
and C. Parsons, ‘“What is the Iterative Conception of Set?”’, Logic, Foundations of
Mathematics and Computability Theory, D. Reidel, Dordrecht (1977), 335-367.
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Recent investigations of truth were spurred by S. Kripke ‘‘Outline of a Theory
of Truth,’’ Journal of Philosophy, 72 (1975), 690-716, and considerably extended by
A. Gupta, ““Truth and Paradox’’, Journal of Philosophical Logic, 11 (1982), 1-60,
and H. Herzenberger, ‘‘Notes on Naive Semantics,”’ ibid., 61-102.

2. The foremost philosophical expositer of intuitionism is M. Dummett; see, for
example, his essay ‘‘The Philosophical Basis of Intuitionistic Logic,” Logic Collo-
quium °73, H.E. Rose and J.C. Sheperdson, editors, North-Holland, Amsterdam
(1975), 5-40.

Among mathematicians, E. Bishop is perhaps the leading exponent of con-
structivism with Foundations of Constructive Analysis, McGraw-Hill, New York
(1967). Special mention should also be made of the radical program of A.S.
Yessenin-Volpin, ‘“The Ultra-Intuitionistic Criticism and the Antitraditional Pro-
gram for Foundations of Mathematics,” Intuitionism and Proof Theory, A. Kino,
J. Myhill, and R.E. Vesley, editors, North-Holland, Amsterdam (1980), 3-45. This
program is most clearly explained by D. Isles, for example, in ‘“On the Notion of
Standard Non-Isomorphic Natural Numbers Series,’’ Constructive Mathematics:
Proceedings, New Mexico, 1980, Springer-Verlag, Berlin (1980), 274-313.

xi



Introduction

The philosophy of mathematics is a formidable subject but a fas-
cinating one, and the source of its appeal is the mystery of mathematics
itself. Mathematics, Alfred North Whitehead once said, ‘‘may claim to be
the most original creation of the human spirit.”’ Its chief rival, Whitehead
suggested, was music.! Pure mathematics stands at the pinnacle of rational
thought. Mathematical results seem to be the paradigms of precision, rigor
and certainty—from elementary theorems about numbers and geometric
figures to the complex constructions of functional analysis and set theory.
The results and methods of mathematics are often surprising and elegant,
occasionally revealing an austere, abstract beauty more typically found in
the arts. Mathematics permeates our intellectual life and has helped to
shape modern society. Science is inconceivable apart from mathematics,
and we often measure the rigor or ‘hardness’ of a science by the amount of
mathematics it employs. We rely on mathematics when we build bridges, fly
airplanes, use computers or get cash from automatic tellers. Whitehead’s
point is well taken: mathematics is a remarkable achievement.

The philosophy of mathematics begins when we ask for a general account
of mathematics, a synoptic vision of the discipline that reveals its essential
features and explains just how it is that human beings are able to do mathe-
matics. The difficulty is that it is hard to arrange the various features for
mathematics into a coherent whole. To account for the indubitability,
objectivity and timelessness of mathematical results, we are tempted to
regard them as true descriptions of a Platonic world outside of space-time.
This leaves us with the problem of explaining how human beings can make
contact with this reality. Alternatively, we could abandon the idea of a
Platonic realm and view mathematics as simply a game played with formal
symbols. This would explain how human beings can do mathematics, since
we are game players par excellence, but it leaves us with the task of
specifying the rules of the game and explaining why the mathematical game
is so useful—we don’t ask chess players for help in designing bridges. Still
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other approaches are possible which also clarify some aspects of
mathematics at the cost of leaving other aspects totally mysterious. Never-
theless, tradition has viewed as primary the contrast between realist concep-
tions of mathematics and constructivist conceptions. Realism assumes the
reality of a mathematical universe which is independent of mathematicians
who discover truths about this reality. Constructivism insists that any
mathematical reality is conditioned by the actual and potential construc-
tions of mathematicians who invent mathematics. The dilemma as I have in-
dicated, is that both views have considerable plausibility and both en-
counter serious difficulties.

Although quite interesting in itself, the philosophy of mathematics has
far reaching ramifications for philosophy in general. Consider ontology and
metaphysics, that part of philosophy dealing with the ultimate nature of
reality. A typical metaphysical question is, are there abstract objects or are
all objects concrete particulars existing in space-time? Obviously, if realism
is the correct approach to mathematics then there are abstract objects, to
wit, the objects of mathematics. Conversely, a defense of physicalism or the
view that all objects are spatio-temporal objects, would most naturally in-
volve a constructive interpretation of mathematics.

Or consider the philosophy of mind. If constructivism provided the cor-
rect account of mathematics, then a good theory of mind should account
for mathematics as an internal mental activity. We would, as it were, be
born with the possibility of doing mathematics. On the other hand, if
realism is to be accommodated by a philosophy of mind, then it must endow
the mind with a primitive faculty of mathematical intuition, or perception
of the mathematical realm—a sort of extra-sensory perception. Thus, one’s
philosophy of mathematics colors one’s conception of the mind, and vice-
versa.

Finally, consider the philosophy of language. Realism as an account of
mathematics disposes us to interpret mathematical languages model-
theoretically, and in general, to develop our theory of semantics in terms of
reference and truth. Constructivism in mathematics disposes us to prefer a
more computational account of meaning and to develop our semantics in
terms of meaning postulates and transformations. So we see how issues in
the philosophy of mathematics can reverberate throughout philosophy and
beyond it to such related fields as natural science, psychology, and
linguistics. It is little wonder that the philosophy of mathematics has been
traditionally regarded as an important testing ground for philosophical
theories. Before accepting a general theory of mind or knowledge, a theory
of what there is or of how language works, we are well advised to work out
and evaluate its consequences for mathematics.

The philosophy of mathematics—or at least philosophical accounts of
mathematics—has played an important role in philosophy going all the way
back to Plato and Pythagoras. As a discipline, however, the philosophy of
mathematics underwent an enormous change over a period centering on the
turn of the century. If we analogize mathematics to science then, following
Kuhn, we can characterize this change as revolutionary or the creation of a
new paradigm.? The dominant question in the new philosophy of mathe-
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matics became: what is the foundation of mathematics? And the answer to
this question, it was assumed, was to be found in the newly emerging
discipline of mathematical logic. The new paradigms of the philosophy of
mathematics included such achievements as Cantor’s analysis of infinity,
Frege’s analysis of number and Russell and Whitehead’s attempt at a grand
unification. Early foundationalists were often quite explicit about their
revolutionary aims. Russell and Whitehead called their masterprice Prin-
cipia Mathematica, deliberately echoing Newton’s Philosophiae Naturalis
Principia Mathematica. Principia Mathematica was to do to the philosophy
of mathematics, if not to mathematics proper, what Newton’s work did to
physics and its philosophy.

We will say more about the idea of foundations of mathematics later. For
the moment, we can summarize it with the slogan that the business of the
philosophy of mathematics is to provide the foundations of mathematics.
Philosophy is kept in business by the fact that there are competing alterna-
tives to the title of foundations. What philosophy does is to adjudicate
among the competition, evaluating the conflicting claims. The instrument of
adjudication is mathematical logic, the same instrument that was used to
generate the competing foundations in the first place.

Nevertheless, the present anthology does not aim to tell the story of foun-
dations. This is already well done elsewhere.? We come to bury Caesar, not to
praise him. The last few decades have witnessed a growing dissatisfaction
with the foundations approaches to mathematics. There are powerful limita-
tions, often in the form of mathematical theorems, that each foundationalist
approach has come up against. We are no nearer to the correct foundations
today than we were a century ago. The same basic arguments and objections
can be repeated at ever higher levels of abstraction. Moreover, close analysis
has revealed certain key assumptions behind foundationalism that seemed ob-
vious to its original proponents but seem much more implausible to us today.
Finally, the controversy about foundations has lost its power to excite. It no
longer has the revolutionary impact that it had in the early twentieth century,
when each new move introduced an important new concept or distinction to
mathematics and philosophy. Now the controversy leads us around in well
worn circles that seem increasingly distant from the everyday concerns of
mathematics and philosophy.

The first aim of the anthology, then, is to challenge the dogma of founda-
tions. To this end, part one collects some of the more pointed and stimulat-
ing critiques of foundationalism. The authors include mathematicians,
philosophers, and logicians. Individually each essay makes a strong case
against foundationalism; collectively, their impact is overwhelming. There
is an additional point served by bringing these essays together. To some ex-
tent, each conveys the impression of a lonely voice crying in the wilderness.
It is worth emphasizing that the wilderness is becoming rather crowded and
that the time is right for the post-foundationalists to move into the main-
stream of the philosophy of mathematics.

In what new directions should the philosophy of mathematics set off once
it abandons the search for foundations? The second part of this anthology
explores one answer to this question. The essays collected there suggest that

Xy
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the philosophy of mathematics can be begun anew by reexamining the ac-
tual practices of mathematicians and those who use mathematics. If we look
at mathematics without prejudice, many features will stand out as relevant
that were ignored by the foundationalists: informal proofs, historical devel-
opment, the possibility of mathematical error, mathematical explanations
(in contrast to proofs), communication among mathematicians, the use of
computers in modern mathematics, and many more. Foundationalists could
ignore such issues because they interpreted actual practice in terms of foun-
dations. To them, the activity of mathematics was essentially just the dis-
covery of truths about sets, the verification of formal proofs, or some other
foundational characterization. All the rest was irrelevant superstructure.

Apart from the foundational mythology, however, there is no justifica-
tion for philosophy to continue to ignore the actual practice of mathemat-
ics. Indeed, it is this practice that should provide the philosophy of mathe-
matics with its problems and the data for their solutions. Furthermore, as
the early essays in the anthology show, the weakest links in foundationalism are
precisely the assumptions it uses to discount mathematical practice. So the
later essays are a natural extension of the earlier and take the opportunity to
argue the positive cases for a recharacterization of mathematical ex-
perience. It is useful to have a label for this approach to the philosophy of
mathematics. Following Lakatos and Putnam, I call it ‘quasi-empiricism.’

This anthology delineates quasi-empiricism as a coherent and increasingly
popular approach to the philosophy of mathematics. However it does not
claim to be a complete representation of contemporary philosophy of mathe-
matics. Foundationalists, for example, are not represented. More seriously, it
does not address the basic dichotomy between realism and constructivism; is
mathematics discovered or invented? This issue should be addressed, and I
plan to do so in a later work.* Nevertheless there is a rationale for postponing
that issue until we are more clear about the practice of mathematics.

Although realism and constructivism seem to be incompatible positions
in the philosophy of mathematics, neither is incompatible with quasi-em-
piricism. In fact quasi-empiricism is continuous with contructivism; both
take their start from mathematical practice. A difference between the ap-
proaches is that quasi-empiricism views the constructions of mathemati-
cians more as social products, while constructivism views them in more
strictly mathematical terms. The difference leads constructivists to impose
stronger constraints on mathematical reasoning than does quasi-empiricism,
which is more tolerant of diverse practices.

While quasi-empiricism opens a door for constructivism in the philoso-
phy of mathematics, it hardly closes the door on realism. It might well turn
out that the best characterization of mathematical practice is as an interac-
tion between mathematicians and independently existing mathematical
structures. To use an analogy, our philosophical understanding of astron-
omy might be advanced by emphasizing the practice of astronomy, the role
of astronomers and telescopes and so forth, without ever denying that the
practice is conditioned by a universe of astronomical objects. So too we can
explore quasi-empiricism without denying realism in the philosophy of
mathematics.
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The rationale for presenting quasi-empiricism should now be clear. Al-
though it might not settle the controversy between realism and constructi-
vism, a deeper understanding of mathematical practice will better prepare
us to settle the controversy.

Although this anthology does not completely represent the philosophy of
mathematics, it does, I believe, gather together some of the more exciting
essays published recently in the field. In this instance, the whole really is
greater than the sum of all its parts; each essay reinforces the others. One
purpose in bringing these essays together is to demonstrate their collective
force. The collection will have succeeded if it stimulates the reader—mathe-
matician or philosopher, professional, apprentice or amateur—to rethink
his or her conception of mathematics. :

NOTES

1. Science and the Modern World, New American Library, New York (1948), 25.

2. See his The Structure of Scientific Revolutions, University of Chicago Press,
Chicago (1962).

3. For example, P. Benacerraf and H. Putnam, editors, Philosophy of Mathe-
matics, Prentice Hall, Englewood Cliffs (1964). (Revised edition 1983.) There is also
the more technical anthology edited by J. Hintikka, The Philosophy of Mathematics,
Oxford University Press, Oxford (1963) and the source book edited by J. van Hei-
jenoort, From Frege to Godel, Harvard University Press, Cambridge (1967). For a
simple introduction, the reader is directed to H. de Long’s A Profile of Mathematical
Logic, Addison-Wesley, Reading, Mass. (1970).

4. For an indication of my tastes in this direction, the reader is referred to foot-
notes 1 and 2 in the Preface, pp. x—xi.

xvii



PART I

Challenging Foundations

The authors of the essays in the first collection represent the major
perspectives on the philosophy of mathematics; two are mathematicians,
two are philosophers, and one a logician. Although their arguments are
drawn from a variety of sources, they have a common target, namely, that
view of the philosophy of mathematics known as ‘foundationalism’. The
essays argue that the search for foundations is misguided and that
philosophy should abandon it. In this preliminary essay I will introduce the
idea of foundations to readers who are not familiar with it. But first I would
like a word with the more experienced readers who are familiar with the no-
tion of foundations of mathematics and recognize its dominant position in
modern philosophy of mathematics.

Many such readers, I suspect, will acknowledge dissatisfaction with the
foundational approach to the philosophy of mathematics. More would do
so if they felt they had a choice, but many people assume that ‘the philos-
ophy of mathematics’ simply means ‘foundational studies’. ‘Foundational
studies’, in turn, is practically equivalent to ‘mathematical logic’. We have
to work to disentangle the major schools of foundationalism—platonism,
logicism, formalism and intuitionism-—from the major branches of mathe-
matical logic—set theory, proof theory, model theory, and recursion
theory. Such identifications are worth fighting against, for they consign the
philosophy of mathematics to an extremely small group of experts. It is not
enough to be an accomplished mathematician versed in general philosophy,
nor to be an accomplished philosopher versed in general mathematics. In
addition, one must buy into a certain research program and collect a Ph.D.
in mathematical logic.

Reuben Hersh captures the present situation among mathematicians quite
well.
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We are still in the aftermath of the great foundationist controversies of the
early twentieth century. Formalism, intuitionism and logicism, each left its
trace in the form of a certain mathematical research program that ultimately
made its own contribution to the corpus of mathematics itself. As philo-
sophical programs, as attempts to establish a secure foundation for
mathematical knowledge, all have run their course and petered out or dried
up. Yet there remains, as a residue, an unstated consensus that the philosophy
of mathematics is research on the foundation of mathematics. If I find
research in foundations uninteresting or irrelevant, I conclude that I'm simply
not interested in philosophy (thereby depriving myself of any chance of con-
fronting my own uncertainties about the meaning, nature, purpose or
significance of mathematical research).!

The situation of philosophers is analogous to that of mathematicians. A
typical intelligent philosopher, versed in general mathematics, will feel that
he does not know enough mathematical logic to comprehend the philosophy
of mathematics. When he finds research in foundations uninteresting,
unimportant or incomprehensible, the typical philosopher concludes that he
is not interested in mathematics, thereby depriving himself of any chance to
use the ideas, problems and examples of mathematics in his philosophy.

The following essays should liberate both philosophers and mathema-
ticians from foundational restrictions. They make in greater detail the point
that is nicely summarized by Hilary Putnam.

Philosophers and logicians have been so busy trying to provide mathematics
with a ‘foundation’ in the past half-century that only rarely have a few timid
voices dared to voice the suggestion that it does not need one. I wish here to
urge with some seriousness the view of the timid voices. I don’t think
mathematics is unclear; I don’t think mathematics has a crisis in its founda-
tions; indeed, I do not believe mathematics either has or needs ‘foundations’.
The much touted problems in the philosophy of mathematics seem to me,
without exception, to be problems internal to the thought of various system
builders. The systems are doubtless interesting as intellectual exercises; debate
between the systems and research within the systems doubtless will and should
continue; but I would like to convince you (of course I won’t, but one can
always hope) that the various systems of mathematical philosophy, without
exception, need not be taken seriously.?

Readers anxious to pursue this line of inquiry should turn immediately to
the next essays. For those readers who are not too familiar with the founda-
tional view, I offer a brief sketch of what it is and how it came to dominate
the philosophy of mathematics.

Philosophers are prone to think in terms of foundations. Phrases like
“‘the foundations of knowledge,”’ ‘‘the foundation of morality,”’ ‘‘founda-
tions of physics’’ roll easily off our tongues. Ordinarily, philosophical
speculation about foundations is ignored by a discipline that is making
reasonable progress or else it is treated with a bemused tolerance. When a
discipline is experiencing a crisis, however, philosophical speculation is
positively reinforced.
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If anyone ever experienced an intellectual crisis in a field, it was
nineteenth-century mathematicians. They were trying to assimilate non-
Euclidean geometries, to separate geometry from arithmetic and analysis,
to ground the calculus, to assimilate infinity, discover the general nature of
sets, avoid the paradoxes of set theory, and so on. At the same time they
were experiencing an unparalleled increase in generality and abstraction in
mathematics. Mathematicians were shifting from studying only ‘the natural
numbers given by God’ to the consideration of arbitrary number systems,
from solving equations to solving groups. In order to make sense of these
changes, nineteenth- and early twentieth-century mathematicians needed a
new set of criteria for assessing mathematics and mathematical proof. Sym-
bolic logic promised a set of criteria and to nineteenth-century mathema-
ticians and their immediate descendants, it more than delivered.

The greatest architect of foundationalism was Gottlob Frege. Unfortun-
ately for Frege, his greatness was not publicly recognized during his lifetime
and he died in relative obscurity. Fortunately for Frege, his students and
correspondents included some of the greatest minds of the time who dis-
seminated his ideas and established his position as the greatest logician since
Aristotle.

When Frege began his work, ‘logic’ meant Aristotelian logic—subjects
and predicates, the law of the excluded middle, syllogisms, and the like:
fixed, immutable truths to be sure, but somewhat trivial or tautologous
ones. Kant articulated the general conception of logic when he said

since Aristotle [Logic] has not had to retrace a single step, unless we choose to
consider as improvements the removal of some unnecessary subtleties, or the
clearer definition of its matter, both of which refer to the elegance rather than
to the solidity of the science. It is remarkable also, that to the present day, it
has not been able to make one step in advance, so that, to all appearances, it
may be considered as completed and perfect.

Aristotle has omitted no essential point of the understanding; we have only to
become more accurate, methodical and orderly.3

Against this backdrop, Frege’s work made the revolutionary claim that
Aristotle had mischaracterized logic! He offered an alternative charac-
terization in terms of what we now call quantification theory with identity
together with the rudiments of type theory and set theory. Moreover, and
this is a crucial point, Frege argued that logic thus reconstrued was the
foundation of mathematics in that all legitimate mathematical concepts
could be defined in logical terms and all mathematical theorems could be
deduced from the principles of logic. To be more precise, Frege argued that
arithmetic and analysis were founded in logic. He distinguished these from
geometry admitting that the truth of Euclidean-geometry was not founded
in logic but rested instead on a primitive intuition of Euclidean space.* His
main point was that arithmetic needed no such appeal to intuition—it could
be derived solely from logical principles available in theory to any rational
being. In other words, the laws of arithmetic followed from, and were but a
special case of, the most general laws of thought. This solves the mystery of
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mathematical knowledge. Any rational being is capable of mathematics. At
the same time, the laws of logic were the most general laws of being, ‘the
laws of the laws of nature’, to use Frege’s evocative phrase. When logic
demonstrated the existence of something, for example numbers, these
things had a real, objective existence—there was nothing more real. So
Frege’s theory provides for the objectivity of mathematics and justifies our
picture of an independent mathematical reality whose nature mathemati-
cians discover.
To make his argument, Frege needed to do two things:

(@) spell out his new version of logic, symbolic logic, and

(b) carry out in detail the derivation of classical mathematics from
logic.

He proceeded to do this in three major works:

Begriffsschrift, a formula language, modeled upon that of
arithmetic, for pure thought (1879).

Die Grundlagen der Arithmetik, the foundations of arithmetic, a
logico-mathematical enquiry into the concept of number (1884).

Grundgesetze der Arithmetik, the basic laws of arithmetic (two
volumes, 1893 and 1903).

Frege’s achievement, in my opinion, is one of the greatest contributions to
philosophy of all time. According to Montgomery Furth:

Frege’s investigations of the concepts of logical truth and of logical conse-
quence . . . amounted to the creation single-handed of the subject of mathe-
matical logic as later understood, issuing in a formal system of logic incor-
porating propositional calculus, first and second-order quantification theory,
and a theory of sets developed within second-order quantification theory.’

Jean van Heijenoort says of the first book alone, a mere 88 pages:

Its fundamental contributions, among lesser points, are the truth-functional
propositional calculus, the analysis of the proposition into function and argu-
ment(s) instead of subject and predicate, the theory of quantification, a system
of logic in which derivations are carried out exclusively according to the form of
the expressions, and a logical definition of the notion of mathematical sequence.
Any single one of these achievements would suffice to secure the book a perma-
nent place in the logician’s library.5

In other words, Frege was working out the rules governing the use of such
concepts as

variable many-place relation formal expression
function many-place function definition
set quantifier proof
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just when mathematics was in desperate need of those concepts! Mathema-
ticians of his day were still treating variables as names of general non-
descript numbers. They could summarize their knowledge of infinity with
the lemniscate, . They confused € with C . Philosophers still wondered
about the reality of relations and whether every proposition might have the
subject-predicate form, P(s).

Of course Frege’s influence was not very direct; he was, by and large, ig-
nored in his lifetime. However, Frege’s work was just one of the paradigms
of foundationalism. It was complemented by the works of Cantor, Dede-
kind, Zermelo, Peano, Russell and Hilbert among many others. Together
these mathematicians, philosophers and logicians simultaneously forged the
discipline of mathematical logic and many of the basic tools of modern
mathematics. The foundation program, as a whole, directly influenced
mathematical practice. Thus, leaving aside any theoretical or philosophical
justification for foundations (and Frege had provided quite an elegant one),
there remained a very crucial pragmatic justification for it. Founda-
tionalism satisfied some very pressing needs of nineteenth- and early
twentieth-century mathematicians.

Up to this point a reader might conclude that foundationalism is surely
correct. What more could one ask of the philosophy of mathematics? Fair
enough—I want here to emphasize the plausibility and attractiveness of the
foundations picture, for the following essays are quite up to the task of
refuting even the best versions of foundations. Nevertheless, I must admit
that my account of foundationalism is so far misleading. I have presented it
as if everyone agreed as to what the foundation of mathematics was—logic as
described by Frege. But I’ve left something out of the account which, when
filled in, explains why foundationalism breaks up into competing schools.

Very early on, Frege’s system of logic was discovered to be inconsistent,
as were many others of the paradigms mentioned above. They produced
contradictions. The project of foundations became fo find foundations
which did the job that Frege’s system was supposed to do but which were
consistent, as Frege’s system was not. The problem is that no one has ever
been able to put the pieces together as simply and uniformly and completely
as Frege had while still remaining consistent.

The discovery of Frege’s inconsistency is itself a paradigm of
mathematical logic and goes by the name of Russell’s Paradox. The full
story involves human drama as well as conceptual discovery and serves to
explain the diaspora of foundationalism into conflicting schools. It’s
worthy of a summary.

As the final volume of the Grungesetze was going to press, when Frege
was slipping the last brick into the foundations of mathematics as it were,
he got a letter from the young British philosopher, Bertrand Russell. Russell
tactfully pointed out that Frege’s system was inconsistent and so it was cer-
tainly not a foundation of mathematics, or of anything else for that matter.
The human tragedy is eloquently expressed by Russell in a letter to van
Heijenoort.”
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Dear Professor van Heijenoort,

I should be most pleased if you would publish the correspondence between
Frege and myself, and I am grateful to you for suggesting this. As I think
about acts of integrity and grace, I realise that there is nothing in my
knowledge to compare with Frege’s dedication to the truth. His entire life’s
work was on the verge of completion, much of his work had been ignored to
the benefit of men infinitely less capable, his second volume was about to be
published, and upon finding that his fundamental assumption was in error, he
responded with intellectual pleasure clearly submerging any feelings of
personal disappointment. It was almost superhuman and a telling indication
of that of which men are capable if their dedication is to creative work and
knowledge instead of cruder efforts to dominate and be known.

Yours sincerely,
BERTRAND RUSSELL

If anything, Russell understates the case.

The conceptual discovery was that the most natural connection between
ontology and epistemology in mathematics, the principle that every
natural property determines a set of things satisfying that property, is con-
tradictory. This principle would permit the set of all sets not members
of themselves, which is a logical impossibility. Russell’s Paradox thus
consists of two parts, Russell’s rather elementary theorem (that
— (Ex)(y) (Rxy < => — Ryy)) and Frege’s rather profound mistake.
Foundationalism, which does not recognize mistakes nor dignify elemen-
tary theorems, is forced to describe the situation as a paradox.

Russell’s Paradox shook the logician’s world and threatened the very
concept of foundations of mathematics. To some, even arithmetic seemed
to totter. But as we’ve seen, the foundations program was far too valuable
and attractive to be abandoned without a fight. The goal was to reconstruct
it while avoiding the paradoxes. However, there was no single way of doing
this. Many techniques were available and choices among different
techniques led to different schools of foundationalism.

Russell, in collaboration with Whitehead, attempted to salvage logicism,
Frege’s thesis that the foundation of mathematics was, literally, logic. In
their influential work, Principia Mathematica, they replaced Frege’s version
of logic with an elaborate theory of types, but their system was cumbersome
and was felt by many to paper over too many difficulties. Logicism has
steadily lost ground as a plausible account of foundations, in part because
of a proliferation of logical theories—beyond type theory and set theory
there is infinitary logic, multi-valued logics, intuitionist logic, and so on.

One alternative was that set theory was the foundation of mathematics.
Set theory has all the power of Russell’s system, and a great deal more
clarity and elegance. Set theoretic platonists hold that the universe of
mathematics is the universe of sets and their foundational program was to
characterize this universe and reconstruct classical mathematics in terms of
sets. While maintaining the reality of mathematical objects, set theoretic
platonism does little to advance our understanding of how mathematical
truths are known. In addition, there is considerable uncertainty about the
nature of this set theoretic universe (is it, for instance, one or many?)
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and the axioms of set theory (is set theory identical with the formal sys-
tem ZF7?).

Another alternative to logicism was to replace Russell’s characterization
of logic with metamathematics, the logical manipulation of formal systems.
According to such a formalism, mathematical theorems are merely the
results of logical deductions from arbitrary axioms. The foundations of
mathematics is metamathematics, the study of formal systems, which pro-
vides mathematicians with the tools they need—formal languages, theories
and rules of inference. Formalism’s hope of finding #ke consistent and com-
plete formal theory adequate for mathematics was dashed by Godel’s
discoveries and formalism has had difficulty reformulating its goal. Not
just any formal theory can count as mathematics after all; for we can for-
malize parts of physics, and even parts of literature if the Russian literary
formalists are correct. Moreover, the univocal sense of logic as a framework
for formal systems has given way to a bewildering variety of formal logics
with no clear front runner, as noted earlier.

Now it should be noted that while there is considerable disagreement
among these schools, there is considerable overlap as well. They all shared in
the development of a new conception of logic, now known as mathematical
logic, and a new set of mathematical tools. In addition, we should note, at
least in passing, the emergence of a renegade school in the philosophy of
mathematics, intuitionism. Intuitionists denied that mathematics had foun-
dations, and they returned to the Kantian idea of a primitive intuition of the
natural numbers. They were no mere platonists, however, for they held a
baroque theory of intuition which forced them to abandon classical logic all
the way back to Aristotle’s law of the excluded middle. When their theory of
acceptable constructions is spelled out, it begins to look suspiciously like just
another putative foundation for mathematics, and the least attractive foun-
dation at that, to the general mathematician and philosopher.

Of course these basic foundations can be refined and crossbred to yield
more sophisticated candidates such as modified platonism, second-order
logicism, Turing Machine formalism and ultra-intuitionism. But we’ll stop
our account here. There, in a nutshell, is the story of the foundations of
mathematics and its subsidiary schools. Those interested in learning more
about foundations are referred to the excellent surveys and anthologies
available.8

Those interested in learning why the foundations program fails as a
philosophy of mathematics should continue on with the following essays.
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REUBEN HERSH

Some Proposals for Reviving the
Philosophy of Mathematics

Hersh’s essay begins the challenge to foundationalism:

The present impasse in mathematical philosophy is the aftermath of the great
period of foundationist controversies from Frege and Russell through Brouwer,
Hilbert and Gédel. What is needed now is a new beginning . . .

Many of the difficulties and stumbling blocks in the philosophy of mathematics
are created by inherited philosophical prejudices which we are free to discard if we
choose to do so.

Hersh presents the case from the point of view of mathematicians. For him,
philosophy of mathematics is primarily the working philosophy of the
professional mathematician. In so far as that philosophy is restricted to the usual
mix of foundational ideas, Hersh charges, it is generally inconsistent, always
irrelevant and sometimes harmful in practice and teaching.

There are difficulties in each of the foundational theories and Hersh discusses
several of these. However, his main concern is to understand how the
preoccupation with foundations came about. At present, Hersh suggests, the best
explanation of foundational concerns is in terms of the historical development of
mathematics which he summarizes. Along the way, he isolates some of the basic
presuppositions of foundation studies: ‘‘that mathematics must be provided with
an absolutely reliable foundation’’ and ‘‘that mathematics must be a source of
indubitable truth.”” Hersh’s point is that it is one thing to accept the assumption
when, like Frege, Russell or Hilbert, we feel that the foundation is nearly
attained. But it is quite another to go on accepting it, to go on letting it shape
our philosophy, long after we’ve abandoned any hope of attaining that goal.

Very well, if the concerns of foundations of mathematics are the wrong
concerns, then how do we philosophize about mathematics ? Hersh’s answer
is clear: we begin with the ongoing practice of mathematicians. This is a deep

Reprinted, with permission, from ADVANCES IN MATHEMATICS, Vol. 31,
1979, pp. 31-50. Copyright © 1979 by Academic Press, Inc.
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and important point that will be returned to again and again throughout this
anthology. The emphasis on mathematical practice is not just a mathematician’s
chauvinism. It is the practice of mathematics that provides philosophy with its
data, its problems and its solutions. At the turn of the century it seemed as if
foundationalism could capture the essence of mathematical practice and no
wonder. As we’ve noted, foundations programs changed that practice. But in the
last half century, foundational research and ordinary mathematical practice have
evolved along quite different lines. To revive the philosophy of mathematics, we
must return to its source for a fresh look.

If we view mathematical practice with an unjaundiced eye, Hersh suggests, we
will observe prominent features that have been ignored by traditional philosophy.
We might note, for example, that mathematical knowledge is inherently fallible
and no foundation can make it infallible. When informed of Russell’s Paradox,
Frege is alleged to have said < Arithmetic totters.”’ Hersh might agree but add
that arithmetic doesn’t totter too much and besides, everything totters.
Mathematical knowledge is *“fallible, corrigible, tentative and evolving as is every
other kind of human knowledge.”’

In a similar vein, we might note that mathematical practice is essentially a
public activity, not a private one. This obvious point is at odds with the standard
foundational attitude that mathematics is essentially a private affair, taking place
in a mind, and that public practice is only a symptom of it. The emphasis on
mathematical practice, in our time, brings with it an emphasis on the
mathematical community as the ultimate source of mathematical activity.

Hersh concludes his paper with a brief sketch of the new vista in philosophy of
mathematics. It is not without flaws. Professional philosophers will be disturbed by
the free and easy use of ‘idea’ as a basic explanatory notion. After two thousand
years of philosophical reworking, the idea of ‘idea’ has become rather vague.
Indeed in comparison the platonist’s ‘set’ or the formalist’s ‘symbol’ can look like a
positive advance in clarity. In Hersh’s framework idea takes on a more substantial
meaning, however, very like ‘cultural product of the mathematical subculture.” Of
course this interpretation is likely to raise more questions than it answers from both
mathematicians and philosophers. What accounts for the striking differences
between mathematical products and other cultural products? Is mathematical
creativity as unconstrained as artistic creativity? Hersh suggests some answers, but
more importantly, he asks deep questions.

By “philosophy of mathematics’’ I mean the working philosophy
of the professional mathematician, the philosophical attitude toward his
work that is assumed by the researcher, teacher, or user of mathematics.
What I propose needs reviving is the discussion of philosophical issues by
working mathematicians, especially the central issue—the analysis of truth
and meaning in mathematical discourse.

The purpose of this article is, first, to describe the philosophical plight of the
working mathematician; second, to propose an explanation for how this plight
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has come about; and third, to suggest, though all too briefly, a direction in
which escape may be possible. In summary, our argument will go as follows:

(1) The philosophical notions about mathematics commonly held by the
working mathematician are incompatible with each other and with our ac-
tual experience and practice of mathematical work. Many practical prob-
lems and impasses confronting mathematics today have philosophical
aspects. The dearth of well-founded philosophical discourse on mathema-
tics has observable harmful consequences, in teaching, in research, and in
the practical affairs of our organizations.

(2) The present impasse in mathematical philosophy is the aftermath of
the great period of foundationist controversies from Frege and Russell
through Brouwer, Hilbert, and Godel. What is needed now is a new begin-
ning, not a continuation of the various ‘‘schools’’ of logicism, formalism or
intuitionism. To get beyond these schools, it is necessary to go back in
history to their origin, to see what they had in common, and how they were
rooted in the mathematics and philosophy of their day.

(3) Many of the difficulties and stumbling blocks in the philosophy of
mathematics are created by inherited philosophical prejudices which we are
free to discard if we choose to do so. Some of our philosophical difficulties
will then simply evaporate; others will become tangible problems which can
be investigated systematically, with reasonable hopes for progress.

Each statement will be amplified and argued at some length below.

1 THE PHILOSOPHICAL PLIGHT OF THE
WORKING MATHEMATICIAN

Most writers on the subject seem to agree that the typical ‘‘working mathe-
matician” is a Platonist on weekdays and a formalist on Sundays. That is,
when he is doing mathematics, he is convinced that he is dealing with an ob-
jective reality whose properties he is attempting to determine. But then,
when challenged to give a philosophical account of this reality, he finds it
easiest to pretend that he does not believe in it after all.

We quote two well-known authors:

On foundations we believe in the reality of mathematics, but of course when
philosophers attack us with their paradoxes we rush to hide behind formalism
and say, ‘‘Mathematics is just a combination of meaningless symbols,”’ and
then we bring out Chapters 1 and 2 on set theory. Finally we are left in peace to
go back to our mathematics and do it as we have always done, with the feeling
each mathematician has that he is working with something real. This sensation
is probably an illusion, but is very convenient. That is Bourbaki’s attitude
toward foundations. (Dieudonné [8].)

To the average mathematician who merely wants to know his work is securely
based, the most appealing choice is to avoid difficulties by means of Hilbert’s
program. Here one regards mathematics as a formal game and one is only con-
cerned with the question of consistency . . . . The Realist position is prob-
ably the one which most mathematicians would prefer to take. It is not
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until he becomes aware of some of the difficulties in set theory that he would
even begin to question it. If these difficulties particularly upset him, he will
rush to the shelter of Formalism, while his normal position will be somewhere
between the two, trying to enjoy the best of two worlds. (Cohen [4].)

(Throughout the paper, the term “formalism’’ is used, as it is in these
quotations from Dieudonné and Cohen, to mean the philosophical position
that much or all of pure mathematics is a meaningless game. It should be
obvious that to reject formalism as a philosophy of mathematics by no
means implies any critique of mathematical logic. On the contrary, logi-
cians, whose own mathematical activity is the study of formal systems, are
in the best position to appreciate the enormous difference between mathe-
matics as it is done and mathematics as it is schematized in the notion of a
formal mathematical system.)

We will shortly offer an analysis of this supposed alternative of Platon-
ism and formalism. At present we merely record this as a generally accepted
fact about the mathematical world today: Most mathematicians live with
two contradictory views on the nature and meaning of their work. Is it
credible that this tension has no effect on the self-confidence and self-
esteem of people who are supposed above all things to hate contradiction?

The question of what is interesting in m