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PREFACE

The book was written in the long Buffalo winter of 1971-72. It is an
attempt to show the place of the Axiom of Choice in contemporary mathe-
matics. Most of the material covered in the book deals with independence
and relative strength of various weaker versions and consequences of the
Axiom of Choice. Also included are some other results that I found relevant
to the subject.

The selection of the topics and results is fairly comprehensive, nevertheless
it is a selection and as such reflects the personal taste of the author. So does
the treatment of the subject. The main tool nsed throughout the text is
Cohen’s method of forcing. I tried to use as much similarity between sym-
metric models of ZF and permutation models of ZFA as possible. The
relation between these two methods is described in Chapter 6, where I pre-
sent the Embedding Theorem (Jech-Sochor) and the Support Theorem
(Pincus).

Consistency and independence of the Axiom of Choice (due to Gédel and
Cohen, respectively) are presented in Chapters 3 and 5. Chapter 4 introduces
the permutation models (Fraenkel, Mostowski, Specker). Chapters 2 and 10
are devoted to the use of the Axiom of Choice in mathematics. Chapter 2
contains examples of proofs using the Axiom of Choice, whereas Chapter 10
provides counterexamples in the absence of the Axiom of Choice.

Chapters 7 and 8 deal with various consequences of the Axiom of Choice.
The topics considered in Chapter 7 include the Prime Ideal Theorem, the
Ordering Principle and the Axiom of Choice for Finite Sets, while Chapter
8 is concerned with the Countable Axiom of Choice, the Principle of De-
pendent Choices and related topics. In Chapter 9 we discuss the differences
between permutation models of ZFA and symmetric models of ZF.

Chapter 11 is devoted to questions concerning cardinal numbers in set
theory without the Axiom of Choice. Finally, in Chapter 12 we discuss

VII



VIII PREFACE

briefly the Axiom of Determinacy and related topics. This subject has been
recently in the focus of attention, and it seems that solution of the open
problems presented at the end of Chapter 12 would mean an important con-
tribution to the investigation of the Foundations of Mathematics.

The book is more or less self-contained. Most of the theorems are accom-
panied by a proof of a sort. There are, however, several instances where I
elected to present a theorem without proof, and an insatiable reader will
have to resort to looking up the proof in the journals.

Each chapter contains a number of problems. Some of them are simply
exercises, but many of the problems are actually important results which
for various reasons are not included in the main text. These are in most
cases provided with an outline of proof. To help the reader, I adopted the
classification used by producers of French brandy: The one star problems
are generally more difficult than the plain problems. Two stars are reserved
for results presented without a proof (in most cases, such a result is the
main theorem of a long paper). And finally, three stars indicate that the
problem is open (there are still a few left).

Among those whose work on the subject has had most influence on this
book are (apart from Godel and Cohen) A. Levy, A. Mostowski and A.
Tarski, to name a few. My special thanks are due to P. Vopénka, who is
responsible for my interest in the subject and under whose guidance I wrote
my 1966 thesis “The Axiom of Choice’.

I am very much indebted to D. Pincus, for two reasons. Firstly, many of
the results of his 1969 thesis found its way into this book, and secondly, his
correspondence with me throughout the past five years had a significant
influence on my treatment of the subject. Finally, I am grateful to U. Felgner
for his valuable comments after he was so kind to read my manuscript last
summer.

Princeton, N.J. December 1972



CHAPTER 1

INTRODUCTION

1.1. The Axiom of Choice

A mathematician of the present generation hardly considers the use of the
Axiom of Choice a questionable method of proof. As a result of algebra and
analysis going abstract and the development of new mathematical dis-
ciplines such as set theory and topology, practically every mathematician
learns about the Axiom of Choice (or at least of its most popular form,
Zorn’s Lemma) in an undergraduate course. He also probably vaguely
knows that there has been some controversy involving the Axiom of Choice,
but it has been resolved by the logicians to a general satisfaction.

There has been some controversy about the Axiom of Choice, indeed.
First, let us see what the Axiom of Choice says:

AxioM OF CHOICE. For every family & of nonempty sets, there is a function
[such that f(S) € S for each set S in the family F .

(We say that f is a choice function on &.) In some particular instances,
this is self-evident. E.g., let & consist of sets of the form {a, b}, where a
and & are real numbers. Then the function

f({a, b}) = min (a, b)

1s a choice function on . Or, if all the sets in F are singletons, i.e. sets of
the form {a}, then one can easily find a choice function on %. Finally, if
F is a finite family of nonempty sets, then there is a choice function. (To
show this, one uses induction on the size of & ; naturally, a choice function
exists for a family which consists of a single nonempty set.)

1



2 INTRODUCTION [ch.1, §2

Thus the idea of having a choice function on every family of nonempty
sets is not against our mathematical mind. But try to think of a choice func-
tion on the family of all nonempty sets of reals! Or, let & be the family of
all (unordered) pairs {S, T}, where S and T are sets of reals.

After thinking about these problems for a while, one should start to
appreciate the other point of view. The Axiom of Choice is different from
the ordinary principles accepted by mathematicians. And this was one of
the sources of objections to the Axiom of Choice, as late as in the thirties.
The other source of objections is the fact that the Axiom of Choice can be
used to prove theorems which are to a certain extent ‘unpleasant’, and even
theorems which are not exactly in line with our ‘common sense’ intuition.

The rest of Chapter 1 is devoted to such examples.

1.2. A nonmeasurable set of real numbers

The most popular example of an ‘unpleasant’ consequence of the Axiom
of Choice is the existence of a set of real numbers which is not Lebesgue
measurable.

Let u(X) denote the Lebesgue measure of a set X of real numbers. As is
well-known, u is countably additive, translation invariant and p([a, b]) =
b—a for every interval [a, b].

For real numbers in the interval [0, 1], let us define

X ~Yy

whenever x—y is a rational number. The relation ~ on [0, 1] is an equiva-
lence; denote by [x] the corresponding equivalence class, for each x € [0, 1].
By the Axiom of Choice, we can choose one element out of each equivalence
class. Thus there is a set M of real numbers, M < [0, 1], with the property
that for each real number x, there exists a unique y € M and a unique
rational number r such that x = y+r. If we let

M, ={y+r:yeM}

for each rational number r, then we have a partition of the set R of all real
numbers into countably many disjoint sets

(1.1) R =) {M, : r rational}.

It follows that the set M is not measurable. Assuming that M is measurable,
we get a contradiction as follows: First, u(M) = 0 is impossible, since this
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would imply u(R) = 0, using (1.1). However, u(M ) > 0 is also impossible,
since this would imply
u([0,1]) = u(l) {M, : r rational and 0 < r < 1})
= Z . #M,) = oo,

osrs
r rational

using the fact that each M, would have to have the same measure as M.

1.3. A paradoxical decomposition of the sphere

The theorems presented here demonstrate what ‘absurd’ results can be
expected when employing the Axiom of Choice.

THEOREM 1.1. A4 sphere S can be decomposed into disjoint sets

S=AuvuBuCuQ
such that:
(1) the sets A, B, C are congruent to each other;
(ii) the set B U C is congruent to each of the sets A, B, C;
(iii) Q is countable.

Let us consider the following relation between sets in the three-dimensional
Euclidean space: We let

(1.2) X=Y

if there is a finite decomposition of X into disjoint sets
X=Xvu..uviX,

and a decomposition of ¥ into the same number of disjoint sets
Y=Y, u..uY, -

such that X; is congruent to ¥; for each i = 1, ..., m. We have the fol-

lowing remarkable theorem:

THEOREM 1.2. A closed ball U can be decomposed into two disjoint sets,

U=XvuY
suchthat U x Xand U ~ Y.
Thus, using the Axiom of Choice, one can cut a ball into a finite number

of pieces and rearrange them to get two balls of the same size as the original
one!
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The following sequence of lemmas will establish the proofs of Theorems
1 and 2. Let G be the free product of the groups {1, ¢} and {1,y, y?},
i.e., the group of all formal products formed by ¢,  and Y, with the speci-
fication that > = 1 and ¢*> = 1. Let us consider two axes of rotation a,,, a,
going through the center of the ball U, and consider the group of all rotations
generated by a rotation ¢ by 180° about a,, and a rotation { by 120° about a,,.

LemMmA 1.3. We can determine the axes a, and ay in such a way that distinct
elements of G represent distinct rotations generated by ¢ and .

Proor (outline). What we have to do is to determine the angle 8 between
a, and ay in such a way that no element of G other than 1 represents the
identity rotation. Consider a typical element of G, e.g. a product of the

type

(1.3) a=@ Yyl -yl

Using the equations for orthogonal transformations and some elementary
trigonometry, one can prove that the equation

a=1,

where « is some product of type (1.3), has only finitely many solutions.
Consequently, except for a countable set of values, we are free to select
any angle 9 to satisfy the requirements.

Thus we consider such 3 and then G is the group of all rotations generated

by ¢ and .
LeMMA 1.4. The group G can be decomposed into three disjoint sets

G=AuBuC
such that
(1.4) A9 =BuC, Ay =B, A-y* =C.

Proor. We construct 4, B, C by recursion on the lengths of the elements of
G. Welet 1 € 4, 0, € B and §? € C and then continue as follows for any
aeG:

ae A x€B aeC

L Ut apeB  aped aped
@ ends with { . { of B ayeC ayeAd
¢ afy 'eC oy 'ed oy 'eB

This will guarantee that condition (1.4) is satisfied.
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So far, we have not used the Axiom of Choice. To complete the proof
of Theorem 1.1, we use a similar argument to that in the construction of a
nonmeasurable set of real numbers in section 1.2.

Let Q be the set of all fixed points on the sphere .S of all rotations « € G.
Each rotation a € G has two fixed points; thus Q is countable. The set
S—Q is a disjoint union of all orbits P, of the group G:

P, = {xa:0eG}.

By the Axiom of Choice, there exists a set M which contains exactly one
element in each P,, x e S— Q. If we let

A=M-/, B=M-# C=M%,

it follows from (1.4) that A, B, C are disjoint, congruent to each other,
and B v C is congruent to each of them; moreover,

S=4AuvBuCuQ.
This completes the proof of Theorem 1.1.

LEMMA 1.5. Let ~ be the relation defined in (1.2). Then:

(a). =~ is an equivalence.

(b). If X and Y are disjoint unions of X, X, and Y,, Y,, respectively, and
if X;,= Y;foreachi =1,2,then X ~ Y.

©. IfX,cY<Xandif X ~ X,, then X ~ Y.

ProoF. (a) and (b) are easy.

To prove (c), let X = X' U ... uX"and X; = X; U ... U X7 such that
X'is congruent to X! foreachi = 1, ..., n. Choose a congruence f* : X* — X/
foreachi = 1, ..., n, and let f be the one-to-one mapping of X onto X* which
agrees with % on each X*. Now let

XO = X, Xl =f”X0, Xz =f”X1, vaey
YO = Y5 Y1 =f”Y0a Y2 :f“Yla sees

(where X = {f(x) : xe X} is the image of X). If we let

z = (X, ¥

thenf')Z and X —Z are disjoint, Z ~ f"'Z and
X=Zu(X-2), Y=f'Zu(X-2),
and hence X ~ Y by (b).
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ProOF OF THEOREM 1.2. Now, let U be a closed ball and let
S=AuvuBuCuQ
be the decomposition of its surface from Theorem 1. We have
U=4AuBuCuQuic,

where c is the centre of the ball and for each X < S,X is the set of all
x € U, other than ¢, such that its projection onto the surface is in X. Clearly,

(1.5) AxB~C=~BuC.

Let
X=4AuvQu{g, Y=U-X
From (1.5) and Lemma 1.5, we get
A~AuBuC,
and so

(1.6) X~ U.

Now, it is easy to find some rotation « (not in G) such that Q and Q- «
are disjoint, and so, using

C~AuBuC,

there exists S = C such that S ~ 8. Let p be some point in S—C. Ob-
viously,

(1.7) AuvQu{c ~BuSu{p}

Since
BuSu{plesYcl,

we can use (1.6), (1.7) and Lemma 1.5(c), to get
Y= U.
This completes the proof of Theorem 1.2.

1.4. Problems

1. Prove that the Axiom of Choice is equivalent to the following principle:
Let # be a family of disjoint nonempty sets. Then there is a set M such that
M n X contains exactly one element, for each X e &
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2. Let % be a family of nonempty sets of natural numbers. Then there
exists a choice function on #.

3. Let & be a family of finite nonempty sets of real numbers. Then there
exists a choice function on &.

4. Assuming that there is a nonmeasurable set of real numbers, construct
a subset of the interval [0, 1], whose inner measure is 0 and whose outer
measure is 1.

A set of real numbers is called meager if it is the union of a countable
family of nowhere dense sets. A set X has the Baire property if for some
open set G, the symmetric difference X A G is meager.

5. Without using the Axiom of Choice, prove that the set R of ali real
numbers is not meager (Baire Category Theorem).

[Hint: The intersection of countably many open dense sets is non-
empty.]

6. Using the Axiom of Choice, prove that the union of countably many
countable sets is countable. '

7. Using the Axiom of Choice, prove that the union of countably many
meager sets is meager.

8. Assuming that there is a set of real numbers which does not have the
Baire property, construct a set X which is not meager and such that for no
nonempty open set G, G—X is meager.

9. The set M from Section 1.2 does not have the Baire property.

[Hint: If there is an open interval (a, b) such that (@, b) = MU N, where
N is meager, then there is x € M such that x+r¢ N for any rational r, a
contradiction. |

*10. Prove the existence of a nonmeasurable set using only the assumption
that a choice function exists on every family of pairs.

[Hint': Work in the Cantor space (the set “2 of all functions a: w —{0,1})
with the product measure. Let a ~ b iff a(n) # b(n) for only finitely many
n’s; let [a] be the equivalence classes of a. Let a* be such that a*(n) = 1
iff a(n) = 0. Using choice for the family of all pairs {[a], [a*]}, obtain
A < “2 such that for each x,

! Note that in fact one uses a weaker assumption: There exists a nontrivial ultrafilter
over w.
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(1) xe A if and only if x* ¢ 4;

(i) f xe 4 and x ~ y then y € 4.
By (ii), if some basic interval is included in 4 up to a set of measure 0, then
every basic interval of the same length is; thus the measure of 4 would
have to be either O or 1. On the other hand, 4 should have the same measure
as 4* = {x*: x € 4}, but A UA* = “2, a contradiction.]

*11. Prove the existence of a set without the Baire property using the same
assumption as in Problem 10.

[Hint: The set A would have to be either meager or a complement of a
meager set. |

1.5. Historical remarks

The Axiom of Choice was first formulated by Zermelo [1904]. The
formulation in Problem 1 is due to Russel [1906]. The construction of a
nonmeasurable set in Section 1.2 is due to Vitali [1905]; the construction
in Problems 10 and 11 follows Sierpinski [1938]. Theorem 1.1 is in Haus-
dorff [1914], and Theorem 1.2 was proved by Banach and Tarski [1924].



CHAPTER 2

USE OF THE AXIOM OF CHOICE

2.1. Equivalents of the Axiom of Choice

While in the first chapter we tried to convince the reader that the Axiom
of Choice has unpleasant consequences, we shall devote this chapter to
the task of improving its image by presenting several important theorems
of contemporary mathematics in which the Axiom of Choice is indispens-
able.

We start by giving several equivalents of the Axiom of Choice. The
literature gives numerous examples of theorems which are equivalent to
the Axiom of Choice. Most popular among them are the three following
principles.

WELL-ORDERING PRINCIPLE (Zermelo’s Theorem). Every set can be well-
ordered.

We recall that an ordering < of a set S is a well-ordering if every non-
empty X < S has a least element in the ordering <.

To state the second principle, we need some definitions: A subset C of
a partially ordered set (P, <) is a chain in P if C is linearly ordered by <; u
is an upper bound of C if ¢ < ufor each ¢ € C. We say that a € P is a maximal
element if a < x for no x € P.

MaxiMAL PRINCIPLE I (Zorn’s Lemma). Let (P, <) be a nonempty partially
ordered set and let every chain in P have an upper bound. Then P has a maximal
element.

Finally, let & be a family of sets. We say that & has finite character if

for each X, X belongs to Z if and only if every finite subset of X belongs to
Z.



10 USE OF THE AXIOM OF CHOICE [cH.2, §1

MaxiMAL PriNcipLe 1T (Tukey’s Lemma). Let & be a nonempty family of
sets. If & has finite character, then & has a maximal element (maximal with
respect to inclusion < ).

THEOREM 2.1. The following statements are equivalent:
(i) Axiom of Choice.
(ii) Well-ordering Principle.
(iii) Maximal Principle 1.
(iv) Maximal Principle 11.

ProoF. (i) = (ii). Let S be a set. To find a well-ordering of S means to find
an ordinal number o and a one-to-one a-sequence

2.1 07 PR PR (¢ < a)

which enumerates S. Let F be a choice function on the family of all non-
empty subsets of S; we construct a sequence (2.1) by transfinite recursion:

a, = F(S),
a; = F(S—{a, :n < &}).

The construction stops as soon as we exhaust all elements of S.

(ii) = (iii). Let (P, <) be a nonempty partially ordered set and assume
that every chain in P has an upper bound. We find a maximal element of
P. By assumption, the set P can be well-ordered, i.e., thereis an enumeration

P ={po,P1s.s P>} (¢ < a)

for some ordinal number «. By transfinite recursion, let

Co = Do
and
cé = py,

where y is the least ordinal such that p, is an upper bound of the chain
C ={c,:n < &} and p, ¢ C. Note that {c, : n < &} is always a chain and
that p, exists unless ¢;_; is a maximal element of P. Eventually, the con-
struction comes to a halt, and we obtain a maximal element of P,

(iii) = (iv). Let & be a nonempty family of sets and assume that & has
finite character. % is partially ordered by the inclusion <. If € is a chain
in # and if 4 =) {X: Xe %}, then every finite subset of 4 belongs to
& and therefore A belongs to &. Obviously, 4 is an upper bound of %.
Hence we may apply Zorn’s Lemma and get a maximal element of the
family &#.
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(iv) = (i). Let Z be a family of nonempty sets. We want to find a choice
function on & Let us consider the family

9 = {f:fis a choice function on some § = F}.

A subset of a choice function is a choice function and thus it is easy to see
that ¢ has finite character. By assumption, ¢ has a maximal element F.
A simple appeal to the maximality of F shows that the domain of F is the
whole family & .

2.2. Some applications of the Axiom of Choice in mathematics

The equivalents of the Axiom of Choice which were discussed in Section
2.1 are the most popular variants of the choice principle and are most often
used in mathematical proofs. In this section, we give several examples of
mathematical theorems whose proofs require the use of one of the forms of
the Axiom of Choice.

2.2.1. Example: Tychonoff Product Theorem
Let {S; : i€ 1} be a family of topological spaces. The product space

S =X{S;:iel}

is defined as the Cartesian product of the family {S; :ie I} endowed with
the product topology.

TycHONOFF’S THEOREM. The product of a family of compact spaces is com-
pact in the product topology.

One popular proof of this theorem uses the characterization of compact
spaces by filters.

A filter & over a set S is a nonempty proper subset of the family of all
subsets of S such that

(1) Xe & and X < Y implies Ye &

(i) Xe # and Ye F implies X n Ye F.
A filter is an witrafilter if

(iii) for each X < S, either Xe & or S—X e £.
A filter-base is a family % such that

{Xo2X a..0X: X,.., X e B}
is a filter. A space S is compact if for every filter-base & over S,
(2.2) N{X:Xe %}

is nonempty.
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Let
S=X{S;:iel}

be a product of compact spaces. The family of all filter-bases over S has
finite character and so by Tukey’s Lemma (or rather by its self-refinement,
cf. Problem 3), every filter-base is included in a maximal filter-base (an
ultrafilter). To show that the intersection (2.2) is nonempty whenever
2% is maximal (which is obviously sufficient), we use:

(1) the compactness of the spaces S; to show that the intersections of
the projections A; = () {pr;(X) : X € #} are nonempty;

(2) the Axiom of Choice again, to pick x; in each 4;, and

(3) the maximality of & to show that the point x = {x; :ie I} belongs
to the intersection (2.2).

2.2.2. Example
THEOREM. Every vector space has a basis.

Proor. Let % be the family of all linearly independent sets of vectors.
Obviously, # has finite character and so by Tukey’s Lemma, there exists
a maximal linearly independent set B. Using the maximality, one proves
without much effort that B is a basis.

2.2.3. Example: Nielsen-Schreier Theorem
A group G is a free group if it has a set of generators A4 with the following
property: Every element g of G other than 1 can be uniquely written in the
form
ailaf' ... att,
where the a; are in 4 and no @ appears adjacent to an g~ *.
NIELSEN-SCHREIER THEOREM. Every subgroup of a free group is a free group.

The proof of this theorem is rather involved and we will not present it.
Let us only mention that the standard proof uses the fact that the given
subgroup can be well-ordered and this is used to construct, by transfinite
recursion, a set of free generators of the subgroup.

2.2.4. Example: Hahn—Banach Theorem

Let E be a real vector space. A functional p on E is sublinear if p(x+y) <
p(x)+p(y) for all x, ye E and p(rx) = rp(x) for all nonnegative reals r
and all xe E.
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HAuN-BANACH EXTENSION THEOREM. Let p be a sublinear functional on E
and let @ be a linear functional defined on a subspace V of E such that
@(x) < p(x) on V. Then there exists a linear functional \y on E which extends
@, and y(x) < p(x) holds for all x e E.

Proor. One considers the family & of all linear functionals s extending
@, defined on a subspace of E, and satisfying y(x) < p(x). The family &,
partially ordered by extension, satisfies the assumption of Zorn’s Lemma and
so there is a maximal functional ¥ in %. It remains to be verified that a
maximal ¥ is defined everywhere on E. This requires a lemma to the effect
that if v € # and x € E is outside the domain of y, then there exists a
¥ € & which is defined at x.

It should be mentioned that the Hahn-Banach Theorem can be proved
from a weaker assumption than the full Axiom of Choice. In Problem 19,
the reader will find an equivalent of the Hahn-Banach Theorem, and its
relative strength will be discussed in due course.

2.2.5. Example: Algebraic closure of a field

An algebraic closure of a field F is an algebraically closed extension C of
F which is algebraic over F; i.e., every nonconstant polynomial has a root
and every element of C is a root of a polynomial in F[x].

THEOREM. For any field F, an algebraic closure of F exists and is unique (up
to isomorphism).

ProoF (outline): For every polynomial p € F[x] of n'® degree, consider n

indeterminates ¥, ..., y{”; let ¥ be the set of all such »*’. In the ring
F[x][Y], let I be the ideal generated by all the elements of the form
p(xX)=(x—=yP) - ... - (x—yP).

Using Zorn’s Lemma, there is a maximal ideal J = I in the ring F{x][Y].
The quotient F[x][Y ]/J is a field, extends F and is algebraically closed. Once
we have one algebraically closed extension of F, we can get one which is
algebraic over F. The uniqueness of algebraic closure follows by application
of Zorn’s Lemma to the family of all partial isomorphisms between the two
given algebraic closures of F.

2.2.6. Example: Maximal Ideal Theorem for Lattices
Let Lbe alattice. An idealin L is a nonempty proper subset / of L such that
(i) aeIand b < aimplies b e 1;
(ii) ae! and b eI implies avbe L
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MaxiMAL IDEAL THEOREM FOR LATTICES. Every lattice with unit and at
least one other element has a maximal ideal.

Proor. Let & be the family of all ideals in the given lattice. The family
F satisfies the assumption of Zorn’s Lemma and so it has a maximal
element.

2.3. The Prime Ideal Theorem

In the examples of the preceding section, we showed that using the Axiom
of Choice, we can establish the existence of maximal ideals in rings, lattices,
or set algebras. Among the theorems of this type, one — the (Boolean)
Prime Ideal Theorem — plays a particularly prominent role. Firstly, because
it can be used in many proofs instead of the Axiom of Choice; secondly,
because it is equivalent to several other statements; and finally, because it is
essentially weaker than the general Axiom of Choice (this will be discussed
in Chapter 7).

A Boolean algebra is an algebra B with two binary operations +, *
(Boolean sum and product), one unary operation — (complement) and two
constants 1, 0. The axioms governing Boolean algebras are the following:

u+u = u, Uu-u=1u,
u+tv =v+u, u-v =0-u,
u+@+w) = w+v)+w, wu-(v-w)=(W-v) w,
(u+v)-w=(u-wy+(v-w),
(u-v)+w = (u+w)- (v+w),
u+(—u) =1, u-—u =0,
—(u+v) = —u- —v, —(u-v) = —u+-—vo.

- —u=u

Besides the above operations, one often considers a partial ordering < of
B which is introduced in terms of + by

usKveuto =o.

Then 1 and 0 are the greatest and the smallest element of B, respectively,
and + and - represent the Lu.b. and the g.l.b., respectively.
An ideal I on B is a nonempty proper subset of B such that:
(i) uelTand v < u implies ve I;
(ii) ueland v e implies u+v el
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An ideal is a prime ideal if
(iii) for each u € B, eitherueIor —~uel.
In a Boolean algebra, an ideal is a prime ideal if and only if it is maximal.
The dual notions of an ideal and a prime ideal are a filter and an ultra-
filter on B, satisfying:
(1) ue Fand v > u implies ve F;
(ii) ue Fand v e F implies u - v € F;
and for an ultrafilter:
(iii) for each u € B, either ue F or —u e F.

PrIME IDEAL THEOREM. Every Boolean algebra has a prime ideal.

The Prime Ideal Theorem is a consequence of the Axiom of Choice; the
proof is an elementary exercise in the use of Zorn’s Lemma. It will be shown
in a later chapter that the converse is not true. The Axiom of Choice cannot
be proved from the Prime Ideal Theorem (in contrast to that, see Problems
10,11). We shall give several equivalents of the Prime Ideal Theorem. First,
note that the Prime Ideal Theorem is equivalent to its stronger version:

In every Boolean algebra, every ideal can be extended to a prime ideal.

To show that the stronger version follows from the weaker version,
let B be a Boolean algebra and I an ideal in B. Consider the equivalence
relation

u~ve (u-—v)+@- —u)el
Let C be the set of all equivalence classes [u] and define operations +, -
and — on C as follows:

W]+l =u+v], [wl-bl=[-vl, —u]l=I[-ul
Then C is a Boolean algebra, the quotient of B:
C = B/I.

By the Prime Ideal Theorem, C has a prime ideal K. It is easy to verify that
the set
J={ueB:[uleK}

isa prime ideal in Band 7 < J.
Using the duality between ideals and filters, we have the following
formulations of the Prime Ideal Theorem:

Every Boolean algebra has an ultrafilter,
or: : ‘
Every filter in a Boolean algebra can be extended to an ultrafilter.
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In the special case that the algebra is the set 2(S) of all subsets of S, with
set theoretical operations U, N and —; the notion of a filter and ultrafilter
coincides with the earlier definition. Thus we have:

ULTRAFILTER THEOREM. Every filter over a set S can be extended to an ultra-
filter.

We shall show that the Ultrafilter Theorem is equivalent to the Prime
Ideal Theorem. However, the corresponding weaker version of the Ultra-
filter Theorem, viz.

For each nonempty set S, there is an ultrafilter over S,

is trivially true without any use of choice: Let p € S; then the set
{XeS:peX}
is a frivial ultrafilter over S. Let us say here that even the statement

For each infinite set S, there is a nontrivial ultrafilter over S,

although unprovable without the Axiom of Choice, is essentially weaker
than the Prime Ideal Theorem (see Problem 8.5).

Another principle to be considered here is the following: Let S be a set
and let M be a set of functions defined on finite subsets of S, with values O
or 1. We say that M is a binary mess on S if M satisfies the following
properties:

(i) For each finite P < S, there is € M such that ¢ is defined on P;
dom (¢} = P.

(ii) Foreachte M and each finite P = S, the restriction ¢|P belongs to M.

Let f be a function on S with values 0, 1. Then f is consistent with a mess
M if every restriction f|P, P a finite subset of .S, belongs to M.

CONSISTENCY PRINCIPLE. For every binary mess M on a set S, there exists
a function f on S which is consistent with M.

The last principle to be mentioned here is the Compactness Theorem for
the first order predicate logic. Let % be a language of first-order logic; the
set of predicates in & is arbitrary, not necessarily countable. Let X be a
set of sentences of .Z.

CoMPACTNESS THEOREM. If every finite subset of £ has a model, then X has
a model.

We shall show that the above principles are all equivalent to the Prime
Ideal Theorem.
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THEOREM 2.2. The following are equivalent:
(i) Prime Ideal Theorem.
(ii) Ultrafilter Theorem.
(iii) Consistency Theorem.
(iv) Compactness Theorem.

PrOOF. (i) = (ii). The Ultrafilter Theorem is an immediate consequence
of the stronger version of the Prime Ideal Theorem.

(ii) = (iii). Let M be a binary mess on S; we shall find a binary function
fon S, that is consistent with M. Let I be the set of all finite subsets P of S.
For each P e 1, let Mp be the finite set of all # € M such that dom () = P.
Let Z be the set of all functions z such that:

(a) dom (z) < I;

(b) z(P) e M, for each P € dom (z);

(c) for any P, Q € dom (2), the functions ¢, = z(P) and ¢, = z(Q) are

compatible.
Let F be the filter over Z generated by the sets

X, ={zeZ:Pedom (z)}

(the set {X} : P eI} is a filter-base). By the Ultrafilter Theorem, there is an
ultrafilter U over Z which extends F. For every P e I, the set X, is a finite
disjoint union

Xp=X,v..uX_,

where {¢, ..., t,} = Mp and
X, ={zeZ:z(P) =t}.

Thus there is a unique ¢ = ¢#(P)e M, such that X, e U. The functions
tp, P € I, are pairwise compatible and thus their union is a binary function
Jfon S which is consistent with M.

(iii) = (iv). Let X be a consistent set of sentences of a first-order language
&Z. By a well-known labeling method, every consistent theory can be
expanded to a consistent Skolem theory and so we may assume that 2
contains all the Skolem sentences o, for all formulas ¢ of the language
% with one free variable; i.e., g is the sentence

3v ¢(v) — d(ey),
where ey is the Skolem constant associated with ¢. It is sufficient to find an
extension 2* of Z which is complete; then one can build a model of Z* from
the constant terms. Thus the problem is to embed a consistent theory into
a complete theory.
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Let S be the set of all sentences of the language .#. We define a mess M
on S as follows:

te M« (3A)[Ais a model of Z N dom (¢) and

Yo € dom (7) (t(6) = 1 & Uko)].
Since every finite subset of 2 has a model, M is a mess. By the Consistency
Principle, there exists a binary function f on S, consistent with M. Now

we let
>* ={oceS:f(s) =1}

Z* is a complete theory and X < X*,

(iv) = (i). Let B be a Boolean algebra. Let £ be a language which has
a constant for every element of B. (We can identify u € B with the corre-
sponding constant in #.) Furthermore, let % contain a unary predicate
I. Let Z be the following set of sentences of .#:

1 (0), —I (1),

I(u)v I(—u) (for each u € B),

Iw)A .. AI(w) > I(uy+ ... +u) (for all uy, ..., u, € B).
Every finite subset of X has a model. To see that, realize that every finite
subset of B generates a finite subalgebra of B and that every finite Boolean

algebra has a prime ideal. By the Compactness Theorem, ¥ has a model.
This in turn yields a prime ideal on B.

Now we shall give some examples of the use of the Prime Ideal Theorem
in mathematical proofs. More examples will be given in the problem sec-
tion.

2.3.1. Example: Stone Representation Theorem
A family o of subsets of a given set S is a set-algebra if:

(23) (@) Se,
B)ifX,Yesd thenXnYef and XuYe,
(c) if Xe o then S—X e .

STONE REPRESENTATION THEOREM. Every Boolean algebra is isomorphic to
a set algebra.

ProoF. Let B be a Boolean algebra; let

S = {U: U is an ultrafilter on B}.
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For ue B, we let
n(u) ={UeS:ueU}.
It is easy to see that
n(u+v) = n(u) U n(v),
n(u - v) = n(u) N w(v),
n(—u) = S—m.
One has to use the Prime Ideal Theorem to show that x is one-to-one. Thus
7 is an isomorphism of B onto &/ = n"'B.

Actually, the Stone Representation Theorem is equivalent to the Prime
Ideal Theorem; see Problem 12.

2.3.2. Example: Ordering Principle

We shall show that the Prime Ideal Theorem implies that every set can
be linearly ordered. Actually, we get a stronger theorem. If < and < are
partial orderings of a set P, then we say that < extends < if for any p, g € P,
P < qimplies p < q.

ORDER EXTENSION PRINCIPLE. Every partial ordering of a set P can be
extended to a linear ordering of P.

ProOOF. We use the Compactness Theorem. Let (P, <) be a partially ordered
set. Let .Z be a language containing constants for all p € P and a binary
predicate <{. Let 2 be the set of sentences

PXgAgr—>p=xr (alt p, q, re P),
PIAG<p—o>p=¢ (all p, g € P),

p<qvq<xp (all p, q € P),

I AN (all p, g € P such that p < g).

Since every finite subset of X has a model, the application of the Compact-
ness Theorem yields a linear ordering <{ of P which extends <.

2.3.3. Example: Artin—Schreier Theorem
A field Fis an ordered field if there is a linear ordering < of F satisfying:

(24) (a) ifa < b,thena+c < b+cforalle;
(b)ifa< bandc> 0,thena-c < b-c.

ARTIN-SCHREIER THEOREM. Every field in which —1 is not a sum of squares
can be ordered.
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Proor. As in Example 2.3.2, use the Compactness Theorem. We must
include in X the sentences reflecting the conditions (2.4). The assumption
of the theorem guarantees that every finite subset of 2 has a model.

2.4. The Countable Axiom of Choice

Very often, especially when dealing with real numbers, one does not need
the full Axiom of Choice but only its weaker variant, the Countable Axiom
of Choice.

COUNTABLE AXIOM OF CHOICE. Every countable family of nonempty sets has
a choice function.

We shall give several examples of applications of this principle.

2.4.1. Example: The Countable Axiom of Choice implies that every infinite
set has a countable subset.

Proor. Let S be an infinite set. Consider all finite one-to-one finite
sequences

<(l0, ay, - ak>
of elements of S. The Countable Axiom of Choice picks out one k-sequence

for each natural number; more exactly:

F ={4,: kew},
where
A, = {lag, ..., @ : ag, ..., a; distinct elements of S},

and & has a choice function: (4, ) € 4, for all k. The union of all the chosen
finite sequences is obviously countable.

2.4.2. Example: The Countable Axiom of Choice implies that the union of
countably many countable sets is countable.

Proor. See Problem 1.6.

COROLLARY 1. The set of all real numbers is not a countable union of coun-
table sets.

COROLLARY 2. The first uncountable ordinal w, is not a limit of a countable
increasing sequence of ordinals.

(Both things can happen in the absence of the Axiom of Choice, as we
shall see later; cf. Theorem 10.6.)
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2.4.3. Example: Topological properties of the real line.

There are two kinds of definitions of the basic topological properties of
the real line: (1) ¢—d-definitions and (2) definitions using limits of
sequences.

(a). Closed sets: A point x is in the closure of a set 4 if

(1) every neighborhood of x intersects A;
(2) x = lim,, ., x, for some sequence {x,} of points in 4.
(b). Continuous functions: A function fis continuous at a point x if
(1) Ve3d etc.
(2) whenever lim x, = x, then lim f(x,) = f(x).
(c). Compact sets: A set 4 is compact if
(1) A is closed and bounded;
(2) every sequence {x,} of points in 4 has a convergent subsequence
with lim x, € 4.
(Notice that the Heine-Borel theorem can be proved for the closed and
bounded sets — see Problem 25).

ProrosITION. In the presence of the Countable Axiom of Choice, the de-
Sfinitions under (1) and (2) are equivalent in each of the cases (a), (b), (c).

ProOF. One direction is trivial in each case.

(a). If x is in the closure of A4, then each (1/a)-neighborhood of x inter-
sects A. We can choose x,, by the Countable Axiom of Choice.

(b). If f is discontinuous at x, then there is ¢ > 0 such that for each n,
we can choose x, in the (1/n)-neighborhood of x such that | f(x,)—f(x)| = e.
Then f(x) = lim f(x,) is false.

(c). Similar.

2.4.4. Example: The Countable Axiom of Choice implies that every subspace
of a separable metric space is separable.

ProoF. A metric space S is separable if it has a countable dense subset
{X05>X1s +evs Xy, ... }. The family

{Upy : me€ o, ne w},

where U,, is the (1/m)-neighborhood of x,, is a countable base of S. If
T is a subspace of S, then the family

{(UpmwnT:mew,new}

is a countable base of T. By the Countable Axiom of Choice, we can choose
Vmn € Upw 0 T for each m and n, thus getting a countable dense subset of 7.
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2.4.5. Example: The Countable Axiom of Choice implies the countable ad-
ditivity of the Lebesgue measure and of meager sets.

Proor. For meager sets, see Problem 1.7. As for the Lebesgue measure,
suffice it to say that in the standard development of the theory of Lebesgue
measurability, the only applications of the Axiom of Choice have the
following form: If & ,, i € w, are nonempty families of open sets, then there
is a sequence of open sets {G;} with G; e &, for each i.

2.4.6. Example: Borel sets

There are two definitions of Borel sets of real numbers:

(a). The family B of Borel sets is the smallest countably additive algebra
of sets of reals containing the open sets.

Among the standard properties of Borel sets are:

(). Z = Us<w, Z., Wwhere %, are the open sets and #, are all count-
able unions of elements of | }, <, #, and their complements.

(). B, G $,+1,foreach a < wy.

If the Axiom of Choice is absent, then we have to replace (i) by a weaker
property, with @, replaced by some unspecified ordinal (the least ordinal
9 such that By, = Bg). The property (ii) cannot be proved either (see the
remark at the end of Example 2.4.2.).

(b). In recursion theory, one defines the hierarchy of Borel sets (sets
hyperarithmetical in some real) using codes. Roughly speaking, each Borel
set has a code, but without choice, one cannot choose a code for each Borel
set. Thus one cannot prove that the family of Borel sets is closed under
arbitrary countable unions.

In the presence of the Countable Axiom of Choice, both definitions of
Borel sets are equivalent, and the properties (i) and (ii) can be proved.

2.4.7. Principle of Dependent Choices

Finally, let us mention a principle closely related to the Countable Axiom
of Choice. Its meaning is that one is allowed to make a countable number
of consecutive choices.

PRINCIPLE OF DEPENDENT CHOICES. If p is a relation on a nonempty set A
such that for every x € A there exists y € A with xpy, then there is a sequence
{x,} of elements of A such that

XoPX1s X1PXgs ooy XgPXpgq5 oen
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PropoSITION. The Principle of Dependent Choices implies the Countable
Axiom of Choice.

Proor. Let Sg, Sy, ..., S,, ... be a countable family of nonempty sets. To
find a choice function, let 4 be the set of all finite sequences

§ = KXo, Xp5 eens Xpp

such that x, € Sy, --., X; € Sg, and let spt just in case s = {xy, ..., X, and

t = {xgs ---» Xxr1- An application of the Principle of Dependent Choices
gives a choice function for the family {S,}.

As an application of the Principle of Dependent Choices, we give a
characterization of well-orderings:

PROPOSITION. A linear ordering < of a set P is a well-ordering if and only
if P has no infinite descending sequence

Xo > X1 > X3 > oo > X, > s

Proor. The condition is obviously necessary.
To show that it is sufficient, assume that < is not a well-ordering and use
the Principle of Dependent Choices to construct the descending sequence.

2.5. Cardinal numbers

Sets can be compared by their cardinality, using the definition
|X| < |Y] iff there exists a one-to-one mapping of X into Y,

|X| = Y] iff there exists a one-to-one mapping of X onto Y.

We may run into difficulties when we want to define the symbol |X|, but
that we shall discuss later.

First, we prove that the relation < is a partial ordering:
THeorEM 2.3. If |X| < |Y| and |Y] < |X]|, then | X| = |Y].

Proor. It suffices to prove that if 4, € B< A and |4,| = |A4], then
|B| = |A]. Let f be a one-to-one function of 4 onto A4, ; let

Ao =4, 4, =f”A0a A4, =f"A1,s s
‘BO =B, Bl =f”B0, B2 =f”.B1, vess
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If we let
x)if x e A,— B, for some n,
(%) = f(x) '
X otherwise,

then g is a one-to-one mapping of 4 onto B.

There is not much more one can prove about the ordering <. The well-
orderable sets are equivalent to ordinal numbers and so we can define
cardinals of well-ordered sets, using initial ordinals (i.e. those which are
not equivalent to smaller ordinals). As is customary, X, = ®, is the o™
infinite cardinal number. The elementary arithmetric of alephs is fairly
simple, due to the following formula:

THEOREM 2.4, Forall o, ®,- R, = R,.

Proor. There is a canonical one-to-one mapping of @, onto w, X ®w,. We
define an ordering < of w, X w, by:

(“1, 0‘2) < (ﬁla ﬁz) iff max (051’ “2) < max (51, ﬂz)
V [max (o, ;) = max (B, f2) Aoy < B4]
v [max (o, o;) = max (8, Bo)Aoy = ByAay < Byl

The relation < well-orders w, x w, and a proof by transfinite induction
shows that the order-type of this ordering is ®,.

As a consequence, we have

R, + 8, = R, - R, = max (X,, Xp),
R, +8, =N, R, = N,.

This means that in the presence of the Axiom of Choice, we have
(2.5) mem=m-m=m,

for every infinite cardinal m. There will be more discussion about (2.5) in
Chapter 11.

One of the properties in whose proof one needs the Axiom of Choice
is regularity of successor alephs R, .. (An infinite cardinal k is regular if
cf k = x, where cf «, the cofinality of , is the least ordinal « such that x is
a limit of an increasing a-sequence {y, : £ < a} of ordinals less than x. If
cf k¥ < x then « is singular.) E.g., to show that R, is regular, one uses the
fact that the countable union of countable sets is countable; see Example
2.4.2. Similarly for 8, .
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Another problem involving the Axiom of Choice is the definition of in-
finite sums and products of cardinal numbers. To have a meaningful de-
finition of, say,

my My ... oM, ... (new),
we have to know that
(2.6) IX{M, :new}| = |X{M,:necon}|
whenever |M,| = |M,] for each n. The proof of (2.6), however, requires
the Axiom of Choice. For a counterexample, assume that |M,| = 2 and
that {M,} does not have a choice function; compare this with M, = {0, 1}
for each n. -~

To complete this section, we will look into the questions of finiteness.
While by the standard definition a set is finite if it is equivalent to a natural

number, there is another definition of finiteness, which is equivalent to the
standard definition if the Axiom of Choice is true:

DEFINITION 2.6. A set X is Dedekind finite if there is no one-to-one mapping
of X onto a proper subset of X.

How this notion is related to finiteness is clear from the following charac-
terization of Dedekind finite sets:

LemMMA 2.7. X is Dedekind finite if and only if X does not have a countable
subset.

Proor. If X contains a countable subset then obviously X is Dedekind
infinite.

On the other hand, if X is Dedekind infinite, then let f be a mapping of
X onto a proper subset of X' and a € X which is not in the range of f. The set
{a, f(a), f(f(a)), ...} is a countable subset of X.

2.6. Problems

1. The following statement is equivalent to the Axiom of Choice: The
Cartesian product of any family of nonempty sets is nonempty.

2. Prove the following self-refinement of Zorn’s Lemma: If every chain
in (P, <) has an upper bound, then there is a maximal element above any
given element of P.

3. Prove the following self-refinement of Tukey’s Lemma: If & has finite
character, then every X e % is included in a maximal Ye &%.
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4. The following statement is equivalent to the Axiom of Choice: Every
family of sets contains a maximal subfamily consisting of mutually disjoint
sets.

[Hint: Let S be a family of disjoint sets; find a choice function on S.
This can be obtained using a maximal disjoint subfamily of % = {{(0, a),
(1, A)} : A€ S and ae A}.]

Let us call a set X of real numbers independent if no linear combination
ria;+ ... +r,a, with distinct a,, ..., g, € X and nonzero rational coeffi-
cients rq, ..., I, is equal to zero. A set H of real numbers is a Hamel basis
if every real number x can be uniquely written in the form x =r A +
... +r,hy, where &, ..., € H and ry, ..., r, are rational numbers.

5. Using some form of the Axiom of Choice, prove that a Hamel basis
exists.

6. There is a discontinuous function from R to R which satisfies the equation
S(x+y) =F(x)+£().

[Hint: Use Problem 5: Let # € H and for each x = rh+r,h + ... +rhy,
let f(x) = r.]

7. Using the Axiom of Choice, prove the following: If B, and B, are both
bases of a vector space V, then |B,| = |B,|.

[Hint: There is a mapping f of B, into the finite subsets of B, and every
b, is in some f(b,); and vice versa.]

8. Tychonoft’s Theorem implies the Axiom of Choice.

[Hint: Find a choice function on a given family {X;:ieI}. Adjoin a
fixed element a to each X; and topologize Y; = X; U {a} by letting only Y;,
X; and finite sets be closed. In the product of Y,’s, consider, for each i,
the closed set Z; of all f'such that f(i) € X;. The family {Z, : i e I} is a filter-
base and by Tychonoff’s Theorem has a nonempty intersection.]

9. The following statement implies the Axiom of Choice: The product of
any number of copies of the same compact space is compact.

[Hint: Find a choice function on a disjoint family {4;:ieI}. Let S
be the union of all 4; with the least topology such that all 4; are closed. In
the product X{S : 7 e I}, consider, for each i, the closed set Z; of all f such
that (i) e 4;.]

10. The following statement is equivalent to the Axiom of Choice: Every
lattice with a unit element and at least one other element contains a maximal
ideal.
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[Hint: Use this to prove Tukey’s Lemma. Let # < Z(A4) have finite
character. Let L = % U {4} and let XAY =XnY, XvY = either
XuTYord(if Xu Yé¢#). Amaximal ideal in the lattice L gives a maximal
element of Z.]

11. The following statement is equivalent to the Axiom of Choice: For
every set S of nonzero elements of a Boolean algebra B, there is a maximal
ideal disjoint from S.

[Hint: Use this to prove Tukey’s lemma. Let # < Z(A) have finite
character. Put B = the set algebra P#(4), & = P(4)—F. A maximal
ideal disjoint from & gives a maximal element of .%.]

12. The Stone Representation Theorem implies the Prime Ideal Theorem:.
[Hint: Let B be a Boolean algebra, n''B = % an isomorphic set algebra.
Letpel) F and let U = {ue B:pen(u)}.]

The next five problems establish the equivalence of the Prime Ideal
Theorem with weaker versions of Tychonoff’s Theorem.

13. If U is an ultrafilter over a Hausdorff space, then the intersection
() {X : X € U} contains at most one point.

14. The Ultrafilter Theorem implies that every product of compact Haus-
dorff spaces is nonempty.

[Hint: Let S = X{S;:iel}. Let Z be the set of all functions with
dom (f) = Tand f(i)e S;; Z; = {fe Z :iedom (f)}. Let & be the filter
over Z generated by Z;,ie 1, and let U 2 F be an ultrafilter. Let U, be
the projection of U onto S;, each U; is an ultrafilter over S;. For each i,
the intersection () {X : X e U;} contains exactly one point x; € S,.]

15. The Ultrafilter Theorem implies that every product of compact Haus-
dorfl’ spaces is compact.

[Hint: The product is nonempty by Problem 14. In the proof of Tycho-
noff’s Theorem in Section 2.2, the first part uses only the Ultrafilter Theorem.
The use of Axiom of Choice in point 2 is eliminated by Problem 13.]

16. The following statement implies the Prime Ideal Theorem: The product
of any family of discrete two-point spaces is compact.

[Hint: Let B be a Boolean algebra, let S = X{{u, —u} :ueB}. If 4 is
a finite subalgebra of B and [ a prime ideal on 4, let X; = {x e S: x(u)e [
for each ue A}; further let X, = () {X;:I a prime ideal on A4}. The
family {X, : 4 a finite subalgebra} is a filter-base of closed sets; its inter-
section gives a prime ideal of B.]
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17. The following statement implies the Prime Ideal Theorem: The gen-
eralized Cantor space {0, 1}’ is compact for any I.

[Hint: Use this to prove the statement from Problem 16. It suffices to
show that every product of two point sets is nonempty. Let S be a set of
disjoint (unordered) pairs p = {a, b} and let I ={) {p:peS}. In the
product {0, 1}/, the sets X, = {f:f(a) # f(b)if {a, b} = p} are closed and
form a filter-base. The intersection gives a choice function on S.}

*18. The Prime Ideal Theorem implies the Stone-Cech Compactification
Theorem.

[Hint: The space BX is the closure of the natural embedding of X into
the product [0, 117®), where F(X) is the set of all continuous functions of
X into [0, 1]. The product is compact by the Prime Ideal Theorem.]

A (real-valued) measure on a Boolean algebra B is a nonnegative func-
tion g on B such that u(0) = 0, u(1) = 1, and p(a+b) = p(a)+ u(b) when-
evera b =0.

**19 The Hahn-Banach Theorem follows from the Prime Ideal Theorem.
Moreover, it is equivalent to the statement that every Boolean algebra
admits a real-valued measure.

In the following five problems, C, 1s the following statement:

Every family of n-element sets has a choice function.

An n-coloring of a graph is a partition of its vertices into » classes such
that no two vertices in one class are joined by an edge. P, is the following
statement:

For every graph G, if every finite subgraph is n-colorable, then G is n-
colorable.

20. The Prime Ideal Theorem implies P, for any n.
[Hint: Use the Compactness Theorem.]

21. P, implies P,.
[Hint: Let G be a graph satisfying the hypothesis of P,. Add a new vertex
and join it to all vertices of G; now use P, ,.]

22. P, implies C,.

[Hint: Let S be a family of disjoint #n-element sets. Make its union into
a graph by joining those and only those vertices which are in the same
set in S. Use P, to get a choice function.]
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23. C, implies P,.

[Hint: Let G be a graph satisfying the hypothesis of P,. G does not
contain any cycles of odd length. Thus every component of G is 2-colorable.
Use C, to choose a 2-coloring for each component. ]

**24. P, implies the Prime Ideal Theorem.

25. The Heine-Borel Theorem can be proved without using the Axiom of
Choice: Every descending sequence of closed subsets of [0, 1] has a non-
empty intersection.

*26. Prove Urysohn’s Lemma, using the Principle of Dependent Choices:
If A, B are disjoint closed sets in a T,-space S, then there is a continuous
function from § to [0, 1] which takes the value 1 everywhere in 4 and 0
everywhere in B.

[Hint: Follow the standard proof in a topology textbook.]

*27. Use the Countable Axiom of Choice to prove the following theorem:
The set R of all real numbers is not a union of countably many subsets,
S,, n € w, such that |S,| < |R| for each n.

[Hint: |R| = 2% = |R|™. Let ®R be the set of all functions from o into
R;let S, = “°R,|S,| < |R|,forallne w. Let T, = R be the set {f(n) : f€S,}.
Pick g(n) e R—T,, for each n; then g ¢ S, for any n.]

2.7. Historical remarks

The Well-ordering Theorem was proved by Zermelo [1904]. The Maximal
Principle I is due to Kuratowski [1922] and Zorn [1935]. It is known to
the public as Zorn’s Lemma (cf. e.g., Frampton [1970]). Similarly, the
Maximal Principle II was formulated independently by Teichmiiller [1939]
and Tukey [1940].

A large collection of equivalents of the Axiom of Choice was accumulated
by Rubin and Rubin [1963]. The proof of Tychonoff’s Theorem given in
this book is' due to Bourbaki. The Nielsen—Schreier Theorem was proved
by Nielsen for finitely generated free groups, and by Schreier in the general
case.

Equivalents of the Prime Ideal Theorem were considered by several
people; let us mention at least Tarski [1954a], Scott [1954b], Rado [1949],
and Henkin [1954] — the latter proved its equivalence to the Compactness
Theorem. The Stone Representation Theorem and its equivalence to the
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Prime Ideal Theorem is due to Stone [1936]. The Order Extension Principle
was proved by Marczewski [1930]. The observation that in the proof the
Axiom of Choice can be replaced by the Prime Ideal Theorem is due to
Scott; a similar observation in case of the Artin-Schreier Theorem is due
to Tarski [1954a].

The Principle of Dependent Choices was formulated by Bernays [1942].

The example in Problem 4 was given by Vaught [1952]. The proof that
Tychonoff’s Theorem, or its weaker version in Problem 9, implies the
Axiom of Choice, is due to Kelley [1950] and Ward [1962], respectively.
The example in Problem 10 was given by Scott [1954a]; the statement in
Problem 11 was considered by Mréwka [1955], Rubin and Rubin [1963],
and Rousseau [1965]. The equivalence of the Prime Ideal Theorem to
Tychonoff’s Theorem for compact Hausdorff spaces is due to £.o$§ and Ryll-
Nardzewski [1955], and Rubin and Scott [1954]. The stronger version of
this equivalence in Problem 17 is due to Mycielski [1964a]. The proof of the
Hahn-Banach Theorem from the Prime Ideal Theorem was given by Lo$
and Ryll-Nardzewski [1951] and Luxemburg [1962]; the equivalence stated
in Problem 19 is due to Ryll-Nardzewski (unpublished) and Luxemburg
[1969]. The statements P, were considered by Mycielski [1961] and Levy
[1963a]; the theorem in Problem 24 is due to Lauchli [1971].



CHAPTER 3

CONSISTENCY OF THE AXIOM OF CHOICE

3.1. Axiomatic systems and consistency

The discussion in Chapter 2 makes it obvious that the benefits of the
Axiom of Choice outweigh the inconveniences; one can easily put up with
nonmeasurable sets and their likes in order to have another device to use
in mathematical proofs. It would be naturally nice if one could prove the
Axiom of Choice, from other, less controversial principles. It was realised
very soon that this is very unlikely, since the Axiom of Choice is so dif-
ferent.

The next best thing to proving the Axiom of Choice is to show that it
is not contradictory. That is to show that it is consistent with other prin-
ciples of mathematics.

In general, the problem of consistency of a certain statement o consists in
showing that ¢ cannot be disproved in a given axiomatic system (provided
the system itself is not contradictory). The usual way is to give an inter-
pretation of the language of the system, in which all the axioms are true,
together with the statement o.

3.2. Axiomatic set theory

The language of set theory consists of two primitive symbols, = and g,
and predicates, operations and constants defined from the primitive symbols.
The formulas are built by means of logical connectives and quantifiers.

Technically, all objects occuring in axiomatic set theory are sets. How-
ever, we shall sometimes informally use classes, which represent collections
of sets of the form

C= {x : ¢(x’p)}

(where p is a parameter).
31
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In the customary way, we define the standard set-theoretical operations,
unordered and ordered pairs, the latter by the definition

(u, v) = {{u}, {u, v}},
relations and functions. Let us mention that the symbols
dom(f), mg(f), f'X, fIx, *Y, 2PX), 0

denote respectively the domain of f, the range of f, the image of X under
f (= {f(x) : x e X}), the restriction of f to X, the set of all functions from
X to Y, the power set of X (= {u :u < X}) and the empty set.

The axioms of Zermelo-Fraenkel axiomatic set theory ZF are as fol-
lows:

Al. EXTENSIONALITY:
Vu(ueXeoueY)->X=7Y.

A2. PAIRING:

YuVo3xVz(zeXe—z=uvz=uo)
A3. COMPREHENSION:

VPVX3IYVu(ue Y ueX A ¢(u, p)),
for any formula of set theory.’
A4. UnioN:

Vx3yVzVu(uezanzeX >uel).

AS5. POWER-SET:

VX3YVu(us X > ueY).

A6. REPLACEMENT: Let ¢ be a formula such that & = {(x, y) : ¢(x, y, P)}
is a function. Then
VXIY(FX S Y).

A7. INFINITY:
Y [0eYAVu(ueY > {u}eY)
AS8. REGULARITY:

(VS#0)3xeS)[xn S =0]

t p stands for py, ..., Pa
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A set Sis transitive if
(3.1) VYx(xeS—>xc S).

(Similarly, a transitive class is a class which satisfies (3.1).) One can define
ordinal numbers as transitive sets which are well-ordered. Then ordinal
numbers are representatives of well-ordered sets and each ordinal « is the
set of all smaller ordinals:

o= {f:p<a}.
It follows from the axiom of regularity that every set has a rank, and that
the universe ¥V is the union of sets

v=Uv

aeOn
where On denotes the class of all ordinals and V, is the set of all sets of
rank less than o:

Vo=0, Viyy =PV, V.=1|JV,(alimit).
B<a

Transitive sets and classes are in a way a generalization of well-ordered
sets. They have two important properties:

1. No two transitive sets are isomorphic (that is, there is no one-to-
one mapping = such that x € y < nx e ny). The only automorphism of a
transitive set is the identity.

2. We can carry out induction and recursion on elements of a transitive
class, like on ordinals (so-called e-induction and e-recursion). E.g., if

[(vxey) ¢(x)] - ¢(»),

for every y in a transitive class T, then every y € T has the property ¢ (see
Problem 3).

3.3. Transitive models of ZF

A natural way of interpretation of set theory in set theory is by the con-
struction of models. We consider a class .# and a binary relation E on .#,
and interpret the formulas of set theory as follows: We define

ME D
(A satisfies ¢) inductively on the complexity of ¢:

MExey iff xEy
MENxe¢ iff forall xe #, #F ¢(x),
etc.
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Let us restrict ourselves to the simple case when E is the ordinary e.
For the purpose of getting models of set theory, it suffices to consider
transitive classes only, in view of the following theorem, which is proved
by transfinite or e-recursion.

TueoreM 3.1. (Isomorphism Theorem). If .# F Extensionality, then 4 is
isomorphic to a transitive class.

It is easy to see that if ¢(¥) is a formula without quantifiers, then it is
true in a transitive model .# if and only if ¢ is true in the universe. The same
is true even for a formula ¢ with quantifiers, provided the only occurrence
of quantifiers are restricted quantifications,

(Vxey), (Bxey).

Call a formula ¢ absolute (for a given transitive #) if for all x € A,
M) I P(x),

Similarly, an operation & is absolute if for all xe 4,

F(x) = F*(x);
here
F(x) ={y:¢(x,»)}
Fhx) = {yed : MFEH(x, )},

where ¢ is the formula which defines % .

We can use the above observation about restricted quantification and
similar rules like ‘if ¢ and . are absolute then (3y € F(x)) ¢ is absolute’
to verify that many fundamental properties are absolute. In particular, if
M is a transitive class which is closed under the operation { },i.e., x, ye .#
implies {x, y} € 4, then the following formulas are absolute:

x < y,x = 0, x is a pair, x is a singleton, x is a binary relation, x is a
function, x is transitive, x is an ordering, U X, x—y, xxy, dom (x),
mg (x), e n x? (= {(u,v) :uex, vex, uev}), x Uy, x is an ordinal,?
x 1s a limit ordinal, x is a successor ordinal, etc.,

On the other hand, #(x) is not absolute, and neither is the formula ‘x is a
cardinal number’.

We say that a transitive class .# is a model of ZF if it satisfies all the
axioms of ZF. There is a useful criterion for transitive classes to be models

2 Caution: we have to use the equivalence ‘x is an ordinal iff x is transitive and linearly
ordered by €’, which follows from the axiom of regularity.
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of ZF. A transitive class .# is almost universal if every subset of .# is in-
cluded in an element of #:

(VSc #)@BYec H)[S= Y]

If # is transitive and almost universal, then .# satisfies all the axioms of
ZF except possibly Infinity and Comprehension. Infinity is obviously no
problem since # contains infinite sets, and as soon as . satisfies Com-
prehension, it must satisfy Infinity also.

To verify that # satisfies Comprehension, it suffices to verify that it
satisfies eight particular instances of it. The following operations are called

Godel operations (note that they are absolute for transitive classes closed
under { }):

F (X, Y) = {X’ Y},

F,(X,Y) = X—7,

F(X,Y) = XxY,

F(X) = dom (X),

Fs(X) =enX?

Fo(X) ={(ab,c):(bc a)eX},
F4(X) {(a,b,¢):(c,b,a)e X},
Fs(X) ={(ab,c):(a,c,b)eX}.

THEOREM 3.2. If M is transitive, almost universal and closed under Godel
operations then M is a model of ZF.

ProoF. Let # be a transitive class, almost universal and closed under
Fi, ..., Fg. We will show that 4 satisfies the axioms A1-A8.

Extensionality: # is transitive.

Pairing: M is closed under { }.

Union: If Xe M, then | J*X =) X = # and is a set; since A4 is
almost universal, | J* X is included in some Y € #.

Power-set: The same argument, except that Z4(X) = Z#(X) n 4.

Regularity: A is transitive and Regularity holds in the universe.

Infinity: There is a subset Y of .# satisfying A7. Since .# is almost
universal, Y is included in some X e .#. As soon as we have Comprehension,
Y becomes a set in A satisfying A7.

Replacement: Let

F ={(x,y)e M*: MF ¢(x,y)},
# F & is a function.
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We show that A4 EVXIY(F "X = Y). Let ¥ : . # — A be the function
defined by
y=9%9(x) iff M Ed(x,yp).

If X € A, then there exists Y € .# suchthat %#’'X < Y. Then 4 E F"X< Y.
Comprehension: Let ¢ be a formula; we show that for every X e A, the
set?

(3.2) Y = {(ug, - tty)€X": ME )}

isin .#. We do that by showing that there is an operation %, a composition
of Godel operations, such that for every X e .#, if Y is as in (3.2), then
Y=%(X,X,, ..., X;) for some X, ..., X, € #. The proof is by induction
on the complexity of ¢.

(i). ¢ is an atomic formula. We will handle one typical case, the other
cases being similar (including the cases involving a parameter). Let
¢(uy, ..., u,) be u; € u;, where i # j. Thus we have

Y= {(uy, ey tty) ttty, o u, € X, ujeu;}.

We find & by induction on . Let v = (uy, ..., 4,_5).
Casel. i = n—1,j = n. We have

Y ={(@u_1,u,):06 X" 2 (u,.(,u,)€X> u,_; €u,}
:{(U’un—l’un):ueXn_z’ (un—l’un)e‘g;S(X)}
= Fo(Fs(X)xX"72).

Case 2. i =n,j = n—1. Here

Y= {(v, thyy, 1) 10 € X772, (4, 1) € F5(X)}
= F(F(X)x X 2.

Case 3. i,j # n. By the induction hypothesis, there is & such that
g, s tty_y) tuy, u,_y € X, ujeu;} = 9(X).
Sowe have ¥ = 4(X)x X.
Case 4. i,j # n—1. By the induction hypothesis, there is ¢ such that
{(,u,):veX"? u, e X, u;eu;} = 9(X).
Thus we have
Y = {0, thy—y, u) e X" 1wy e uj} = Fo(F(X)x X).

3 For simplicity, we drop the parameters in b.
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(ii). The connectives. Let Y; = {(uy, ..., u,) € X" :¢;(&)}, i = 1,2. Then
{(uys s ) eX": = (W)} = X"—Y, = F,(X", Y,),
{(uys s ) € X" : @ (@), Pa(0)} = Yy A Y, = F (Y, F,(Y,, Ys)).
(iii). The existential quantifier. Consider a formula
o p(uy, -.ns Uy, V)

and assume that there is ¢ such that for every Z € # there exist Z, ..., Z;
e A such that

{w,v)eZz"* : MEP(u,0)} =92, Z,, ..., Z}).
We will show that for every X € .#, there exist X, ..., X+, € «# such that
(3.3) {ueX": M EId(uv)} = X" o dom (9(Xpsv, Xy, ooy Xp))-
We need the following lemma:

LemMA 3.3. Let ¢(x, $) be a formula. For each set S there is S 2 S, such
that for all y e S,

AxP(x,7) > (Ax e S) o(x, J).
Proor. If C is a class, denote
C = {xeC: (VyeC) (rank(x) < rank(y))};

then Cisasetand € = C. Let

Cy = {x :¢(x’ y)}y
and let
ITX)=xvJ{C, :yeX}.
By recursion, let S; = 7 (Sy), --1s Spr1 = Z(S,), ... S = Uiz 0 S,. The
set S will do because if § € S and 3x ¢(x, ) then (Ix € S) P(x, §).

Now let X € 4. Using Lemma 3.3, there exists S © .4 such that S 2 X
and for all 4 € X,

(Ave L) [ Ak d(u,v)] if (FveS) [AFdu,v)].

Since .# is almost universal, there exists X, ., € # such that X; ., =2 S.
Then forall # e X,

(Bve M) [MEP(u,v)] iff (Fve Xy, [ F P v)]
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Now let X, ..., Xy € # be such that (X, X;, ..., X;) S X7%1 and
forall u,ve X4,

AE G ) I (1 0) € D(Xys g, Xy ooy Xo):
It follows that for all € X,

MEPu,v) if (Fve d) A d@,0)
iff (veXiy,) AEod,v)
iff @eXii)@v)eG(Xirrs Xisoomr Xi)
iff (uy,...,u,)e X" ndom (Z(Xis15 X1s -oes Xi)s

which proves (3.3), and completes the proof of the theorem.

3.4. The constructible universe

It will be proved in this section that there exists a least transitive model
of ZF which contains all ordinals and that this least model satisfies the
Axiom of Choice. That will establish the consistency of the Axiom of
Choice with the axioms of ZF.

By the results of the preceding section, the ordinals are absolute, and
every transitive model has to be closed under Godel operations, which are
absolute. This reasoning leads to the following definition: The closure cl(S)
of a set Sis the least S” = § closed under Gddel operations; in fact,

cd(S)=S,uS,v...uS,u..,, neow,
where
So =S8, Spr1 =S, u{Fix,y):i=1,..,8,x7yeS,}

Define

L, =0,
(3.4) L, =JLg ifaisa limit ordinal,
p<a

Liyy = ‘@(La) Al (Laz v {La})!

and let L be the class
L= U L,.

2€0n

It is easy to see that L is transitive, almost universal and closed under
Godel operations; hence:

THEOREM 3.4. L is a model of ZF.

L is called the constructible universe and the elements of L are construct-
ible sets.
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The class L can obviously be well-ordered: one simply goes through the
construction (3.4) and keeps enumerating the constructible sets by ordinals;
this is possible because every new constructible set is either # (x, y ), where
x and y have been enumerated, or L,. Consequently, if every set is con-
structible, then the universe can be well-ordered, and the Axiom of Choice
holds.

Ax10M OF CONSTRUCTIBILITY: V = L, i.e., every set is constructible.

THEOREM 3.5. L F Axiom of Constructibility, and therefore L is a model of
ZF + Axiom of Choice.

Proor. Since every set in L is constructible, it suffices to show that the
formula
X is constructible

is absolute for L. This can be done in a succession of simple observations:
(a). The operations Z(X) = F;'(XxX),i =1, ..., 8, are absolute.
(b). If XeL, then ¥(X)eL,i=1,..,8.
(c). weL.
(d). The following formula ¢(g, x) is absolute:

dom (9) =0 A g(0) = XA (Vnew) [gn+1) = gn)v I G (g9(n))]

(e). If Xe L and ¢(g, x) then g€ L.

(f). The operation s£(X) = P(X) n cl (X U {X}) is absolute.
(g). If Xe L, then £ (X)eL.

(h). The following formula y(f, o) is absolute,

domf = oa+1Af(0)=0
A (VB e dom f) [B limit — f(B) = f"'B]
A (VB < ) [f(B+1) = H(f(B)].
(i). If e L and y(f, «), then fe L.
(j). The formula X e L, is absolute.

The proof of Theorem 3.5 actually gives a somewhat stronger result:

If M is a transitive model of ZF, then the formula ‘x is constructible’ is
absolute for M. (See Problem 10.)

Thus if .# is a transitive model of ZF and contains all ordinals, then .#
contains all constructible sets. Hence L is the least transitive model of ZF
containing all ordinals.
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3.5. Problems

1. For every set S, there exists the transitive closure of S, TC(S), which is
the least transitive ' 2 S.
[Hint: TC(S) =SulJSulJUSu....1]

2. Prove the following stronger version of Regularity: If C is a nonempty
class, then for some xe C, x n C = 0.
[Hint: Let Se C, Sn C # 0. Apply A8 to the set TC(S) n C.]

3. Use Problem 2 to prove the e-induction.

4. Prove the following version of e-recursion: If C is a class, then there is a
unique class HC such that

xeHC iff xeCand x € HC.
5. Prove that V = | ) ,e0n V,, using the e-induction.
6. Use Regularity to show that the following principle implies Replacement:
YX3Y (Yue X) [Qv ¢p(u,v,p) > (ve Y) ¢(u, v, p)]

7. Reflection Principle. Let ¢ be a formula. For each set S, there is a set
S = S, such that forall X e S,

(X)) iff SE¢(%),
[Hint: Apply Lemma 3.3 to all subformulas of ¢.]

8. Using the Axiom of Choice, show that the set S in Lemma 3.3 can be
found such that |S| = |S,| (provided S, is infinite).
[Hint: In the proof, choose one element in each Cy.]

9. Using the Axiom of Choice, prove the stronger version of the Reflection
Principle which requires that |.S| = |S,| (provided S, is infinite).
[Hint: Use Problem 8.]

*10. There is a theorem @ of ZF such that the formula ‘x is constructible’
is absolute for every transitive .# which satisfies ©.

[Hint: © says that .# has the closure properties mentioned in (2)-(j)
in the proof of Theorem (3.5).]

*11. 2% = x, holdsin L.
[Hint: Assume V = L, and prove that if X € w, then X e L, for some
a < w,. Let B be such that X € L;. By the Reflection Principle, there is a
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countable S containing all # € w, X and B, satisfying Extensionality and ©.
Let M be the transitive isomorph of S. X € L, for some o € M; a is countable. ]

*12. L satisfies the Generalized Continuum Hypothesis (2% = X__, for
every a).
[Hint: Generalize Problem 11.]

Let A be a set of ordinals. Let

L{A] = | L,[4],

«eOn
where

Lo[A] =0,
L[A] = {J L;[A] if « is limit,
B<a

Lyoq[A] = P(LA]) A (L [A] U {L A1} U {L[4] ~ 43}).

13. Show that:
(a) 4eLld];
(b) L[4]F (V = L[4]);
(c) L[A4]is a model of ZF + Axiom of Choice;
(d) L[A]is the least model of ZF which contains all ordinals and 4.

14. Show that V,, = L, is a model of ZF —Infinity.

15. Let .# be a transitive model of ZF. Show that:

(a) (X)) = P(X)n M;

®) Vi =V.n A

(c) if A F |X| = |Y]|, then |X| = [Y];

(d) if « is a cardinal (resp. regular cardinal, singular cardinal), then
A F o is a cardinal (resp. regular cardinal, singular cardinal).

A relation p on a set 4 is well-founded if for every nonempty X < A there
is u € X such that there is no v € X with xpu.

16. A relation p on A4 is well-founded if and only if there is a mapping n
from A to ordinals such that xpy implies 7x < my.
[Hint: Use transfinite or e-recursion. ]

17. Using the Principle of Dependent Choices, show that p is well-founded
if and only if there is no infinite sequence x,, x;, X,, . . . such that x, px,,
X3pXy, €tc..

18. The formula ‘p is well-founded’ is absolute for models of ZF.
[Hint: Use Problem 16. The formula can be written either as VX ¢(X, p)
or as An Y(=, p), where ¢ and y are absolute.]
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*19. Let #, A" be transitive models of ZF which have the same sets of
ordinals. If one of them satisfies the Axiom of Choice, then .# = A4 .

[Hint: # and A" have the same subsets of On x On. Assume .# £ Axiom
of Choice. First show that # < A4". If X e .#, then € on TC({X}) can be
represented by a well-founded relation p on ordinals. By assumption,
p e A, and since well-founded, it is isomorphic to a transitive set which
must be TC({X}) and so X € 4", To show A~ = .#, use the e-induction.
Prove that X e A4, X < Y and Y e .# implies X € 4 ; this uses the Axiom
of Choice in .#.]

For any set X and any natural number n, define #"(X) as follows:
2°(X) = X, P X)) = P(P(X)).
Consider the following statements:

K(n) For every set S there exists an ordinal o and a one-to-one function
[ which maps S into P"*(a).

K(0) is equivalent to the Axiom of Choice. K(1) is equivalent to the Selection
Principle (Problem 4.12).
The following result is a generalization of Problem 19.

*20. Let n be a natural number. Let .#, A" be transitive models of ZF such
that (2" 1(a))* = (2"*1(«))" for every ordinal a. If one of the models
satisfies K(n), then A4 = A4".

The class of all ordinally definable sets, OD, is the closure under Gdédel
operations of the class of all ¥, « € On.

*21. The ordinally definable sets are exactly all the sets of the form
X={u:¢u,0y,...,0)}

where o, . . ., o, are ordinals.

[Hint: As in Theorem 3.2, one can prove that X can be obtained by ap-
plication of Gddel operations to V, ,..., ¥, and additional parameters
Vs eoo Vil
22. There is a class HOD such that x e HOD if and only if x € OD and
x € HOD.

[Hint: Use Problem 4.]
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*23. HOD is a model of ZF + Axiom of Choice.
[Hint: To show that HOD is almost universal, prove that ¥, nHOD eOD;
use Problem 21.]

This gives another consistency proof of the Axiom of Choice. Caution:
‘x is ordinally definable’ is not absolute.

3.6. Historical remarks

The consistency of the Axiom of Choice and of the Generalized Con-
tinuum Hypothesis was proved by Godel [1938, 1939, 1940], who also
invented constructible sets. Other contributors to the theory of transitive
models include Shepherdson [1951] (transitive models), Mostowski [1949]
(the Isomorphism Theorem), Montague [1961] (the Reflection Principle)
and Levy [1957] (L[4]). The result in Problem 19 was proved by Vopénka
and Balcar [1967]; the generalisation in Problem 20 is due to Monro [1972].
The basic results about ordinally definable sets are due to Vopénka and
Balcar [1967] and Myhill and Scott [1967].



CHAPTER 4

PERMUTATION MODELS

4.1. Set theory with atoms

Having established the consistency of the Axiom of Choice, our next goal
will be to show that the Axiom of Choice is independent from the other
axioms; that is, to show that it is consistent to assume that the Axiom of
Choice fails.

The independence of the Axiom of Choice will be the main result of
Chapter 5. In the present chapter, we describe an older method which,
although it does not solve the problem of independence of the Axiom of
Choice in the ordinary set theory, sheds some light on the problem by
establishing its independence in the axiomatic set theory with atoms.

The set theory with atoms, ZFA, is a modified version of set theory, and
is characterized by the fact that it admits objects other than sets, atoms.
Atoms are objects which do not have any elements.

The language of ZFA consists of = and € and of two constant symbols
0 and A (the empty set and the set of all atoms). The axioms of ZFA are
like the axioms of ZF, except for the following changes:

0. Empty set — 3x (x€0).
A. Atoms Vz[zed ez # 0A—Ix(xez)]

Atoms are the elements of 4; sets are all objects which are not atoms.
Al. Extensionality
(Vset X)(VsetY) [Vu(ueX—uet)e X =Y]
A8. Regularity
(V nonempty S) (Axe S) [x n S = 0].

Note that ‘X is nonempty’ is not the same as ‘X s 0’; it is the same only if
X is a set. Some operations make sense only for sets, e.g., | JX or 2(X),
44
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some also for atoms, like {x,y}. If we add to ZFA the axiom 4 =0,
then we get ZF. However, we are now more interested in the case 4 # 0.
Incidentally, the theory

ZFA + A is infinite

is consistent, provided ZF is consistent (see Problem 1).

The development of the theory ZFA is very much the same as that of ZF.
(Caution: In the definition of ordinals, we have to insert the clause that
an ordinal does not have atoms among its elements.) One can define the
rank of sets and build a hierarchy analogous to the V. ’s. For any set S,
let %(S') be defined as follows:

P°(S) =S
P*TUS) = PHS) v P(F(S)),
P48 =) 2%(S) (o limit)
and let re
Z=(8) = {J 24S).

aeOn

Then we have
V = P2(A).

The class 2°(0) is a model of ZF and is called the kernel. Note that all
the ordinals are in the kernel.

A transitive set does not necessarily contain 0 and may have nontrivial
automorphisms (e.g., the set {a, a,}, where a,, a, € A). A transitive class
which is almost universal and closed under Gédel operations is a model of
ZFA, provided it contains O (that is, when we want to interpret € as €,
0 as 0, and atoms as atoms).

4.2. Permutation models

The underlying idea of permutation models is the fact that the axioms of
ZFA do not distinguish between the atoms, and that they are used to
construct models in which the set 4 has no well-ordering.

Let = be a permutation of the set A. Using the hierarchy of £%(4)s,
we can define nx for every x as follows:

n(0) =0, n(x)=n"x={n(y):yelX}

(either by e-recursion or by recursion on the rank of x). Under this defini-
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tion, © becomes an e-automorphism of the universe and one can easily
verify the following facts about =x:

(a). xey > nxemny.

(b). P(x1, .05 X,)  P(nxy, ..., WX,).

(¢). rank (x) = rank (nx).

(d). n{x,y} = {nx, ny}, n(x, y) = (nx, ©y).

(e). If Risarelation, then #R is a relation and (x, y} € R <> (nx, ny) € R.

(f). If fis a function on X, then zf is a function on nX and

(nf () = n(f(x).

(). mx = x for every x in the kernel.

(). (= p)x = n(p(x))-
Let & be a group of permutations of 4. A set % of subgroups of % is a
normal filter on ¥ if for all subgroups H, K of ¥:

(i) 9e7;

(i) if He # and H < K, then Ke &

(ii) f He # and Ke &, then Hn Ke F;

(iv) if re 9 and He &, then nHn ™' € &

(v) foreachae d, {(ne ¥ :na =a}e F.
For each x, let

symg (x) = {ne ¥ : nx = x};

symy (x) is a subgroup of ¥.
Let ¢ and % be fixed. We say that x is symmetric if sym (x) e &. The
class
¥ = {x :xis symmetric and x = ¥}

consists of all hereditarily symmetric objects (cf. Problem 3.4); we call ¥~
a permutation model.

THEOREM 4.1. ¥ is a transitive model of ZFA; ¥ contains all the elements
of the kernel and also Ae V.

Proor. Obviously, ¥ is transitive. To see that ¥~ is closed under Gdodel
operations, it suffices to show that for all x, y,

sym (Z(x,y)) 2 sym (x)nsym (), i=1,..,8.

We leave it to the reader to verify this. To show that ¥ is almost universal,
let us prove that for each a, the set £*(4) n ¥~ is symmetric; actually,
we show that sym (2%(4) n ¥") = %. It is easy to sce that for all x,

sym (nx) = nwsym (x) -z~ 1;
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thus if x is symmetric and © € ¢, then 7x is symmetric, and so, by induction,
if xe ¥, then nx € ¥ for all x, and all = € #. Since rank (nx) = rank (x),
it follows that n(#*(4) N V") = P*(4) n ¥ for all «, all t € 4. Thus ¥~
is transitive, almost universal and closed under Goédel operations. It remains
to be shown that #°(0) < ¥ and 4 € #". The former is true because
sym (x) = % for all x e #*(0), and the latter is true because sym (4) = ¥
and sym (a) € & for each a € A.

Most of the permutation models we will consider will be of the following
simple type: Let & be a group of permutations of 4. A family I of subsets
of A is a normal ideal if for all subsets E, F of A:

41) (@) oer
(ii) if Eefand F < X, then Fe I,
(ii) f E€eIand Fel, then Eu Fel,;
(iv) ifre ¥ and E€, then n"E€el;
(v) for eachae 4, {a} 1.

For each x, let
fixy (x) = {ne¥ :ny =y forall yex};

fixg (x) is a subgroup of %.

Let & be the filter on ¥ generated by the subgroups fix (E), E€l.
F is a normal filter, and so it defines a permutation model ¥". Note that x
is symmetric if and only if there exists E e I such that

fix (E) < sym (x).

We say that E is a support of x.

Now, everything is ready to start with applications of permutation models.
Before doing so, one more remark will be useful. When constructing
permutation models, we shall always work in the theory ZFA+ Axiom
of Choice. (For the consistency, see Problem 1). If ¥~ is a permutation
model, ¥~ contains all elements of the kernel and so the Axiom of Choice
holds in the kernel. In particular, every x € 22*(0) can be well-ordered.
Therefore any x € ¥~ can be well-ordered if and only if there is a one-to-one
mapping f of x into the kernel. For any such f, however, nf = fif and only if
= € fix (x). Thus we have

4.2) ¥" F (x can be well-ordered) iff fix (x)e &.
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4.3. The basic Fraenkel model

We present a simple example of a permutation model that does not satisfy
the Axiom of Choice.

Assume that the set 4 is countable.! Let ¢ be the group of all permuta-
tions of A4, and let I be the set of all finite subsets of 4. Obviously, I satisfies
the conditions (1.1); let ¥~ be the corresponding permutation model.
Note that x is symmetric if and only if there is a finite £ £ A4 such that
nx = x whenever na = a for all ae E.

It is easy to see that the subgroup fix (4) is not in the filter generated by
{fix (E) : E < A finite}: For every finite E = A, one can easily find e 4
such that = efix (E) and = ¢ fix (4). By (4.2), it follows that the set has
no well-ordering in the model ¥”. Thus we get:

THEOREM 4.2. The Axiom of Choice is unprovable in set theory with atoms.

4.4. The second Fraenkel model

In this section, we shall construct a model in which the Axiom of Choice
fails even for countable families of pairs.

Assume that the set 4 is countable and divide it into countably many
disjoint pai’rs:

A=\)P, P,={a,b}, n=01,...
n=0

Let 4 be the group of all those permutations of 4 which preserve the pairs
P, ie.,

n>

n({ana bn}) = {ana bn}, n=12,....

Let 1 be the ideal of finite subsets of 4. Clearly, I is a normal ideal. A set
x is symmetric iff there is k& such that nx = x whenever 7 € ¢ and

na, = ag, why = by, ..., ma, = a,, wnb, = b;.

Let ¥ be the permutation model determined by ¢ and 1. Then ¥~ has
the following properties:

(a). Each P, isin 7 .

(b) The sequence {P, : ne w) is in ¥”; thus the set {P, : n € w} is count-
able in 7",

(c) There is no function f€ ¥~ such that dom f = ® and f(n) € P, for
each n.

L Countable means always ‘infinite countable’.
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Proof. (a). nP, = P, for each n and each n € .

(b). n({P,:new)) =<{P,:necw) foreachne¥.

(c). Assume that fis such a function and {a,, by, ..., 4, b,} is its support.
Let 7 € fix {aq, by, ---, ai, b} and way, = by,,. Then nf =f, n(k+1) =
k+1 and n(f(k+1)) # f(k+1), a contradiction.

Thus in the model ¥~ there is no choice function on the countable family
{P, : n e w} and we have the following:

THEOREM 4.3. The Axiom of Choice for countable families of pairs is un-
provable in set theory with atoms.

4.5. The ordered Mostowski model

In both examples in Sections 4.3 and 4.4, the Axiom of Choice is violated
in a very strong way; in each case there exists a family of finite sets which
does not have a choice function (see Problem 3). The present example shows
how to violate the general Axiom of Choice and still preserve a weaker
version; in this case, the Ordering Principle (and a fortiori the Axiom of
Choice for families of finite sets).

First, a few words about permutation models in general: Let ¥~ be a
permutation model (given by ¢ and %) and let C < ¥ be a class. We say
that C is symmetric if sym (C) € &, where

sym(C) ={ne%:2"C =C}.
If for each a, C, = C n #*(4) is the set of all x e C of rank less than «,
we notice that if C is symmetric, then C, e ¥~ for each « (and Cnxe ¥
for each x e ¥").

If one works in a set theory which admits classes, like the Godel-Bernays
set theory, then one can consider symmetric classes as classes of the permuta-
tion model. In our case, when we use classes informally, symmetric classes
serve as a canonical way of construction of sets in the model ¥".

LeMMA 4.4. Let 4 be a group of permutations of A and let I be a normal
ideal of supports; let ¥~ be the permutation model given by % and I. Then
the class of all pairs (E, x) such that E€ I, x€ ¥ and E is a support of x,
is symmetric.

Proor. If 7 € &, then
fix (nE) = n fix (E)- =",
sym (nx) = 7 - sym (x) -z~ "

Thus if E is a support of x, then ©E is a support of nx.
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Now we shall construct the Mostowski model. Assume that the set A
is countable, and let < be an ordering of A4 such that 4 is densely ordered
and without smallest or greatest element (thus A is isomorphic to the
rationals). Let 4 be the group of all order-preserving permutations of 4,
and let I be the ideal of finite subsets of A4.

Let ¥ be the permutation model given by ¢ and I. We shall show that
¥" has the following properties:

(a). The set A cannot be well-ordered in ¥".

(b). There is a linear ordering < of ¥~ which is a symmetric class.

It is easy to see that fix E & fix 4 for any finite £ < 4, and so we
have (a).

To prove (b), we need several lemmas. The first one is crucial and shows
that this model ¥~ has the important feature that every x € ¥~ has a least
support.

LEMMA 4.5

(a). If E, is a support of x and E, is a support, then E = E, N E, is a
support of x.

(b). Every symmetric x has a least support. The class of all pairs (x, E),
where x € ¥~ and E is the least support of x, is symmetric.

ProoF. (a). The proof is based on the following fact, which can be proved
more easily by drawing a picture than in writing, and thus we leave it to
reader’s imagination: Let E; and E, be finite subsets of 4, E = E; n E;.
If € % is such that n(a) = a for each a € E, then we can find a finite
number of permutations =,p,, ..., 7,0, such that =m;efix (E;) and
p; € fix (E,) for each i = 1,...,n, and n = n;p; ... m,p,. Thus fix (E) =
[fix (E,) v fix (E,)], where [X] denotes the group generated by X. In
particular, if both E, and E, are supports of x and =z € fix (E), then
X = WP ... T,Pp,X = X and so E is a support of x.

(b). The least support of x is the intersection of all supports of x. Since
their number is finite, the intersection is a support of x by (a). The rest is
as in Lemma 4.4: If E is the least support of x, then nE is the least support
of mx.

LEMMA 4.6
(2). If E is a support of x and nE = E, then nx = X.

(b). There is a symmetric class F which is a one-to-one function of ¥ into
Onx I



CH.4, §6] PROBLEMS 51

PrOOF. (a). Since every @ € ¢ is order-preserving, it follows that if nE = E,
then 7 € fix (E).
(b). For each xe 77, let orb (x) be the orbit of x:

orb (x) = {nx:me F}.

The orbits are pairwise disjoint and sym (orb (x))'= ¢ for each x. Thus
if we enumerate the orbits by ordinals, the enumeration is a symmetric class.
Let F,(x) be the number of orb (x) and let F,(x) be the least support of x,
for each xe¥". Let F(x) = (F,(x), F5(x)); obviously, F is symmetric.
To see that it is one-to-one, note that if x and nx are in the same orbit
and if E is the least support of x, then nE is the least support of nx, and
we have x = 7x if and only if E = nE by (a).

The rest is easy. The ordering < of A isin ¥ since the group ¥ consists of
order-preserving permutations and so sym (<) = . The set I consists of
finite subsets of a linearly ordered set and thus can be linearly ordered
(lexicographically). Therefore the class Onx 7 can be linearly ordered
(lexicographically again). And since we have a symmetric one-to-one map-
ping of ¥ into Onx I, we obtain a linear ordering < of ¥7, which is a
symmetric class. Thus every set can be linearly ordered in ¥". (As a con-
sequence, every family of finite sets has a choice function.) This constitutes
the proof of the following theorem.

THEOREM 4.7. The Axiom of Choice is independent from the Ordering
Principle in set theory with atoms.

4.6. Problems

1. The theory (ZFA + Axiom of Choice+ 4 is infinite) is consistent relative
to ZF + Axiom of Choice.

[Hint: Let C be an infinite set of infinite subsets of w. Construct a model
I = Jyeonll,, where

HO =C, Ha+1 = Ha v g(ﬂa)_{o}

Choose a, € C, and interpret it as the empty set, and interpret C— {a,}
as atoms. If X € II, then each well-ordering < = X x X is also in II.]

2. If x can be well-ordered in ¥, then Z(x) can be well-ordered in ¥ .
[Hint: Use (4.2).]
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3. In the basic Fraenkel model, the family S = {{a, b} : @, b € 4} has no
choice function. Consequently, 4 cannot be linearly ordered.

4. In each of the three models constructed in this chapter, the set A4 is
Dedekind finite (D-finite).
[Hint: X is D-infinite iff [X] > R,.]

5. In both the basic Fraenkel model and the Mostowski model, the set
2(A) is Dedekind finite.

[Hint: For every finite E < A, there are only finitely many subsets of 4
which have E as a support. ]

6. For every infinite set X, Z(2(X)) is D-infinite.
[Hint: Consider the set {S,},2,, where S, = {Y < X :]Y| = n}.]

Call a set amorphous iff it is infinite but is not a union of two disjoint
infinite sets.

7. In the basic Fraenkel model, the set A is amorphous.

8. A set Sis finite if and only if everynonempty X = £(S)has a <-maximal
element.
[Hint: Consider the set X = {x = §: x is finite}.]

Call a set S T-finite if every nonempty monotone X = Z(S) has a
c-maximal element.

9. Every finite set is T-finite. Every T-finite set is D-finite.
[Hint: S is D-finite iff |S| 3> Xo.]

10. Every amorphous set is T-finite.

[Hint: Let S be amorphous and T-infinite; let X be a <-chain in Z(T)
without a maximal element. Show that the order-type of X must be w and
derive a contradiction by dividing  into even and odd numbers.]

This together with Problem 7 shows that one cannot prove that every
T-finite set is finite.

11. Every infinite linearly ordered set is T-infinite.
[Hint: Consider the =-chain {S,:x€ S}, where S, = {ye S:y < x}.]
This together with Problem 4 shows that we cannot prove that every
D-finite set is T-finite.
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Consider the following statement:

SELECTION PRINCIPLE. For every family % of sets, each containing at least
two elements, there is a function f such that

0#f(S) &S
for each set S in the family & . (We say that f is a selector on F.)

12. The Selection Principle is equivalent to the following statement (K(2)
of Problem 3.20):

For every set M there exists an ordinal o and a one-to-one function g which

maps M into P(a).

Consequently, the Selection Principle implies the Ordering Principle.

[Hint: (a). Assume that the Selection Principle is true. Let M be a set
and let f'be a selector on #(M ). By recursion on the length of the sequences,
construct sets M,, where ¢ ranges over transfinite sequences of 0’s and 1’s:
Mo =f(M), M,=M-M,, Mgz=f(M), M;=M~-Ms and
M, = (\sc: M, for ¢t of limit length. For some o, all M,’s are either empty
or singletons, for all ¢z € *2. This gives a one-to-one mapping of M into *2.

(b). Assume that the statement is true. It suffices to prove the Selection
Principle for families of sets which are subsets of some Z(«). Let & be
such a family. For each Se€ &, S < #(«), let f be least such that fe X
for some XeS and f¢Y for some YeS. Let f(S) ={XeS:peX};
then fis a selector on &.]

13. The Selection Principle fails in every permutation model in which the
set A cannot be well-ordered.
[Hint: A one-to-one mapping into the kernel yields a well-ordering.]
Thus the Selection Principle is independent from the Ordering Principle
in set theory with atoms.

14. The following version of the Axiom of Choice holds in the Mostowski
model:

For every family of nonempty well-orderable sets there exists a choice
Sunction.

[Hint: For each E € I, let A(E) be the class of all x e ¥~ such that x is
a support of x. The function F: ¥~ — On x I from Lemma 4.7 restricted to
A(E) has values in Onx £(E). Since #(E) is finite, the ordering < of
¥ is a well-ordering on A(E). If Se€ ¥ is well-orderable, then for some
Eel fix (E) < fix (S) and so S < A(E); hence < well-orders S. Choose
the <-least element in each well-orderable S.]
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4.7. Historical remarks

The method of permutation models was introduced by Fraenkel [1922-37]
and, in a precise version (with supports) by Mostowski [1938-39]. The
present version (with filters) is due to Specker [1957]. Theorems 4.2 and
4.3 are Fraenkel’s; for Theorem 4.7, see Mostowski [1939].

The results of Problems 4-11 are in Lindenbaum and Mostowski [1938],
and Mostowski [1938] and Levy [1958]. The equivalence in Problem 8
and the definition of T-finiteness are due to Tarski [1924b). The Selection
Principle was formulated by Kuratowski [1922] and the equivalence in
Problem 12 was proved by Kinna and Wagner [1955]; the observation in
Problem 13 is due to Mostowski [1958]. The result of Problem 14 is by
Lauchli [1964]. For additional contributions to the method of permutation
models, cf. Doss [1945], Mendelson [1948, 1956], Jesenin-Vol’pin [1954],
Shoenfield [1955] and Fraissé [1958].



CHAPTER 5

INDEPENDENCE OF THE AXIOM OF CHOICE

5.1. Generic models

By the result of Chapter 3, it is consistent to assume that ¥V = L, i.e.,
that the universe itself is the only transitive proper class which is a model of
set theory. Thus if we want to construct models of ZF in which the Axiom
of Choice fails, we have to look for extensions of the universe, rather than
its submodels.

In the present section, we describe a general method of extending a given
transitive model .# to a model .#[G], a generic model; the following
section will deal with certain submodels of generic models, and these will be
used in subsequent sections to prove the independence of the Axiom of
Choice.

We start with introducing so-called Boolean-valued models. These are a
generalization of ordinary models in the sense that the truth-values are not
0 and 1 (false or true), but are elements of a given complete Boolean algebra.
Since the Boolean-valued models will be subsequently used to obtain generic
extensions of transitive models, we will use the following more general
framework: Instead of working in the universe, we fix a transitive model .#
(the ground model) and will carry out the construction of a Boolean-valued
model inside .#. Moreover, we shall always assume that .# satisfies the
Axiom of Choice.

Let B be a Boolean algebra with operators -+, - and —, and the corre-
sponding partial ordering <. The algebra B is complete if every nonempty
subset of B has a least upper bound and a greatest lower bound. Then we
introduce infinitary operators ), and [] (sum and product) as follows:

Y {a:aed} =lub(4), [[{a:aed} =glb(4).

55
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For our convenience, let us introduce another operation on a Boolean
algebra:
u=>v=—u+v

(compare with ¢ - ¢ & — d V).

5.1.1. Boolean-valued models

Let .# be a transitive model of ZF + AC. Until further notice, we will be
working inside -#. Let B € .# be a fixed complete Boolean algebra (that is,
complete in .#).! We define a class .#%, a Boolean-valued model, by
recursion:

MP =0,
ME =) M} if o is a limit ordinal;
g<a
ME. | = {x: xis a function, dom (x) € #2 and rng (x) < B};
MP =\ M.
aeOn

There is a natural embedding * of .# in .#%. We define * by the e-recursion:
0 =0,
X is the element of .#® whose domain is {J : y € x} and
X(y) = 1forallyex.

For every formula ¢(x,, ..., x,) with variables in .#2, we shall define its
Boolean value [¢] which will be an element of B. First, we give (a somewhat
involved) definition of the Boolean values [xey] and [x = y] for all
x, y € M#®. The definition is by recursion on pairs of ordinals (p(x), p(»)),
in the canonical well-ordering of Onx On, where p(x) denotes the least o
such that x e .#2, . We let

[xeyl = Y @) [z=x]),

zedom (y)
[[x - y]] :zed:t[:m-[(x) (x(Z) - [[Z ey]]) .zedl-;[(y) (y(Z) = [[Z € x]])

(Compare with
xeyo (3zey)[z = x]
and
x=ye(Vzex)zey]a(Vzey)lzex])
1 Being a Boolean algebra is an absolute property. On the other hand, B € .# may be

complete in .4 but not in the universe, since the former means only that Lu.b. exists
for every subset of B which is in .#.
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Once we have defined the Boolean values [x € y] and [x = y], we can
define the Boolean values for any formula, by recursion on its complexity:

[—¢] = —[4]
[ Ayl =[] [¥],
[¢vy] = [¢]+[¥],
[¢ —y] =[] = [¥],
[vx¢] =TI {{¢(x)] : xe A"},
[3x¢] = X {[$(x)] : x € A*}.
The following two lemmas, which list the basic properties of Boolean values,
can be proved by direct computation, using induction on (p(x), p(»)). The
reader can either believe them or prove them himself (herself) or turn to
the literature.

Lemma 5.1
(. [x=x]=1.
(ii). [x(»)] < [yex].
(iii). [x =y] = [y = x].
(). [x =y]-[y=2z] <[x =2z].
(V). Ix = x1] - [xey] < [x, €]
(vi). [x =x,]-[yex] < [yex]
LemMA 5.2
@) Ix =31 -[¢(=)] < o]
(i)). [Gyex)e(»)] = 2 {(x(») [6(3)]): ¥ € dom (x)}.
(iii). [(Vy € x)¢(»)] = [T {(x(») = [$(»)]): y € dom (x)}.
We shall now present the fundamental theorem of Boolean-valued models.
Let ¢(x;,...,x,) be a formula, with variables in .#®. We say that
d(xy,5 -..r X,) is valid in AP if [P(xy, ..., x,)] = 1.

THEOREM 5.3

(i). Every axiom of the predicate logic is valid in .#®. The rules of inference
of the predicate logic if applied to formulas valid in M® result in formulas
valid in M®.

(ii). Every axiom of ZF +AC is valid in .#®. Consequently, every statement
provable in ZF + AC is valid in the Boolean-valued model.

The proof of Theorem 5.3 (i) is by direct computation. The proof of (ii)
is nontrivial, but since it is available in the literature and its knowledge is not
essential for the practical applications of the method, we take the liberty
of omitting it.
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5.1.2. Generic extensions.

Now having introduced the Boolean-valued models, we shall step outside
the model .# and try to extend .# to a larger model. Let Be .# be a
complete Boolean algebra in .#. A set G < B is called an .#-generic
ultrafilter on B if

(5.1) G has the properties of an ultrafilter,
(52) A< Gand Ae.# implies[[ {a:aecd}eG.

(Notice that G need not be in .#.)

We give another formulation of genericity: A subset 4 = B is called a
partition of Bif Y {a:ae A} = 1andifu-v = O forall u # v in 4. Then
condition (5.2) can be replaced by

(5.3) If Ae.# is a partition of B, then there is a (unique) u € 4 such
that ue G.

Let G be an .#-generic ultrafilter on B. We define (by recursion on p(x))
the interpretation iz of A% by G:

(a) i(0) =0,
(b) i(x) = {i(») : x(3) € G}.

The generic extension of A4 by G is the range of ig:
MN[G] = {i(x): xe A"}

We shall show that .#[G ] is a model which extends .# and can be considered
as an adjunction of G to .#.

LEMMA 5.4. For each x € M, i(X) = x; hence M = MG ).
Proor. By the e-induction,
i(0) =0,
i(X) = {i(3) : X()e G} = x.
LemMA 5.5. Ge A[G].
ProOF. We define the canonical generic ultrafilter G € #* as follows:
dom (G) = {#: :ue B},
G(i1) = u for every ue B.

Obviously,
i(G) = {i(x):G(x)e G} = {i(u) :ue G} =G.
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If x e#[G] and if x € A is such that i(x) = x, then we say that x is
a name for x.

LeMMA 5.6. If x, y are names for x, y, then
xeye[xey]ed,
x=yo[x=y]eC.

PROOF. By induction on (p(x), p()). We prove that [xey] e G implies
x € y and leave the rest to the reader. If [x € ¥] € G, then
>, (@) [z=xDeG.
z edom ()
By the genericity, there is zedom (¥) such that y(z) [z = X[ € G; i.e,
Y(z) € G and [z = x] € G. Hence i(z) € y, and by the induction hypothesis,
i(z) = x; thus x e y.

Now we present the main theorem of generic models. Tt expresses the
connection between Boolean values and the truth in generic extension.

THEOREM 5.7. Let ¢ be a formula. If x4, ..., x, are names for x,,...,x, e M [G],
then

MNG1E d(xy, ..., X,) if and only if [¢(x,, ..., x,)] € G.

Proof. By induction on the complexity of ¢. Use Lemma 5.6 and the
genericity of G. E.g.,

M[GIF ¢ = (A[GlEP)— — ([¢]eG) —[¢]eGo[—¢] €G.

COROLLARY 5.8.
(i). #[G]is a model of ZF +AC.
(ii). A[G] is the least model A~ of ZF such that M4 = N and Ge N .

ProoF. We proved # = #[G] and Ge A4(G). If /" = .4 is a model
of ZF and if Ge ./, then for all ae #, #5ec.A" and ig|A~: e A (the
definition of ig|.#2 is absolute for every .4~ containing G and .#:). Thus
MGl E N,

Until now, we carefully avoided the question of whether a generic ultra-
filter exists. As a matter of fact, if the algebra B is atomless, then G cannot
be an element of .#; thus we cannot prove that G exists. Still, we shall
always make the following assumption:

In each case, we shall assume that a generic ultrafilter exists.
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The reasons are practical. We use generic extensions to establish consistency
results; we could do as well without generic ultrafilters and work entirely
with Boolean-valued models. For instance, we shall present a generic
model A4 [G], in which there is a nonconstructible set. Instead, we could
prove that in the corresponding .#?, the value [every set is constructible]
is not 1. In each case, we conclude that the Axiom of Constructibility is
unprovable in ZF.

(We actually have a justification to assume that a generic ultrafilter exists.
In the Boolean-valued model, it is valid that the canonical generic ultrafilter
G is generic; see Problems 1 and 2.)

5.1.3. Forcing.

In practical applications of generic models, one does not work much with
Boolean values. Instead, one uses so-called forcing conditions.

Let .# be a fixed transitive model of ZF+AC. Let (P, <) be a partially
ordered set in #. The elements of P are called forcing conditions; p is
stronger than ¢ if p < g. Two conditions p and g are compatible if there is
a condition r stronger than both p and ¢g. A set D < P is said to be dense
in P if for each p € P there is d € D stronger than p.

Let G be a set of conditions, not necessarily in .#. We say that G is
M -generic, if

(54) (a) xe G and x < y implies y € G;
(b) the elements of G are pairwise compatible;
(c) if Dis dense in P and D e .#, then D n G # 0.

Note that if B is a complete Boolean algebra in .# and if we let P be the
set of all nonzero elements of B, then G < P is generic if and only if it is
a generic ultrafilter. Moreover, if B is a complete Boolean algebra in .#,
and P is dense in B— {0}, then:

(i) if G is a generic ultrafilter on B, then G, = G N P satisfies (5.4);

(ii) if G; = P satisfies (5.4), then G = {ueB:(@peP)p < u} is a

generic ultrafilter.

(We leave the easy proofs to the reader.)

Thus G, is definable in terms of G and elements of .#, and vice versa,
which we may formulate as follows:

(5.5) %[GJ = ~///[G]
(the model #[G1] is the least model A~ such that #° 2 # and G, € A").

Hence if (P, <) is a dense subset of a complete Boolean algebra, a generic
set of conditions determines a generic extension of .#. However, every
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partially ordered set can be associated with a complete Boolean algebra B
(which is unique up to isomorphism) such that we get the correspondence
(5.5) between generic subsets of P and generic ultrafilters on B. We shall
sketch the proof of this fact.

Consider a topological space. A regular open set is a set which is equal to
the interior of its closure. It is a well-known fact that the family of all
regular open sets of a given space is a complete Boolean algebra (with
operations U and N and ordering =; the Boolean complement is not
the set theoretical complement).

Let (P, <) be a partially ordered set. Let us endow P with the topology
generated by the basic open sets [p] = {ge P :q < p}. Let us denote by
RO(P) the complete Boolean algebra of all regular open sets in this space.
Let e be the following mapping of P into RO(P):

e(P) = the interior of the closure of [p].
One can verify that e has the following properties:

(5.6) (i) if p < g, then e(P) < e(Q);
(ii) p, g are compatible if and only if e(P) N e(Q) # 0;
(iii) the set {e(p) : p € P} is dense in RO(P)— {0}.

We call e the natural homomorphism of P into RO(P). (The reader will
find an alternate construction of RO(P) in Problems 3 and 4.)

Now let (P, <) be a partially ordered set in .#, and let e be the natural
homomorphism of P into RO(P) (in .#). We ask the reader to use (5.6)
to verify the following correspondence between generic subsets of P and
generic ultrafilters on RO(P):

(i) if G is a generic ultrafilter on B, then G, = e_,(G) satisfies (5.4);

(ii) if G, < P satisfies (5.4), then G = {ue B: (3pe Gy)[e(p) < ul} is

a generic ultrafilter.
As a consequence, we have #[G,] = #[G].

Thus every partially ordered set in .# determines a generic extension
A [G]. The natural embedding e gives us, however, more information and
enables us to reformulate the main theorem of generic models. (We shall
consider P a subset of RO(P) and write p instead of e(p).)

Let (P, <)e.#, let B = RO(P) and let e : P —» B be the natural em-
bedding (in ). If ¢(x;, ..., x,) is a formula with variables in .#”, then
we say that a condition p forces ¢(xy, ..., x,),

p “_ ¢(£1: cees En),



62 INDEPENDENCE OF THE AXIOM OF CHOICE [cH.§, §1

ife(p) < [¢(x1, ..., x,)]. The forcing relation I+ has the following properties,
which can be derived from the properties of Boolean values:

plt —¢ iff nogq < pforces ¢,

plEony iff plk¢andplky,

pitévy iff (Vg <p)Er<g)lri-ovrityl,
plFVxg iff (Vxe A®)plF ¢(x),

plF3x¢ iff (Vg < p)3r < q)3Ax e A®) r Ik ¢(x);

and, if we say that p decides ¢ just in case either p It ¢ or p Ik — ¢, then
Vp(3g < p) q decides ¢.
The main theorem of generic models now takes the following form:

THEOREM 5.9. Let ¢ be a formula. If G < P is M#-generic and if x4, ..., X,
are names for x,, ..., X, € M [G], then

MG F ¢(xy, ..., x,) if and only if (3pe€ G)p IF $(x4, ..., x,)-

5.1.4. Examples of generic models.

ExaAMPLE 5.10. Let .# be a transitive model of ZF + AC. We shall describe
a set of conditions which adds a new set of integers to the ground model.
Let (P, <) be the set of all finite sequences of 0’s and 1’s, partially ordered
by = (i.e., p is stronger than g if p 2 ¢). Let G be an .#-generic set of
conditions. It is easy to see that for each n, the set {p e P:p(n) = 1} is
dense in P, so that there is p € G such that n e dom (p). Also, if p and ¢
are compatible, then either p 2 q or g 2 p. Thus

(5.7 g = |J {p: p € G} is a function from  into {0, 1}.

Let z be the following name: dom (z) = {# :new} and z(r) =) {peP:
p(f) = 1}; z is a name for the set z = {n : g(n) = 1}. We shall prove

(5.8) G¢ .,
which in turn gives:
(5.9) there is a set z = w such that ze .#[Gland z ¢ A.

Assume that G € .#. For each ¢ € P, either ¢ 0 or ¢ 1 is not in G. Hence
{p : p ¢ G} is dense in P. This contradicts the genericity of G.

ExaMpLE 5.11. We shall describe a set of conditions which adds a new
subset of w; to the ground model without adding new subsets of w. Let
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(P, <) be (in #) the set of all a-sequences of 0’s and 1’s, for all « < w,,
and order P by 2. Let G be an .#-generic set of conditions. As in Example 1,
we get G ¢ # and G determines a subset of w, which is not in .#. However,
we have to show that

(i) every subset of @ in A [G]is in A,

(i) (%) = ()%
Both (i) and (ii) follow from the following:
(5.10) If fe .#[G] is a function from w to .#, then fe .#.

The property (5.10) follows from specific properties of (P, <). We prove
a general lemma which is one of the most typical examples of using proper-
ties of (P, <) to establish properties of A [G], and leave the reader to
verify that the provisions of the lemma apply in our special case.

LEMMA 5.12. Assume that (in M) for every descending sequence
PoZ P12 eee ZDp 2 - (new)

of conditions there exists p € P such that p < p, for all n. Then #[G] has
the property (5.10).

PrROOF. A subset D = P is open dense if it is dense and if p; < p, and
p2 €D implies p; € D. First we show that under the assumption of the
lemma, any intersection of countably many open dense sets is open dense.
Let D,, n € w, be open dense. If p € P, we let, by recursion, p, be an element
of D, stronger than all p,, m < n; then we let g be stronger than all p,.
Clearly, ¢ < pand g€ (2o D,-

Let f: w — A and fe .#[G], and let f be a name for f. Let 4 € .# be
such that rng (f) < A and assume that

u = [fis a mapping of & into Al = 1;

we can assume this since u e G, and we can restrict ourselves to P’ =
{peP:p < u}. For each n, the set

D,={p:(3xed)pFf(R) =X}

is open dense. Hence D = ()., D, is dense and so there exists p € D such
that p € G. For each n, there is x, such that p IF f(i) = X,. If we denote by
g the function g :n > x, (obviously, ge .#),- we have pl+f = g and
therefore f = g.

In a similar fashion, if R, is a regular cardinal in .#, and if we take as
forcing conditions transfinite sequences of 0’s and 1’s of length less than
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w,, we get a generic model with a new subset of w,, without adding subsets
of smaller cardinals. (For the analogue of Lemma 5.1.6, see Problem 5.)

5.2. Symmetric submodels of generic models

The generic extensions satisfy all axioms of set theory including the
Axiom of Choice. Still they can be used to establish the independence of
the Axiom of Choice, by considering certain submodels of generic models.
The idea behind symmetric models is analogous to the ideas used in connec-
tion with permutation models. Although the universe of ZF does not admit
€-automorphisms, the Boolean-valued universe does (via automorphisms
of the Boolean algebra), and the automorphisms of the names of elements
of A[G] can be used to construct submodels of .#[G] resembling the
permutation models.

Let B be a Boolean algebra. An automorphism ©n of B is a one-to-one
mapping of B onto itself which preserves the Boolean operations:
n(u+v) = a(u)+n(v), n(—u) = —n(u) etc. If B is a complete Boolean
algebra and = is an automorphism of B, then n preserves infinite sums and
products as well.

Let .# be a transitive model of ZF+ AC, let B be a complete Boolean
algebra in .#, and let .#% be the corresponding Boolean-valued model.
(Needless to say, until the appearance of a generic ultrafilter we stay within
#.) Let & be an automorphism of B. We can extend = to #? as follows,
by recursion on p(x):

(i) =0 = 0;

(ii) assuming that = has been defined for all y € dom (x), let dom (nx) =

7'’ dom (x), and (nx)(ny) = n(x(»)) for all 7y € dom (=x).
Clearly, 7 is a one-to-one function of .#% onto itself, and x = X for every
xe. .

LemMma 5.13. Let ¢(x,, ..., x,) be a formula with variables in .#®. Then

[o(rxy, ..o mx,)] = wld(xy, ... )]

Proor. First, one proves the lemma for x € y and x = y by induction on
(p(x), p(»)). The rest follows by induction on the complexity of ¢.

Let % be a group of automorphisms of B. For each x e 4%, let
symg (x) = {ne ¥ : n(x) = x};

symyg (x) is a subgroup of ¥. A nonempty set # of subgroups of ¥ is called
a normal filter on ¥ iff for all subgroups H, K of 4,
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(i) ifKe # and H = K, then He Z;

(ii) f He &% and Ke &, then Hn Ke #;

(iii) f re ¥ and He &, then tHrn e &F.
Let # be fixed. We say that x € #® is symmetric if sym (x) € &. The class
HS = #® of all hereditarily symmetric names is defined by recursion:

(a) 0e HS;

(b) if dom (x) = HS and if x is symmetric, then x € HS.
Since n(X) = X for each n € % and each x € .#, it follows that HS contains
each X.

Now let G be an .#-generic ultrafilter on B. Let i; be the interpretation
of M® by G. We let

A = {ig(x) : x e HS},

we have # = A = A[G].
THEOREM 5.14. A" is a model of ZF.

Proor. Assume that .# is a proper class and we show that it is transitive,
closed under Godel operations and almost universal. If .# is a set, then
the proof can be modified to show that A" is a model of ZF.

The transitivity of A~ follows from the fact that if xe HS, then
dom (x) € HS.

For all x,y € .#%, one can define canonically z,, ..., zg € #% such that
[z; = F (x,y)] =1fori=1,...,8 and sym (z;) 2 sym (x) n sym () and
z; € HS whenever x, y € HS; we leave the details to the reader. It follows
that .4 is closed under Godel operations %4, ..., F5.

To show that A" is almost universal, notice that if X is a subset of A",
then X < ig/(HS n #7Z) for some o. Thus it suffices to show that each
Y=ig(HSn .#%) is in A". Let Ye . #® be as follows: dom (¥) =
HS N .47 and Y(x) = 1 for each xedom (¥). Y is a name for Y, and
dom (Y) = HS; hence we only have to show that Y is symmetric. We will
actually show that sym (Y) = %. If xe .#” and n e %, then sym (nx) =
7+ sym (x)- n~'; hence if x € HS, then nx e HS for each ne 4. Also, if
x€ A2, then nx € M2 for each m € ¥. Hence 7"’ (HS N .#%) = HS n 42,
andson(Y) =Y, forallne %.

We call 4" a symmetric extension of .#. In the subsequent sections we
use symmetric extensions to establish the independence of the Axiom of
Choice.
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5.3. The basic Cohen model

Let . be a transitive model of ZF+ AC. Consider the following set
(P, <) of forcing conditions: the elements of P are finite functions p with
values 0, 1, and dom (p) = w x w; the ordering is by 2. Let B = RO(P)
in A.

We shall define  and & in such a way that the Axiom of Choice will
fail in the symmetric extension .4". Before doing that, we shall describe the
motivation. Let G be an .#-generic ultrafilter on B. For each n e w, let
x,, be the following real number (a subset of w):

(5.11) x, ={mew:(3peq) p(n,m)=1}.

We intend to construct .4 in such a way that the set
A={x,:new}

is in .4 but the enumeration n — x, is not; we want that

A" B A cannot be well-ordered.

The reals x,, n € w, have canonical names x,:
(5.12)  x,(M) =ty =Y. {peP:p(n,m) =1} forallm,ne w;
so does the set A:

(5.13) dom (4) = {x,:new}, A(x,) =1 forallnew.

Let = be a permutation of w; n induces an order-preserving 1-1 mapping of
(P, <€) onto itself as follows:

dom (np) = {(nn, m) : (n, m) e dom (p)},
(np)(n, m) = p(n, m)
In turn, this 7 induces an automorphism of B:
mu=> {np:p < u}

Let 4 be the group of all automorphisms of B which are induced by
permutations of w, as described above. For every finite e = w, let

fix (¢) = {ne ¥ :nn = n for each nee}.
Let .F be the filter on & generated by fix (e), e finite; i.e.,
He ¥ o 3e (H = fix (e)).
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We leave it to the reader to verify that & is a normal filter on ¥.

¥ and & determine the class HS of hereditarily symmetric names, and
if we let G be an #-generic ultrafilter on B, the interpretation iz of HS
yields a symmetric model A4~ of ZF.

LeMMA 5.15. In the model N, the set of all real numbers cannot be well-
ordered.

ProoF. We show that the set 4 = {x,:new}, where x, are the reals
defined in (5.11), cannot be well-ordered in .#". To start with, all the reals
X,, as well as the set 4, are in A", since their names, defined in (5.12) and
(5.13) are symmetric: For all z € ¢ and all n, m, we have @t(tpm) = Uy m}
hence n(x,) = X,., and consequently, sym (x,) = fix {n} € #. Alson(4) = 4
forallme %, and so A A",

Next, notice that these reals are pairwise distinct: we show that
[x; = x;] = 0 whenever i # j. For assume that there is p € P such that
p IF x; = x;. There is m such that neither (i, m) nor (j, m) belongto dom (p);
let ¢ 2 p be such that ¢(i, m) = 1 and g(j, m) = 0. Then

glFmex; and qltméx;,

hence g IF x; # x; although g < p, a contradiction.

We shall show that in 4" there is no one-to-one mapping of w onto 4.
Assume that there is some, and let f€ HS be its name. Thus for some
Po€G,

Po IF fis a one-to-one mapping of & onto A.

We shall find ¢ < p, such that

(5.14) g I+ fis not a function,

which will be a contradiction.
Let e be a finite subset of w such that sym (f) = fix (e). There exist
iew,p < po and n ¢ e such that
pIF() = x,.
We shall find n €  such that:
(5.15) (i) np and p are compatible;

(ii) = efix (e);
(iii) nn # n.
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. e M M .
Then we will have nf = f by (ii), ni = i, and since

mp IF (nf)(ni) = mx,,
we will have
g=pumpit (f() = x,Af(i) = %)

and since [x, = x,,] = 0 by (iii), we will have (5.14).

To get n, let n" be such that n’ ¢ e and (n', m) ¢ dom (p) for any m.
Let © be the permutation of w which interchanges n and »’, and n(i) =/
for all i # n, n’. This permutation satisfies (5.15) and the proof is complete.

As a consequence, we have:

TyeEOREM 5.16. The Axiom of Choice is unprovable in set theory.

5.4. The second Cohen model

Let # be a transitive model of ZF + AC. We shall construct a symmetric
extension .4 of .# in which there is a countable family of pairs which has
no choice function.

In the symmetric model of Section 5.3, the non-well-orderable set consisted
of real numbers. Obviously, we cannot use real numbers in the present case
to construct the pairs, since pairs of reals do have a choice function. How-
ever, the method will work when the intended elements of the pairs are sets
of reals.

Let (P, <) be the set of all finite functions p with values 0, 1 and
dom (p) € (0x {0, 1} xw)xw; let < = 2. Let B = RO(P) in .#.

Let G be an .#-generic ultrafilter on B. We define the following elements
of A [G ], together with their canonical names:

Xy = {jew: (@peG)p(neij) =11}
’jnei(;) =,y ;= {peP:pmeij)=1} (nijew, e¢=0,1),
Xpe = {Xpei 1 i€ 0},
dom (X,,) = {xp. i€},  X(Xn) =1 foral ico,
P, = {Xp0, Xon},
dom (P,) = {Xu0, Xui}, PX,) =1 (¢=0,1),
A ={P,:new},
dom (4) = {P,:new}, A(P,) =1 foral new.
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Each x,,; is a real (a subset of w), X,, are sets of reals. Similarly as in
Lemma 5.15, we have
[[xnai = xn'a’i’]] =0
whenever (n, ¢,i) # (n', &, i').
Every permutation = of (w x {0, 1} X w) induces a one-to-one preserving
mapping n of P onto itself:

(np)(n(nei), j) = p(nei, j),
and, in turn, an automorphism of B. Clearly,

n(unei,j) = Un(net), j
and

n({nai) = 'En(nsi)'

We intend to define the group ¢ and the filter & in such a way that the
names X,;;, Xns» Pn and A are all symmetric. Let ¥ be the group of all
automorphisms of B induced by those permutations # of wx {0, 1} x®
which satisfy the following conditions: if n(nsi) = (7&1), then

(i) a =n;

(ii) for each n, either Vi (¢ = ¢) or Vi (¢ # ¢).
Notice that for each t € %,

n(an) = Xne or Xn, 1-¢g»
TC(I_J,,) =P, 7'5(4) = 4.

For each finite e = wx {0, 1} x w, let

fix(e) = {ne¥:(Vsee)[ns = s},
and let & be the filter on ¢ generated by

{fix (e) 1 e = wx {0, 1} X w, e finite}.

& is anormal filter. Let HS be the class of all hereditarily symmetric names
in #%. Let A be the symmetric extension of .#, given by the interpretation
of HS by G.

LemMMA 5.17. The sets X,p;, Xye» P, and A are in the model N~ for all n, i€ o,
e=0,1.

Proor. Note that sym (x,,;) = fix {(mei)}, sym (X,,) = fix {(nei)} (where
i is arbitrary), sym (P,) = % and sym (4) = ¥.
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LEMMA 5.18. The set A is countable in N,

Proor. It suffices to find a symmetric name for the function g : n > P,.
Let g € #° be as follows: ?

dom (9) = {(, P,)® :new}, g(x)=1 forall xedom (g9).

Since n() = handn(P,) = P,forall € ¥, n € o, it follows that n(g) = g
forallme %.

LEMMA 5.19. There is no function fe A" such that dom (f) = A and
f(P,)e P, for all n.

PrOOF. Assume that f is such a function; let / be a symmetric name for f
and let p, € G be such that

Po I [ is a function on 4 and Vn (f(P,) € P,).
We shall find ¢ < p, such that
(5.16) g Ik fis not a function,

which will be a contradiction.
Let e be a finite subset of wx {0, 1} xw such that sym (f) = fix (e).
There exist n € w, &, (let us assume that ¢, = 0) and p < p, such that

pIFf(P,) = Xy
We shall find n € ¢ such that

(5.17) (i) mp and p are compatible,
(ii) = efix (e),
(iii) (Xp0) = X1~
Then we will have nf = /by (ii}, nP, = P,, and since
np I+ (nf)(n_lfn) = anO,

we will have
q=pyumnp Ik (I(En) = Xno /\j_{.(,}_)n) = an)’

and since [ X, = X,,] = 0, we will have (5.16).
To get =, let k& be such that
(Vi = k)(Ve)[(nei) ¢ dom (p)].

2 The Boolean pair (x, »)" for x, y e .#5 is defined as follows: z = {x, »}® has domain {x, y}
and z(x) = z(») = 1; (x, p)® = {{x, x}", {x,y}"}. Obviously, any interpretation of
(x, ¥)¥ gives a pair (ix, iy).
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Let 7 be the permutation of w X {0, 1} x w defined as follows:
(n,1,i+k) if i<k,
n(n,0,i) = {(n, 1,i—k) if k<i<?2k,
(,1,1) if 2%k < i,
n(n, 1,1) ... accordingly
n(n'ei) = n'ei for all n' # n.
This permutation satisfies (5.17), and the proof is complete.

As a consequence, we have:

THEOREM 5.20. The Axiom of Choice for countable families of pairs is
unprovable in set theory.

5.5. Independence of the Axiom of Choice from the Ordering Principle

In this section, we prove:

THEOREM 5.21. The Axiom of Choice is independent from the Ordering
Principle.

We will do this by showing that in the basic Cohen model, every set can be
linearly ordered.

Let .# be a transitive model of ZF+ AC, and let A4~ be the symmetric
extension of .# defined in Section 5.3. We shall keep the notation introduced
in Section 5.3; in particular, A4 is the set of reals

4 ={x,:new},

where x, are defined in (5.11).

We shall make one assumption which simplifies matters for us a little.
We shall assume that .# is a class of the model A", This is the case, e.g.,
when .# = L, but in general it need not be true. More generally, let us say
that a class C < HS of names is symmetric if sym (C) € &, where

sym(C) ={re%:n"C =C}.

We make the assumption that for each symmetric class C its interpretation
ig(C) = {ig(x) : xe C} is a class of the model #". As was the case with
permutation models, this assumption enables us to formulate statements
and construct sets in .4 uniformly. E.g., we will be able to show that in
the basic Cohen model the universe can be linearly ordered; this is the
uniform version of the statement that every set can be linearly ordered.



72 INDEPENDENCE OF THE AXIOM OF CHOICE [cH.5, §5

In Chapter 4, when we proved the analogue of Theorem 5.21 for set
theory with atoms, we used the ordered Mostowski model and the crucial
property of the model was that each set in the model has a least support.
A similar idea will be employed in the proof of Theorem 5.21.

Let x € HS be a symmetric name, and let e be a finite subset of w. We say
that e is a support of x if

sym (x) 2 fix (¢) = {ne ¥ : nn = nfor each nee}.

Consider the canonical names x, for elements of 4, defined in formula (5.12).
Each finite £ = A has a canonical name E:

E(x,) =1 forall x,eE.

If x e HS, let us say that E is a support of x whenever E = {x, , ..., X,,
and {n,, ...,n,} supports x. Similarly as in Lemmma 4.4, we can see that
the class

4 = {(E, x)" : Eiis a support of x},

is a symmetric class. Thus the relation 4(E, x) (where E is a finite subset
of A and x € A7), the interpretation of 4, is a class of the model A". If
A(E, x), we say that E is a support of x. The crucial step in the present
proof is:

LeEmMA 5.22. Every x € A~ has a least support.

This lemma follows quite easily from:

Lemma 5.23. Let x, y be elements of HS, let p be a condition and assume
that p It x = y. If e, and e, are finite subsets of w and if e, is a support of x
and e, is a support of ¥, then there exists z € HS such that e, N e, is a support
of zandp |k x = z.

To see that Lemma 5.23 implies Lemma 5.22, let E, and E, be supports
of x e 4. There exists x such that E; is a support of x and ig(x) = x, and
there exists ¥ such that E, is a support of y and iz(¥) = x. Hence for some
peG, plk x =y, and applying Lemma 5.23, it follows that £, n E, is a
support of x. Thus it suffices to prove Lemma 5.23.

Before we proceed with the proof, we will prove another lemma. Let p
be a forcing condition, i.e., a function defined on a finite subset of wx w
with values 0 and 1. Let e be a finite subset of w. We let

(5.18) p : e = the restriction of p to ex w.

Clearly, p : e is a weaker condition than p, p : e < p. Let ue B = RO(P).



CH. 5, §5] ORDERING PRINCIPLE -/ AXIOM OF CHOICE 73

We let

(5.19) ute=>) {(p:e):p<ul
Again we have u : e > u. Finally, let

(5.20) B, ={(u:e):ueB}.

It is easily seen that B, is a complete subalgebra of B.

LEMMA 5.24. Let ¢(xy, ..., x,) be a formula. If x,, ..., x,€ HS and if e
is a support for each of the x,, ..., x,, then for each condition p,

lfp ”_ ¢(_)§19 seey En) thenp :€ “- d)(fla R )_C")

Hence [¢(x,, ..., x,)] € B,.

(Note that in particular [¢(Xy, ..., X,)] is either 0 or 1 for any
X1, ... X, € A . This kind of homogeneity is of course a specific property
of this particular Cohen model and is not true for every Boolean-valued
model.)

Proor. It suffices to show that no condition ¢ stronger than p : e forces
— ¢(X). Let g2 p:e; let ey, e, be finite subsets of w such that
dom (p) < e; x w and dom (q) < e, x w. There exists a permutation 7 € ¥
such that = € fix (¢) and e, N n”e, = e (visualize!). It is obvious that p
and n(q) are compatible. Assuming g IF — ¢(x), we have ng Ik — $(nx),
and because 7 €fix (¢), we have ng |F — ¢(x), which is a contradiction
since p I+ ¢(x) and p and =g are compatible.

ProoF or LEMMA 5.23. First note that every symmetric name has a least
support e < . The proofis easier than in Lemma 4.5 because we can use
arbitrary permutations of w. For each w e HS, let

(5.21) s(w) = the least support of w.

Note that for each n € 4,

(5.22) () = ' (s()).

If p is a forcing condition, let

(5.23) s(p) = {new: (n,m)e dom (p) for some m}.

Before starting the proof, notice one more thing: If w e HS and e = s(w),
then for any two permutations =, p € ¥,

(5.24) if zle = ple, then =n(w) = p(w).
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(This is because p~'n € fix e.) Thus n(w) depends only on the restriction
of = to s(w).

To prove Lemma 5.23, let e, = s(x), e, = 5(¥) and let p I+ x = y. By
virtue of Lemma 5.24, we may actually assume that

(5.25) s(p) < e, Ve,.

We are looking for a ze HS such that s(z) S e, ne, and plkx = z.
We shall make one assumption which simplifies the arguments somewhat:
we assume that e, n e, = 0. At the end of the proof, we will discuss the
general case ¢; N e, % 0 (whose proof is nothing but a ‘parametric’ version
of the present proof). Thus we wish to construct z € HS such that s(z) = 0
andplkx = z.
To begin with, we prove that for each w € HS,

(5.26) p-lwex] =p- ([wex]:s(w))
To show that (5.26) holds, let e = s(w); it suffices to show that for each
qg<ps
(5.27) if gltwex, then pu(g:e)ltwex,
if gltwé¢x, then pu(g:e)ltwéx.

Let us prove the first part of (5.27). By a repeated application of Lemma
5.24 and the fact that p |k x = y, we get for g < p:

gk wex;

gl wey;

g:(eve)lFwey;
pu(g:eve)ltwex;
(Pu(g:eve)):(eve)irwex;
pulg:(eve)n(eve))ltwex;
pulg:e)ltwex.

Now we shall define z. For each w € HS with p(w) < p(x), let
(5.28) o(w) = {nw:ne %}
In each a(w), pick one w such that its support e = s(w) satisfies

(5.29) en (e, ue,) =0,
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and let

(5.30) zw) =[wex]:e
and then

(5.31) z(nw) = n(z(w)),

for each e . The condition (5.31) will guarantee that 7z = z for each
ne ¥, as soon as we know that the definition (5.31) is unambiguous;
that is, we have to show that p,(z(w)) = p,(z(w)) whenever p,w = p, w.
It suffices to show that

(532) if aw=w, then n(z(w)) = z(w)

(consider @ = p3 !p,). By (5.30), z(w) belongs to B, and so the value of
n(z(w)) depends only on the restriction of = to e. By (5.22), "¢ = e and
since e N e; = 0, we may assume that = € fix (e,). Hence nx = x and so

nwex] = [nwenx] = [wex],

and by (5.30), we get n(z(w)) = z(w).
It remains to show that
plbx =z

That is, we have to show that for each v € HS with p(v) < p(x),
(5.33) pvex] =p-z(v).

Let e = s(v). By (5.31), there exists a permutation 7 € &, and w € HS such
that v = n(w), s(w) = n_,(e) is disjoint from e, U e,, and

(5.34) 2(v) = n(z(w)) = n([w e x] : s(w))-

Since z(w) € B, _ (), the value n(z(w)) depends only on the restriction of #
to n_4(e), and so does n(w) since s(w) = m_,(e). Hence we may assume that

(5.35) mefix (e; U e;—e).
On the one hand, we have

p-z(v) =p-([venx]):e),
by (5.34), and on the other hand, by (5.26),

plvex] =p-([vex]:e).
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Since [vex]:eeB,, it suffices to show: For every g < p such that
sig~p) < e,
(5.36) (i) ifgltvex, then 3r < g)ritvenx,

(i) if g IF v ¢ x, then @r < g) r Ik v ¢ 7x.

Let us prove (5.36)(i). Let ¢ < r such that s(g—p) S e and ¢gl-ve x. We
shall show that g and = are compatible and that

(5.37) r=qumapltvenx.
Let p = n~*; we have
(5.38) pefix (e, ue,—e) and pen (e, Uey)=0.

Remembering (5.25) that s(p) < e, U e,, it follows that p and pg- are
compatible and hence ¢ and np are compatible. We shall show that

(5.39) ppUplkx = px.
Then we will have

r=n(pgup) < nlppup)ibnx =x
r<glbvex
and (5.37) will follow.
To prove (5.39), let o € % be such that

(5.40) gle; = ple, and ¢ € fix (e;);

this is possible because of (5.38). It follows that o(x) = p(x), a(¥) = ¥
and o(p) <= p(p) v p. Since p Ik x = ¥, we have

pp o pltx =y A a(x) = (D),
and consequently,
pp v plF p(x) = x.

This completes the proof of Lemma 5.23, under the assumption that
e, 0 e, = 0. In general, one has to change several places in the proof to
replace 0 by e, N e,. In particular, (5.26) becomes

plwex] =p-([wex]: (s(w) v (ex N e2))),
9 is replaced in (5.28) and (5.31) by fix (e; N e;); (5.29) becomes
en(e;ve,) S e ne,y,

etc. We leave this to the reader as an exercise.
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Similarly as in Section 4.5, Theorem 5.21 will follow from the following
Lemma 5.25 because A is linearly ordered (A4 is a set of reals) and conse-
quently Lemma 5.25 yields a linear ordering of A~ — via the lexicographical
ordering of Ix On.

LemMA 5.25. In A, there is a one-to-one function & of N into IxOn
where I is the set of all finite subsets of A.

Proor. The idea is to associate with each x € /" a finite subset of A
(the least support of x) and an element of HS; since HS < 4 and .# is
well-ordered, the lemma will follow. Obviously, one cannot simply choose
a name x of x, because the interpretation function i(x) is not in 4. However,
we can define a good approximation of the function Z, and this one is in A",
(For a general version of Lemma 5.26, see Problem 23.)

We say that ¢ is an assignment if ¢ is a one-to-one function whose domain
is a finite subset of w and whose values are elements of 4. Let ¢ be an
assignment,

(5.41) Hny) = x;,, .0, t(m) = x;,,
and let x € HS be such that {ny,...,n} < s(x). If = is any permutation
such that
n(ny) =iy, ..., () = iy,
then by (5.24), nx is unique regardless of the behavior of n outside
{ny, ...,m;}. Let us define
(5.42) e(t, x) = i(nx).
LEMMA 5.26. The function e is in A".
Proor. There are canonical names for the assignments (using the names x,
for x, € A): ¢ is a name for (5.41), and
(5.43) . [t(7,) = x;,] =1, etc. .

The function e is a result of the interpretation by i of a symmetric class e
consisting of Boolean pairs

(. @) mx)’,
where ntn, = i, etc.. The class ¢ is symmetric since if p € , then
[pt(ny) = x,,] = 1, etc,,
p((x) ) = (x) and p(nx) = (pr)(x), and prn, = pi,, etc..
Notice that whenever ¢ is an assignment and x e HS such that [t} > s(x),

then there is y € HS such that i(x) = e(,y); namely, y = nx for some
ne¥.
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Now we define (in A7) a one-to-one mapping of A4~ into Ix On. For
xe A, let Fi(x) = E be the least support of x; let E have k elements
Xy, < Xy, < ... < X, (in that order). Let ¢ be the assignment

t(1) =x,,, H2)=x,,....1(k) =x,.

There exists ¥ € HS such that
x =e(t, ).
Assuming that we have a fixed enumeration of HS by ordinals, let F,(x)

be the least ordinal corresponding to such y. Let F(x) = (F;(x), Fa(x));
clearly, if F(x) = F(y), then x = y and so F is one-to-one.

5.6. Problems

If B is a Boolean algebra and % a family of subsets of B, then a filter G
on B is F-complete if [[{a:ae A} eG whenever 4 =€ G, Ae F and
11 A4 exists.

1. If B is a complete Boolean algebra in the ground model .#, then an
ultrafilter G on B is .#-generic if and only if it is 22#(B)-complete.

2. Let B be as in Problem 1, let & = 2“(B) and let G be the canonical
generic ultrafilter in .#%. Then

[G is an F -complete ultrafilter on é]] = 1.
[Hint: [4" = G] = [(([]4) €G] =[] 4.]
A partial ordering is separative if for all p, g such that p £ g, there exists

r < p which is incompatible with g.

3. For every partially ordered set (P, <) there exists a unique (up to iso-
morphism) separative partially ordered set (Q, <) and a homomorphism
h of P onto Q such that for all p, g € P,

P, g are compatible in P & hp, hq are compatible in Q.
[Hint: Let p X q if g is compatible with each x < p.]

4. Every separative partial ordering (Q, <) can be embedded isomorphically
onto a dense subset of a (unique) complete Boolean algebra.

[Hint: Consider subsets 4 of Q with the following properties: (a) if
¥y < xe A, then ye 4, (b)if (Vy < x)(3z < y) [z € 4], then x € A. The family
of all such sets, partially ordered by inclusion, is a complete Boolean algebra. ]
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5. Let k¥ be a cardinal and assume that for every descending sequence
PoZ Py = o ZPs2 ... (¢ < x) of conditions, there exists p € P such that
D < pgfor all £ < k. Then if fe #[G] is a function from x into .#, then
fe . Consequently, .#[G] has the same cardinals below x as .# (in-
cluding ).

[Hint: As in Lemma 5.12. The intersection of x open dense sets is open
dense. ]

A partially ordered set (P, <) satisfies the countable chain condition if
every set of pairwise incompatible elements of P is countable. P satisfies
the k-chain condition (where k is a cardinal) if every set of pairwise incom-
patible elements of P has cardinality less than .

6. (P, <) has the x-chain condition if and only if RO(P) has the x-chain
condition.

*7. Let x be a regular cardinal and assume that B € .# satisfies the x-chain
condition. Then « is a regular cardinal in .#[G].

[Hint: If [k is not a regular cardinal] # 0, then there exists a family
{w(e, B) 1 @ < A, B < k}, where A < k, of elements of B such that (a)
w(a, B) - w(a, By) = 0if f # fy and (b) VB (36, > B) 3u [w(x B;) # O]
This contradicts the x-chain condition.]

Consequently, if B satisfies the countable chain condition in .#, then
every cardinal in .# is a cardinal in #[G].

*8. Assume that .# satisfies the Generalized Continuum Hypothesis. Let
R, be a regular cardinal in .#. Let (P, <) be the set of all transfinite 0-1-
sequences of length less than w,; the partial ordering is by the inverse
inclusion. Then every cardinal in .# is a cardinal in #[G], and R, is the
least cardinal which has a new subset in .#[G].

[Hint: For cardinals below R, use Problem 5. For cardinals above X,
use Problem 7: (P, <) satisfies the X, ;-chain condition. ]

9. Let (P, <) be the set of all functions p whose domain is a set
{0,1,...,n—1} for some n, with values being countable ordinals; the
partial ordering is by the inverse inclusion (in .#). Then (w, )* is a countable
ordinal in #[G].

[Hint: A generic set of conditions yields a function from & onto w,.]
*10. Let (P, <) be the set of all functions p whose domain is a finite subset

of o x @, with values 0 and 1; the partial ordering is by the inverse inclusion.
In A[G], 2% > x,.
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[Hint: | ) {p : p € G} is a function from w X w, into {0, 1}. For a < m,,
let z, = {new:F(n, a) = 1}; show that [z, = z;] = 0 for a # B. Show
that (P, <) satisfies the countable chain condition; thus .#[G] has the
same cardinals as .#.]

11. Let G be #-generic on Be .#; let k be a cardinal in #[G]. Then
(2x)./lt[G] < (IBIK)./{

[Hint: If A = x in #[G] and if 4 is a name of A4, then A4 represents a
function o > [& € A] from « into B.]

12. If .# satisfies the Generalized Continuum Hypothesis, then in A4 [G]
there is some o, such that 2% = X ., forall @ > «a,.
[Hint: Use Problem 11.]

**13. Assume that .# satisfies the Generalized Continuum Hypothesis.
Let F be a function (in .#) from regular cardinals into cardinals such that
(a)if « < pthen F(«) < F(B) and (b) cf (F(«)) > «. There exists a model
A" of ZF+AC such that 4 = .#,.4" has the same cardinals as .#, and
(2% = F(a).

The construction of the model A" is a generalization of generic models
defined in Section 5.1. (Note that by Problem 12, 4" cannot be a generic
model in the sense of Section 5.1.) Instead of a set of forcing conditions, one
has to use a proper class of forcing conditions.

**14. Let .4 be a transitive model of ZF+ AC. There exists a model A4~
of ZF such that A" = .#, 4" has the same cardinals as .#, and the following
statement is true in A4": For each « there exists a set X such that X is a
countable union of countable sets and #(X) can be partitioned into X,
nonempty sets.

Notice that there is no transitive model .#;, of ZF+ AC such that 4~
is a submodel of .#, with the same ordinals: .#, would satisfy that 2¥°
can be partitioned into any number of nonempty sets.

Let A" be a symmetric extension of .# given by B, % and . If His a
subgroup of %, let bH = {ue B : nu = ufor each n € H}; bH is a complete
subalgebra of B. Let (&) be the ideal of complete subalgebras of B
generated by {bH : He #}.

*15. If &, and & , are two normal filters on ¥, if A4, and .#", are the
two symmetric extensions of .# given by %, and &, respectively (B and
G are the same), and if S (F ) = F(F,), then A4, and A", have the
same sets of ordinal numbers.
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[Hint: Each set of ordinals 4 € #[G] has a name A4 whose domain
consists of & for some ordinals . Let B(4) be the complete subalgebra of
B generated by {4(«):%edom 4}. Note that sym (4) = fix (B(4)) =
{ne % :nu = u for each u € B(4)}.]

Compare the following result with Problem 3.19.

*16. There exist two different symmetric extension .47, A", of .# which
have the same sets of ordinal numbers.

[Hint: (P, <) consists of finite functions p with values 0,1 and
dom (p) € wx . Let x, and 4 be as defined in (5.12) and (5.13). Every
permutation 7 of w induces an automorphism of RO(P) via (np)(nn, m) =
p(n, m) as in Section 5.3. Let 4; be the group of all such permutations;
let &, be the filter on ¥, generated by the groups fix (e), e < o finite.
(Thus A", is the basic Cohen model.)

Every permutation n of @ X @ induces an automorphism of RO(P) via
(zp)(n(n, m)) = p(n, m). Let 4, be the group of all permutations 7 of
o x o which move only finitely many elements; let &, be the filter on %,
generated by {fix (¢) : ¢ = o finite}. One can prove that (a) &, is a normal
filter, (b) £(F ;) = F(F,), and (c) the set 4 is not in .#",. The last state-
ment is proved by a method analogous to (5.15), for example. ]

#%]7, There exists an w-sequence of models of ZF such that the »™ and
(n+1)™ models have the same sets of sets ... (n times) of ordinals.

As a consequence, none of the statements K(n) is provable in ZF alone
(see Problem 3.20).

18. The basic Cohen model has an infinite set of real numbers which is
Dedekind finite.
[Hint: A = {x, : n € w} is the set. The proof is implicit in Lemma 5.15.]

19. If X is an infinite set of reals then £(X) is Dedekind infinite.

[Hint: Let X < “2 be infinite. Let S be the set of all finite sequences of
0’s and 1’s. For se S, let X; = {fe X : s is an initial segment of f'}. The set
{X, : s € S} is an infinite countable subset of Z(X).]

20. In the basic Cohen model, if X is infinite, then Z(X) is Dedekind
infinite.

[Hint: By Lemma 5.25, there exists « such that |X| < |#(w)xal. Use
Problem 19.]

Compare this result with Problem 4.5.
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21. The Selection Principle holds in the basic Cohen model.

[Hint: Use Lemma 5.25 and Problem 4.12.]

Thus the Axiom of Choice is independent from the Selection Principle.
Compare this with Problem 4.13.

22. In the basic Cohen model, every family of nonempty well-orderable
sets has a choice function.

[Hint: Let Se A" be well-orderable; there is a one-to-one function f
from ordinals to S. Let X€ S, let p Ik X = f(&). Let e be a support of f,
e; a support of X; we may assume s{p) < e U e,. Let € fix (e) such that
enme; =ene; =e nmne;. For each g < p such that s(¢) S ev e,
gunglk X =f(&) = nX; thus plF X = nX. By Lemma 5.23, the least
support of X is included in the least support of /. Hence for some finite E,
we have S = A(E), the class of all x such that E is a support of x. The rest
is as in Problem 4.14.]

The following is a general version of Lemma 5.26.

23. Let 1 be a subset of HS such that:

(a) {sym (E): Eel} generates F;

(b) if EeTand ne ¥, then n(E) e[,

(c) if Ey # E; €1, then [E, = E,] = 0.
An assignment is a pair t = (E, i(nE)) where Ee [and n e 4. If x € HS and
t = (E,i(nE)), and if sym (E) < sym (x), then we define

e(t, x) = i(nx).
THEOREM: The function e is in A",

24. Let (P, <) be the set of all finite functions p with values 0, 1, and
dom (p) € wxw. Every X € wxw induces an automorphism =y of
RO(P) via (np)(n, m) = either p(n, m) or 1 —p(n, m), according to whether
(n,m)¢ Xor(n,m)eX. Let ¥ = {ny: X = wxw}. Let F be the filter on
% generated by {fix(¢) : ¢ < o finite}, where fix (¢) = {ny : X n (e xw) =0}.
Let A~ be the corresponding symmetric model.

THEOREM. In A", there is no nontrivial ultrafilter over w.

[Hint: Let D € HS and let p IF D be an ultrafilter over @; let sym (D) 2
fix (e) for some finite e = . Let n ¢ e and let x, be the subset of w defined
in (5.11).If g [+ x, € D, let m, be such that for each m > m, (n,m)¢dom (q);
let X = {(nm), m > m,}. Then we have nyq = q It ng(x,) € D. Similarly
for q I+ x, ¢ D. Since x, N i{nx,) S my, D must be trivial.]
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*25. Independence of the Hahn—Banach Theorem. Modify the construction of
the model A4~ in Problem 24 as follows: in addition to the ‘symmetries’ my,
consider those ‘permutations of w x @’ which move only elements in finitely
many columns (compare with Problem 16). In the resulting model, there is
no measure on the Boolean algebra Z(w)/I, where I is the ideal of finite
sets. Therefore (cf. Problem 2.19), the Hahn-Banach Theorem fails in the
model.

[Hint: Let p € HS be a measure on &(w), vanishing on finite sets, with
sym(p) 2 fix(e). The same argument as in Problem 24 gives p(x,) =
u(w—x,) whenever n ¢ e; therefore p(x,) = 4. Then use a permutation 7
which maps x,, and x,, (up to a finite set) onto disjoint subsets of x,, and
such that my = p. A contradiction. ]

It should be mentioned that the models in Problems 24 and 25, as well
as the model 4", in Problem 16 are the same. This model is the least sub-
model of the basic Cohen model which contains all the sets x, (but not the
collection A = {x, : n e w} of these sets).

*26. Let (P, <) be the set of all finite functions p with values 0, 1, and
dom (p) € wxw,. Let #[G] be the corresponding generic extension.
In A[G], let A4 be the class of all sets which are hereditarily definable from
a countable sequence of ordinals. (The actual construction is as for HOD
sets, cf. Problem 3.21.) 4" is a model of ZF (see Problem 3.23). In A/,
the Axiom of Choice fails, and the Principle of Dependent Choices is true.
Thus the Axiom of Choice is independent of the Principle of Dependent
Choices.

[Hint: (a). The Axiom of Choice fails in A4". The set of all reals cannot be
enumerated by ordinals. Using the Countable Chain Condition, show that
every countable sequence of ordinals in .#[G] has a name which involves
only countably many conditions. Thus every x € 4" has a name which
involves only countably many conditions (use Lemma 5.24, which holds for
this model also). Similarly as in (5.11) and (5.12), one can define reals
X, 00 < . If fe A is a function from the reals into ordinals, then we can
find a # f such that f(x,) = f(x,); here we use permutations and Lemma
5.13.

(b) The Principle of Dependent Choices holds in A", First show that if
fe . #[G]is a function from w into A", then f &€ A4". The proof goes roughly
as follows: For each n, f(n) is definable from some countable sequence of
ordinals, choose one such s,. The sequence of sequences {sq, Sy, S25 .-
can be coded by a single countable sequence of ordinals. Thus fis definable
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from a countable sequence of ordinals and so fe A". If p € 4" is a relation
on AeA such that (VYxe A)(Iye 4)[xpy], then there is a sequence
{Xp, X1, X3, ... =fin A [G] such that x, px,, x, px, etc. By the preceding
claim, fis in A".]

5.7. Historical remarks

The method of forcing was invented by Cohen [1963a, b, 1964, 1966],
who also proved the independence of the Continuum Hypothesis and of
the Axiom of Choice, and constructed the models in Sections 5.1, 5.3 and
5.4, and in Problems 8, 9 and 10. The Boolean-valued version is due to
Scott and Solovay [1967] and Vopénka [1967]. The proof of the indepen-
dence of the Axiom of Choice from the Ordering Principle is due to Halpern
and Levy [1964].

The theorem in Problem 13 is due to Easton [1964]. The model in Problem
14 was constructed by Morris [1970]. The result in Problem 16 is due to
Jech [1967]; Problem 17 is due to Monro [1972]. The observation in Prob-
lem 20 is from Pincus’ thesis [1969]. Problem 21 is a part of the above-
mentioned result of Halpern and Levy. The statement of Problem 22 was
probably first noticed by Mathias [1967]. The theorem in Problem 23 was
proved by Feferman [1965]. Problem 25 is due to Pincus [1973b] (also,
Solovay [1970] notes that the Hahn-Banach Theorem fails in his model).
The construction in Problem 26 is due to Solovay. The independence of the
Axiom of Choice from the Principle of Dependent Choices was first an-
nounced by Feferman in [1964] (for ZFA see Mostowski [1948}).



CHAPTER 6

EMBEDDING THEOREMS

6.1. The First Embedding Theorem

An observant reader could hardly fail to notice that there is a certain
similarity between permutation models of ZFA and symmetric models of
ZF. For instance, in the basic Cohen model in Section 5.3, the set 4 behaves
similarly to the set of atoms in a permutation model (either in the basic
Fraenkel model or in the linearly ordered Mostowski model). The analogy is,
however, far from complete. The set A, being a set of reals, carries already a
certain structure and so it must necessarily be different from a set of atoms
which in general are unrecognizable one from another. [Notice, e.g., that
the Selection Principle holds in the basic Cohen model while it fails in the
Mostowsk: model. Also, #(A4) is Dedekind finite in the Mostowski model,
while each #(X) is either finite or Dedekind infinite in the basic Cohen
model; cf. Problems 4.5, 4.13, 5.20 and 5.21.}

The second Cohen model in Section 5.4 suggests that sets of reals, rather
than reals, are more suitable to play the role of atoms and this can be
utilized to the extent that every permutation model can be simulated by a
symmetric model, with atoms being replaced by sets of sets of ordinals.
The present chapter deals with a general method of transfer and some of its
refinements.

THEOREM 6.1 (First Embedding Theorem). Let % be a model of ZFA+ AC,
let A be the set of all atoms of U, let M be the kernel of % and let a be an
ordinal in %U. For every permutation model ¥~ < U (a model of ZFA),
there exists a symmetric extension N 2 M (a model of ZF) and a set
A e N such that

(PX(A)Y is e-isomorphic to (P*(A))".
85
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ProorF. Let o be an ordinal in %, let 9, & € % be a group of permutations
of the set 4 of all atoms of % and a normal filter on ¥, respectively. Let ¥~
be the class of all hereditarily symmetric elements of # (w.r.t. 4, )
and let .# be the kernel of %. First we construct a generic extension #[G]
of A.

Let x be a regular cardinal such that k > |2%(A4)] (in %). The set P of
forcing conditions consists of functions p with values 0, 1 such that
|dom (p)] < k and dom (p) & (Axk)xx; as usual, < = 2. [In fact,
we rather let dom (p) < (4’ x k) x k, where A’ € .# has the same cardinality
as A4, in order to satisfy the formality that (P, <) e #.]

Let G be an .#-generic ultrafilter on B = RO(P). We define the following
clements of .#[G], together with their canonical names in .#5:

(6.1) Xoe S K, NEX > (ApeG)p(a, &, n) =1] (aed, & <x),
dom (x,0) = {f1: 7 < Kk}, Xae() = thagg = 3, {PEP:p(a, &, m) =1},

(6.2) @ ={x;:¢<x} (acd),
d(x,) =1 forall & <k,
(6.3) A={d:aeAd}
A@@) =1 forall ae A.

For every x € %, we define % € .#[G] and its canonical name X € .#® by
e-recursion: if x is a set in % and if § and J have been defined for every
yEXx, let

¥={y:yex}
(6.4) dom (%) = {J:yex}, X(FJ)=1 forall yex.

Since d and d have been defined for all ae 4, % and X are defined for all
xeU.

LEMMA 6.2. Forall x,ye %,
XeyeXey, x=yeoX=jJ.

Proor. Clearly, if xey, then [%¢¥] =1 and so £ = . To show that
X ey implies x € y and X = j implies x = y, we have to use the induction
on ranks, simultaneously for € and = (simultaneously as in Lemma 5.6,
for example). First note that [x,; = X,...] = 0 whenever (a, £) # (a', &),
and [x,: = %] = 0 for any x € #; the proof is as in the proof of Lemma
5.15. Consequently, d; # d, whenever a, # a, € A. We claim that for all
xe ¥, % is not equal to any x,.. If xe .#, then ¥ = x and so X # X,,.
If xe ¥"—.#, then % is of higher rank than any x,.; viz., x,; is a set of
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ordinals, whereas the transitive closure of X contains some of the x,;’s. Now
we can prove the lemma:

(a). If % €7, then y cannot be an atom, because then we would have
% = x,; for some a, £, which is impossible. Hence ¥ = Z for some z €y,
and by the induction hypothesis, x = z; thus x € y.

(b) If x # y, then either both x and y are atoms and then X # 7, or,
e.g., x contains some z which is not in y, and then by the induction hypoth-
esis, Z € X and Z ¢ §; thus X # j.

Now we construct a symmetric submodel A of A [G]; we shall define .
a group ¢ of automorphisms of B and a normal filter % on %.

For every permutation p of A4, let [p] be the group of all permutations ©
of A xx such that for all a, &,

(6.5) n(a, &) = (p(a), &) for some &'
We let
(6.6) Z = {lpl:pe%};

similarly, we let H = | ) {[p]: p € H} for every subgroup H of %. Since
every permutation = of 4 x k induces an automorphism = of B via

(6.7) (np)(n(a, &), ) = p(a, &, n) foralla, g, n(peP)
nu =y {mp:pePand p<u} (ueB),

we consider & as a group of automorphisms of B. For every finite e < 4 x k,
let

(6.8) fix (¢) = {ne % : nx = x for each x € e}.
We let Z be the filter on Z generated by
(6.9) {H:He F} v {fix (e) : e = A%k, e finite}.

The reader will gladly verify that & is a normal filter.

Let HS = #% be the class of all hereditarily symmetric names (w.r.t.
9, F), and let the symmetric model 4" be the interpretation of HS by G.
It is clear that

(@) x,ee AN forallae 4, ¢ < k, because symy (x,;) = fix {(a, &)};

(b) @ €A for all a € A, because symg (4) = symg (a);

(c) A €A, because sym () = 9.

1 We recommend that the reader visualizes A X « as a set 4 of disjoint blocks, each block

consisting of « elements; p moves the blocks while z moves the elements; 7 acts on the
blocks exactly as p does.
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LemMA 6.3. Forall xe U,

xe ¥ < %eHS.
Proor. It suffices to show that
(6.10) symy (x) € F < symy (X) e .

If pe & and = € [p), then px = 7(X), and so symyz (X) = symy (x); thus if
symg (x) € #, then symgz (¥)e #. On the other hand, if symy (%) e %,
then symg (x) 2 H n fix (¢) for some He & and finite e € A xx. If
E < Ais the projection of einto 4 (i.e., E = {ae 4 : (a, £) € e for some ¢}),
then symy (x) 2 H n fix (E) and hence sym, (x) € Z.

LeMMA 6.4. For all xe %,
xeV e—=FeN.

ProoF. In view of Lemma 6.3, it suffices to show that if ¥ € 4", then
x €. Assume that x e % is of least rank such that $ .4 and x¢ ¥,
Thus x = ¥7; since % e A", there exists ze HS and pe G such that
p Itz = £ We have symg (z) € # and so there exists He & and a finite
e © A xk such that sym (z) 2 H n fix (¢). We shall find pe @ and 7 € [p]
such that:

(6.11) (i) mp and p are compatible;
(il) 7 e H ~ fix (e),
(iii) p(x) # x.

Then we will have nz = z by (6.11)(ii), [=(%) = %] =0 by (6.11)(iii),
and since
np |k nz = ¥k,
we will have
g=pumplt(z=3%nAz=n(%)),
a contradiction.

To get 7, note that x is not symmetric, so that there is p € 4 such that
p(x) # x and p € H ~ fix (E), where E is the projection of e into A. Since
|pl < K, there exists y < x such that (a, £) ¢ dom (p) and (a, &) ¢ e for any
a€d, ¢ > y. Thus we define = € [p] as follows:

(6.12) (i) if a€ E, then n(a, &) = (a, &) for all ¢ < x;
(ii) if a ¢ E, then n(a, &) = (pa, y+&)
and n(a, y+&) = (pa, &) for & <y
and n(a, &) = (pa, &) for &€ = 2y.
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It follows that = € H n fix (e) and that p and np are compatible.

The following lemma, will complete the proof of Theorem 6.1.
LemMa 6.5. (2%(4)")" = 2*(A)".

Proor. It suffices to show that the right-hand side is included in the left-hand
side. The proof is by induction; we show that if x € Z*(4)” and y < x, ye A",
then there exists z € ¥~ such that y = Z. Let ¥ be a name for y. Note that
every descending sequence of less than k conditions has a lower bound.
Since |x] < k, we may use the same argument as in the proof of Lemma 5.12
(or Problem 5.5), to obtain p € G which decides ¥ € Y for all ¢ € x. It follows
that y =2, where z = {trex:pltiey}. By Lemma 6.4, since Zec .V,
we have ze 7.

6.2. Refinements of the First Embedding Theorem

The First Embedding Theorem enables us to embed a segment of a
given permutation model into a symmetric model. Thus the statements
whose validity depends only on a segment of the universe are true in the
permutation model if and only if they are true in the corresponding sym-
metric model. (The reader will find a precise formulation and examples in
the problem section). This makes it possible, in many cases, to reduce
the problem of consistency in ZF to the construction of a permutation
model. Not every property of the permutation model ¥ holds in the
symmetric model A" — naturally, because ¥ is a model of ZFA while A4~
is a model of ZF. (We shall give some specific counterexamples in Chapter
9.) We can look at the First Embedding Theorem as a first approximation
of the permutation model by a symmetric model. The method described in
Section 6.1 can be refined to transfer additional properties of ¥ into A"

In the proof of the independence of the Axiom of Choice from the
Ordering Principle, the key property of the model (in both cases) was the
existence of a least support for every element of the model. This property
plays an important role in the construction of both permutation and
symmetric models; it is our intention to show that this property can be
preserved in the transfer from ¥~ to A",

Let ¥~ be a permutation model determined by a group % of permutations
of A, and the ideal I of the finite subsets of 4. We say that ¥ is a support
model if the group ¥ has the following property:
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(6.13) If E,, E, are finite subsets of 4 and if = € fix (E; n E;), then
there exists a finite number of permutations g, 61, £2,02,---» P> O
such that p;efix(E,) and o,efix(E;) (i=1,...,n) and
T =P Gy o™ Py* Oy

If ¢ has the property (6.13), then every x € ¥ has a least support, and the
relation ‘E is the least support of x’ is in the model ¥”; see Section 4.5 for
the details.

If we embed a support model in a symmetric model by the method
described in Section 6.1, then obviously every name x € .42 is symmetric
if and only if there exists a pair (e, E) of finite sets, e & Axk and E € 4
such that symg (x) = fix (e, E), where

(6.14) fix(e, E) = {ne & :nefix (¢) and n e [p] for some p € fix (E)}.

We can — and always will — assume that E includes the projection of e into A.
We may say that (e, E) is a support of x. Actually, we may (as we did in
Section 5.5) identify e = {(a;, &), ..., (ai, &)} with the canonical name e
of the set

(6.15) e = {Xagys o Xar>

and similarly, E = {a,, ..., a;} with the canonical name E of the finite set
(6.16) E={a,,.., a4}

The class

(6.17) 4 = {((e; E)", x)" : (e, E) is a support of x},

is symmetric and its interpretation defines a relation 4 in A:
(6.18) (e, E) is a support of x +> ((e, E), x) € A.

We say that A" is a support model if every x € 4" has a least support, i.e.,
a support (e, E) with the property that whenever (e, E’) is also a support
of xthene c ¢'and F < E'.

THEOREM 6.6 (Support Theorem). If ¥~ is a support model (of ZFA) and
if we use the method of Section 5.1 to embed ¥~ in a symmetric model N,
then A" is a support model (of ZF).

Proor. We shall more or less follow the proof of Lemma 5.23, and verify
that it goes through in the present situation. Let x € 4" and let both (e, , E,)
and (e,, E,) be supports of x; we want to show that (e; ne,, E; n E,)
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is a support of x. It suffices to consider three special cases: (1) E; = E,,
(2) e; = e,, and (3) e; < e, and E, < E;. The general case is deduced as
follows:

(ey, E,) and (e,, E,) are supports,

(ey, E; U E;) and (e,, E; U E,) are supports,

(e; N ey, E; U E,) is a support, (use case (1))
(ey M ez, E;) and (e, N ey, E,) are supports, (use case (3))

(e; N ey, E; 0 E,) is a support. (use case (2))

We are proving the analogue of Lemma 5.23. Let p IF x = . First note
that the analogue of Lemma 5.24 holds:

If (e, E) is a support for each of the x,, ..., x,€ HS, then for each
condition p,

(6.19) if pik ¢(xy, ooy X)s then p e 1 P(xy, ..., x,).

(Note that (6.19) does not depend on E, only on e.) The proof goes exactly
as in Lemma 5.24: For every ¢ = p:e, there exists a permutation
7 € fix (e, E) such that p and =g are compatible.

Since ¥ is a support model and because our permutations act inside the
blocks arbitrarily, we can easily conclude that every symmetric name has
a least support (e, E). We also notice that if (e, E) is a support of w, if
P1, P, are permutations of 4, and if n; € [p,], 7, € [p,], then

(6.20) if pi|E = p,|E and m]e = 7,le, then m;(w) = m,(w)

(the analogue of (5.24)).
Let pIk x =y and let (eq, E;) and (e,, E,) be supports for x and y,
respectively. By (6.19), we may assume that

(6:21) s(p) S ey Ve

Case 1: E,; = E,. The proof is virtually the same as the proof of Lemma
5.23. Of course, we consider only those permutations which preserve each
ac K.

Case 2: e; = e,. In this case, we use the property (6.13) of %.
If 7efix (e, E, n E;), then we prove that p i x = mx: there are
P1>0y1s ..oy Pis 0 such that p;efix (e,, E;), o,€fix (ey, Ez), i =1, ..., k,
and by (6.21), p;p = 6,p = np = p; thus we have:
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plfox =06y =)=x
(622) pll-pko-kzzpk£='l€5

plbnx =py...00x = pyx = x.
Now we can simply define z € #? as follows: for w e HS, p(w) < p(x), let
(6.23) z(w) = [wex] -p.

Obviously, pl+z = x, and (e, E, n E,) is a support for z because if
nefix (e;, E; N E,), then np = p and

(624) z(ww) = [awex]-p = [wenx] - 7p = n(e(w) = (nz)(mw),

and hence nz = z.

Case 3: ey < e, and E, < E,. For simplicity, let E;, = {a, b}, E, = {a},
e, = {(a, &), (a, 1)}, e = {(a, ¢)}. Following the proof of Lemma 5.23,
we define

(6.25) zw) =[wex]: (s(w)ve)

where s(w) is the e in the least support (e, E) of w, and this we do for one
chosen w in each {nw:mefix (e,, £;)}, and the w is chosen such that
s(w) is disjoint from e, and from 5. When done this way, z(nw) can be
unambiguously defined as n(z(w)) and sym (z) = fix (e;, E;).

To show that p [ x = z, we proceed as in Lemma 5.23. At the point
where we specify the permutation 7 (see (5.35)), we notice that = may be
taken as a composition 7, w, of two permutations n, and =, such that

ny €fix (ey, Ey),

(6.26) n2(a, &) = (a, &) forall & < .

We have 7, x = x, n,¥ = ¥, and since s(p) < e,, we also have m,p = p
and np = n p. The proof is completed by showing the analogue of (5.36).
To see that np U p IF Tx = x, we use

(627) np = ™p ”_ E =T X = nli’

p = mayplkax =) = n,).

In Section 5.5, when we proved that the Ordering Principle holds in the
basic Cohen model A", we used the existence of a least support for each
x e A to construct a one-to-one function F in A~ with values (e, o), where
o € On and e is a finite set of reals. The support model A4~ obtained from ¥~
by the method of Section 6.1 enjoys a similar property.
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THEOREM 6.7. If ¥ is a support model (of ZFA) and if we use the method of
Section 6.1 to embed ¥~ in a support model A (of ZF), then there is a one-
to-one function F in &~ which maps N into P(k)x V.

(Note that the family of all subsets of « is linearly ordered by the lexico-

graphical ordering. We shall refer to it as the natural linear ordering of
P(x).)

Proor. We follow the proof that the Ordering Principle holds in the basic
Cohen model and use the Support Theorem. An assignment is a finite func-
tion

Hx,) = i(nx,), ..., tx) = i(nx,),

Ha,) = i(na,), ..., a,) = i(na,),

where 4, ..., a, are canonical names for elements of 4 and x,, ..., X, are
canonical names for elements of elements of 4 (see (6.1)-(6.3)). We let

e(t, x) = i(nx)

for every x € HS and an assignment ¢ such that the domain of ¢ includes
the support of x. The function e is in A". We construct F as follows: Let
xeN. Let (e, E) be the least support of x, and let e = {x,, ..., X;},
where x; < ... < x, in the natural linear ordering. There exist »,, ..., 4,
ay, .., 4y, Y € HS, and an assignment ¢ such that

dom (¢) = {Zl’ e Vis 815 s a4} mg(t) =eVE,
1) = X1 ooes UPi) = X

Let Y1y «ves Yi» @y --v» Gy, ¥ be least (in the well-ordering of .#?) such that
(6.28) holds for some assignment 7. Obviously, the set S’ of all such
assignments is finite (of size at most the number of permutations of E),
and since every such ¢ has fixed valueson y,, ..., ¥, the set S’ can be defined
from a finite set S of finite functions from {a,, ..., ,} to E. The set Sis in
¥ and since #® < ¥, we can assign to each x € A a pair (e, v), where e
is the first part of the least support of xand v = ({ V1, ... Vis @y 5 1@y, VD, S)
where v e Y7, This gives a one-to-one function from A" into Ix ¥, where
I'is the family of all finite subsets of Z(k). Now we use the fact that there is
a one-to-one correspondence between I and #(x), and thus we obtain a
one-to-one function which maps 4" into Z(k)x ¥".

Now we shall deal with another refinement of the First Embedding
Theorem. In Section 6.1, we started with a permutation model ¥” given by
% and &, and a prescribed ordinal « and constructed a symmetric model
A" such that (#%(4))” is isomorphic to (#*(4))" for some A € 4 . This

(6.28)
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was done by constructing a generic model .#[G] and then specifying a
group % of automorphisms of B and a normal filter % on %. The filter %
was defined in (6.9), and it is actually the least filter which can simulate #
and make sure that each x,; is in A",

However, in the proof of Theorem 6.1, we used only some specific proper-
ties of the filter . It turns out that these properties can be satisfied by other,
richer filters on 4, which give us more control over the model ./, while
still preserving the basic requirement that ¥~ embeds in A",

Let (P, <) be the forcing conditions used in the proof of Theorem 6.1
and let & be as defined in (6.6). For every n € %, let p, be the unique p € %
such that € [p]. Let & be a normal filter on & generated by a set £ of
subgroups of . We say that & is feasible if the following two conditions
are satisfied:

(6.29) If He &, then H € #, and conversely,
if He #,then {p,:ne H} e F
and

(6.30) IfX = Axxkand |X| < k, and if Ke X" and p € ¢ are such that
K n [p] # 0, then there exists a permutation 7 € K n [p] such that
for each x € X, either 7x = x or nx ¢ X.

Notice that if the condition (6.30) is satisfied, then for every condition
peP and every K and p as in (6.30), there exists = € K n [p] such that p
and 7p are compatible. If one goes through the proof of the First Embedding
Theorem, one can see that the conditions (6.29) and (6.30) are exactly what
we need in the proof of Lemma 6.4. Thus we have the following theorem:

THEOREM 6.8 (Second Embedding Theorem). Under the assumptions of
Theorem 6.1, if B and 9 are constructed as in the proof of Theorem 6.1,
and if F is a feasible normal filter on %, then the corresponding symmetric
model satisfies the conclusion of Theorem 6.1.

The filter constructed in (6.9) is an example of a feasible filter. For
another example, see Problem 12. We will have use for it in Chapter 8.

6.3. Problems

1. Let ¢ be a formula of the form 31X y(X,v), where the only quantifiers
we allow in ¢ are Jue #°(X) and Yue #°(X). Let ¥~ be a permutation
model such that ¥" F 3X ¢(X). Then there exists a symmetric model A~
of ZF such that 4" F 3X ¢(X).
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[Hint: Let Xe¥ be such that ¥ E¢(X,v); let « be such that
P'(X) € P*(A). By Theorem 6.1, there exists A~ such that #*(4)* ~
PYAY". Thus & EyY(X, v).]

In Problems 2-10, show that the formula ¢(X) is of the type described in
Problem 1 and conclude, using the results from Chapter 4, that the existence
of such X is consistent with the axioms of ZF. (The statement in Problem 10
is shown to be consistent with ZFA in Chapter 10.)

. X cannot be well-ordered.
. X cannot be linearly ordered.

. X is a countable set of pairs without a choice function.

. X is infinite and £ (X) is Dedekind finite.
. X is infinite and D-finite and £(X) is D-infinite.

2
3
4
5. X is amorphous.
6
7
8. X is infinite and T-finite.
9

. X is T-infinite and D-finite.
10. X, is a vector space over the field X, and X, has no basis.

11. The Selection Principle is independent from the Ordering Principle in
ZF.

[Hint: Express the Selection Principle by a formula of the type described
in Problem 1 and embed the linearly ordered Mostowski model ¥~ in a
support model A~ of ZF. By the Embedding Theorem, the Selection
Principle fails in A", By Theorem 6.7, A4 has a one-to-one function F into
P(x)x ¥, and both P(k) and ¥ are linearly ordered. Thus 4" is linearly
ordered].

12. Let &, be a cardinal and let 4 be the set of all atoms, |4] > R,. Let ¥
be a group of permutations of A and let & be the normal filter determined
by the ideal of sets of cardinality less than 8, (i.e., & is generated by
{fix (E) : |E| < ®,}). Let .#® be constructed as in Theorem 6.1 and let &
be as in (6.6). Let F be the filter on & generated by {H: He F} u
{fix (¢) : e € Axxk and |le| < R,}. Then & is feasible.

The following result is mentioned here because its proof is closely related
to the Embedding Theorem and its application gives counterexamples to
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the Axiom of Choice. The proof requires some facts from model theory.
A theory T is Ro-categorical if T has a unique (up to isomorphism) countable
model. (The most popular example is the theory of linear order.)

**]13. If A is the countable model of an X,-categorical theory T (in .4),
then there is a symmetric extension .#” of the ground model .# and 4’ € A~
isomorphic to A4 such that the only subsets of 4" in A" are those definable
over A’ (in the language of T') with parameters from A’.

This can be proved by using the automorphisms of 4 as permutations
and finite subsets as supports to construct a permutation model, and then
to use the Embedding Theorem to get a symmetric model of ZF. One uses
facts such as: T has only finitely many n-types for each n, etc..

Here are several applications: The statements in Problems 14-16 are
consistent with ZF:

14. There is an amorphous set.
[Hint: Let T be the theory with no axioms; T is R,-categorical. Every
subset of A’ is either finite or a complement of a finite set.]

15. There is a linearly ordered set whose only subsets are finite unions of
intervals and points.
[Hint: Let T be the R,-categorical theory of linear order. ]

*16. There is a vector space without a basis.

[Hint: Let T be the xy-categorical theory of infinite-dimensional vector
spaces over a two element field. Let ¢{x, p) define a basis B in 4; let
X, ¥, Z € B be such that neither of them is a linear combination of the p’s.
There is an automorphism = of A which leaves p fixed and n(x) = y+z.
Then y+z € B, a contradiction.]

*17. (For mode! theorists.) The A’ from Problem 13 is D-finite.

[Hint: If A is the countable model of an R -categorical theory, then no
infinite subset of 4 has a well-ordering definable over 4 with parameters
from A4.]

6.4. Historical remarks

The two Embedding Theorems and their applications (Problems 1-10)
are due to Jech and Sochor [1966a, b]. The Support Theorem and the
example in Problem 11 are due to Pincus [1969, 1971, 1972a] (Problem 11
is independently due to Felgner [1971b]). The theorem in Problem 13 and
the subsequent applications are due to Plotkin [1969].



CHAPTER 7

MODELS WITH FINITE SUPPORTS

7.1. Independence of the Axiom of Choice from the Prime Ideal Theorem

In this chapter, we present several independence results which are ob-
tained by constructing a permutation or a symmetric model with the filter
given by the ideal of finite sets. In all the examples, except the first one
concerning the Prime Ideal Theorem, it suffices to deal with permutation
models, and the Embedding Theorem and the Support Theorem provide an
easy transfer to set theory without atoms.

In this section we prove:

THEOREM 7.1. The Axiom of Choice is independent from the Prime Ideal
Theorem.

Theorem 7.1 is true for set theory ZF (without atoms). There is a symmetric
model A" of ZF in which the Axiom of Choice fails while the Prime Ideal
Theorem holds. Actually, this is true in the basic Cohen model A", By the
results of Section 5.5, the Axiom of Choice fails in A4~ and every set can be
linearly ordered. Since the Prime Ideal Theorem implies the Ordering
Principle, we get a stronger result than in Section 5.5.

We shall not give the proof of the Prime Ideal Theorem in the basic
Cohen model. Rather, we show that the Prime Ideal Theorem holds in the
Mostowski permutation model (see Section 4.5). Similarly, as the proof of
the Ordering Principle in the Cohen model requires more subtle methods
than the proof in the Mostowski model, although the idea is similar, the
proof of the Prime Ideal Theorem is considerably more complicated than
the proof in the Mostowski model. In particular, one apparently cannot
avoid the necessity of a heavy use of involved combinatorial properties.

The rest of this section is devoted to the proof that the Prime Ideal
Theorem holds in the linearly ordered Mostowski model of ZFA.

97
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We recall that the set 4 of atoms is ordered like the rationals, that ¢
is the group of all order-preserving permutations of 4 and that an element x
is symmetric if

sym (x) 2 fix (E)
for some finite E; E is a support of x. Every x has a least support.

We further recall that the Prime Ideal Theorem is equivalent to the
Consistency Principle:

For every binary mess M there exists a function f which is consistent with M.

(See Section 2.3.) We shall show that if M is a mess in the Mostowski model
¥, then there is fe ¥~ which is consistent with M.

Let M € ¥ be a binary mess on a set S. Let E,, be the least support of M.
For every x € S, let

(7.1) [x] = the orbit of x = {mx : 7 € fix (Ep)}

and let S = {[x]: xe S}. We shall define a binary mess M on S. We let ¥
consist of all binary functions 4 defined on finite subsets of M that satisfy
the following condition:

(7.2) For every finite subset P < { ) {[x] : [x] e dom k}, the following
function ¢ on P is in M:

t(x) = h({x]) for every xeP.

If this is the case, we say that P admits h. We have to show that the following
condition is satisfied, in order to know that M is a mess:

(7.3) For every finite Q < S, there exists & € M defined on Q.

Once we know that M is a mess, we take any g on S consistent with M and
define

(7.4) f(x) = g([x]),

for every x € S. The function f is obviously symmetric and hence fe ¥~
and we are done.
Thus all we have to do is to prove (7.3). We shall distinguish two cases:

7.1.1. Case I. E,; is empty.

Let Q be a finite subset of § = {[x] : x € S}. We are looking for a binary
function & on Q which satisfies (7.2). Notice that we have k = 2% functions
to choose from, where g =|Q|. Let § = {xe S:[x]eQ}. Fix some
P, = O which has exactly one element in each [x]e€ O and notice that
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(7.5) 0= {nPy:me %}

Let us say that P < Q is an n-set if there are n permutations z,, ..., 1, € ¢
such that P = n, Py U ... U w, P,. Since we have only k choices of % and
since every finite subset of @ is included in an n-set for some #, it is sufficient
to show that for any n, there exists an A such that every n-set P admits A.

Let n be fixed. We say that two n-sets P; and P, have the same type if
P, = n,(P) for some n € %. Certainly, if P, and P, have the same type and
if P, admits A, then P, admits A. Thus it suffices to prove that there exists
an A such that for each type, there is an n-set P of that type which admits A.

First we show that there are only finitely many types of n-sets. Let E,
be the least support of Py; let r = |Ey|. Let Ey, ..., E,, E;, ..., E, be subsets
of A, each having r elements. We say that {E,, ..., E,} and {E/, ..., E,} have
the same type if there is me % which transforms {E,, ..., E,} into
{E{, ..., E;}. Notice that there are only finitely many types of these n-tuples;
e.g., if E; = {a, b} and E, = {c, d}, then there are exactly three types:
a<b<c<da<c<d<banda<c<b<d Let mbe the number
of types of the n-tuples. For each E = nE,, let Py = nP,; similarly, for
each £ = {E,, ..., E,} = {n,Ey, ..., 0, E,}, let P3 =1, EU ... U T,E. If
E, E’ have the same type, then P; and Pg have the same type. Thus it
suffices to find 4 such that each of the m types of n-tuples admits A.

At this point, we have to resort to combinatorial methods.

LeEMMA 7.2. There exists a finite set U of r-element subsets of A which is
so big that whenever we partition U into k = 2 disjoint setsU = U, v ... U Uy,
then at least one U; contains as subsets n-tuples {E, ..., E,} of all m types.

Once we prove Lemma 7.2, we will be done. For consider such a set U
and let P = | ) {Py: Ee U}. Let te M be a function defined on P. Each
t|Pg corresponds to one of the k possible functions 4,, ..., A, on Q; this
induces a partition of U into k parts. Some U; contains n-tuples of all types,
and so every type admits the function 4;.

To prove Lemma 7.2, we use a popular combinatorial lemma, known as
Ramsey’s Theorem. If W is a set and r a number, then [W] =
(XewW:|X|=r}. If [WY =Y,0U..0UY, is a partition, then a set
H <= W is homogeneous (for that partition) if [HT is included in some Y.

LemMa 7.3 (Ramsey’s Theorem). Let k and r be given numbers. For every
number z, there is a number w such that whenever W is a set having w elements
and [WT =Y, v ... u Y, is a partition, then there is a homogeneous set H
which has z elements.
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For the proof of Ramsey’s Theorem, see Problem 3.

ProoF oF LEMMA 7.2. First notice that whenever H is a set of atoms and
{H| = n-r, then each of the types of n-tuples is represented by some
{E\,...,E,} with E;c H,i=1,..,n Let z=n-r. Let w be a number
satisfying Ramsey’s Theorem. Let W be a set of w atoms and let U = [WT]".
If U=U,u...uU, then by Ramsey’s Theorem, there is H <« W of
size n-r such that [H]" < U, for some i. The set U; contains as subsets
n-tuples of all m types.

This completes the proof of Case L.

7.1.2. Case II: E,, is nonempty

Here the combinatorics gets more involved. For simplicity, assume that
E, = {a}. The proof goes as before, except that we have fix (E,,) instead
of ¢, and E ranges over subsets of 4 not of size r but of a given signature
# = (ry, r,), where r; is the number of elements of E, less than a, and r,
the number of elements greater than a. Again, the key is Lemma 7.2,
with ‘r-element subsets’ replaced by ‘sets of signature 7.

As before, all we have to do to prove Lemma 7.2 is to produce a set
H < A of signature (nr,, nr,) such that [H ] < U;, where [H]"+"™ =
{X = H: X has signature (r,, r,)}. Instead of Ramsey’s Theorem, we use
the following lemma:

LemMA 7.4, Let k, vy and r, be given numbers. For every number z, there is
a number w such that whenever W is a set having w elements and
[(WT'x[WT* =Y, u...u Y, is a partition, then there exist Z, and Z,,
each having z elements, such that (Z T x [Z,Y* < Y, for some i.

For the proof of this lemma, a generalization of Ramsey’s Theorem,
see Problems 4 and 5. The case when E,, has more than one element is
handled similarly.

7.2. Independence of the Prime Ideal Theorem from the Ordering Principle

The Prime Ideal Theorem implies that every set can be linearly ordered,
as shown in Section 2.3, where the Prime Ideal Theorem is used to prove
the Order Extension Principle which says that every partial ordering can be
extended to a linear ordering. In this section, we show that the Ordering
Principle is weaker than the Prime Ideal Theorem by exhibiting a model
(first a permutation model and then a symmetric model) in which every
set can be linearly ordered but in which there exists a partial ordering which
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cannot be extended to a linear ordering; consequently, the Prime Ideal
Theorem fails in the model. The partial ordering that will be used in the
model is the universal homogeneous partial ordering of a countable set.
Before we construct the model, we better say a few words about the
universal homogeneous partial ordering.

A countable partially ordered set (P, <) is universal if every finite
partially ordered set (E, <) can be embedded in (P, <). (P, <) is homo-
geneous if whenever E, and E, are finite subsets of P, and  is an isomorphism
of (E;, <) and (E,, <), then i can be extended to an automorphism of
(P, <).

Notice that if we consider linear ordering rather than partial ordering,
then the rationals are the unique (up to isomorphism) countable universal
homogeneous linearly ordered set. The proof of uniqueness - the welil-known
zig-zag argument — uses a property somewhat stronger than universality,
which, however, follows from universality and homogeneity. Using the
following lemma, we can similarly show that the countable universal
homogeneous partial ordering (if it exists) is unique (Problem 7). Moreover,
it follows easily from Lemma 7.5, that every countable (E, <) can be
embedded in (P, <).

LeMMA 7.5. Let (P, <) be a countable universal homogeneous partially
ordered set. If (E, <) is a finite partially ordered set, E, = E, and if e,
is an embedding of (E,, <) into (P, <), then there is an embedding e of
(E, <) into (P, <) which extends e,.

Proor. We may assume that E, & P and that e, is the identity on E,.
The set (E, <) can be embedded in (P, <); let i be an embedding. The
mapping i|E, can be extended to an automorphism n of (P, <). Then
e = n~1-i(ifollowed by n~!) is an embedding of (E, <) in (P, <) which
is the identity on E,.

We shall show that a countable universal homogeneous partial ordering
exists. We shall stress which properties of partial order we use, so that
the reader can see that the existence of universal homogeneous partial
orders is a special case of a much more general theorem.

Let P, P, = ... € P, < ... be a sequence of finite sets, each partially
ordered such that the ordering of P, is the restriction of the ordering of
P,.;. Then P = ()2 oP, is the direct sum of the partially ordered sets
P,n=01,...

Let 4 and B be two finite partially ordered sets and let 4, = 4 and
B, = B be such that A, is isomorphic to B,. Then there is a partially
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ordered set 4" U B’ such that 4’ is isomorphic to 4, B’ is isomorphic to B,
and A" n B’ is isomorphic to B,. To see this we may assume that A " B =
Ao, = B,y and the orderings of 4 and B agree on B,. All we have to do is to
define the order between the elements of A and the elements of B. The
result is an amalgamated sum of A and B (w.r.t. Ay, By).

The above two properties are used to construct a universal homogeneous
partial ordering.

LEMMA 7.6. A countable universal homogeneous partially ordered set exists.

ProOOF. Let P = {pg,pys ..., Pu» -.-} be a countable set; we construct a
universal homogeneous partial order on P by constructing finite P, < P; <

. & P, < ... such that P is the direct sum of P,’s. Let E,, E,, ..., E,, ...
be a sequence of finite partially ordered sets such that every finite partially
ordered set is isomorphic to some E,. Let iy, iy, ..., i,, ... be an enumeration
of all i’s such that 7 is an isomorphism of two finite partially ordered sets
A4, and B,, where both 4, < P and B, = P. (We may assume that
A, v B, = {pg, ..., Pn}.) We construct (P,, <), n =0, 1, ..., so that each
P,is {po, --., i} for some k, and the ordering < on P, is the restriction of
the ordering < on P,y y. If P,, = {py, ..., p,} and |E,| = m, then P,,, =
P,U {Prs1s -eos Dism)> With the added elements ordered isomorphically to
E, IfPy,.q = {Po, ..., Pu}, then if the orderings of 4, and B, agree with
the ordering of P,,.,, consider an amalgamated sum of P,,,, and
P,, ., with respect to 4, and B,. We can assume that the sum is P,,,, U Q,
where Q = B, U {Py+1s .--» Purmy- This gives us an extension of i, to the
set Popyq-

The direct sum P = ( ;2o P, is universal and homogeneous: Every finite
partially ordered set is embedded in P via one of the E.’s. And if i is an
isomorphism of two finite subsets of P, then i = i,  for some n, and this
extends to an isomorphism j with domain P,, .,; then j = i, for some
1, , etc.; in this way, we get an extension n of { which is defined everywhere
on P (of course, we have to zig-zag between domains and ranges to make
sure that the range of = is P).

The reader remembers from Chapter 4 that the rationals also enjoy the
following property:

LemMMA 7.7. Let (P, <) be a countable universal homogeneous partially
ordered set and let % be the group of all automorphisms of (P, <). If E,
and E, are finite subsets of P and if nefix (E; N E,), then there are
Tys P1s eees Ty Py Sch that ;€ fix (E;) and p;efix (E,) and & = p," 7, "
RN PR
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Proor. First we prove the special case when E, = {a} and E, = {b}.
This case breaks into several subcases according to the constellation of
a, b, ma and wb; we will handle two typical subcases and leave the rest to
the reader. First, let a < b < na < nb. We let n; be an automorphism
which extends the isomorphism i(a) = a, i(b) = n(b), and p, an auto-
morphism such that p,(a) = n(a) and p,(nb) = nb. Although p, - 7; need
not be equal to m, we havew =% - p, - my, where n =7 - (p, " n; )~ ! e fix {a, b}.
Secondly, let a < #b and b < na, and otherwise incomparable. We let
a. by be elements incomparable with any of them and with each other and
let
ma=a, mb=>b,; pja=a, pb=>, pb =nb;

T,a =a, Tya; =na; m,(nb) = nb.

Next we notice that the same proof works in the case when E; = E U {a}
and E, = E u {b} for some E; all the automorphisms involved have to be
in fix (E).

The general case when E; nE, = E is proved by induction on
(IEy—E|, |E,—E|).E.g., let E;, = E; L {a}, and by theinduction hypothesis:
7 is a product of automorphisms which leave either E, or E; fixed. Also by
the induction hypothesis, each automorphism which leaves E, fixed is a
product of automorphisms which leave either E; U {a} or E, U E; fixed.

Now we are almost ready to construct the permutation model. However,
we need something a little more general than a universal homogeneous
partial ordering. Let us consider structures (P, <, <) where < is a partial
and < a linear ordering of P. An isomorphism of such structures is a
one-to-one mapping which preserves both < and <. We can define a
universal homogeneous structure in the same way as before, and as before,
we can prove the analogues of Lemmas 7.5-7.7 (only the special case of
Lemma 7.7 breaks into more subcases, otherwise the proofs are the same).

Let the set 4 of atoms be countable, and let < and < be a partial and a
linear ordering such that (4, <, <) is a universal homogeneous structure.
Let ¢ be the group of all automorphisms of (4, <, <), and let the model ¥~
consist of all hereditarily symmetric elements, where x is symmetric if it
has a finite support £ < A4: sym (x) = fix (E).

If E; and E, are supports of x € ¥7, then E, n E, is also a support because
every n € fix (E; n E,) is a product of automorphisms each leaving either
E, or E, fixed. Thus each xe ¥ has a least support and this, as in the
Mostowski model (see Lemma 4.6), gives a one-to-one mapping (in 7#7)
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of ¥ into On x I, where I is the set of all finite subsets of 4. Obviously,
the linear ordering < of A is in ¥~ and so every x € ¥~ can be linearly
ordered in 7.

The partial ordering < of 4 cannot be extended in #” to a linear ordering.
To see this, assume that <* is an extension of < and that £ < A4 is its
support. Let a, b, ¢, d be elements of A4 which are all bigger in both orderings
< and < than all elements of E, and such that:

(i a<b<c<d,

(ii) a < ¢, d < b and otherwise incomparable.

We show that both @ <* b and a >* b lead to a contradiction. If ¢ >* b,
then let 7 € fix (E) be such that za = b and nb = c; since 7 preserves <*,
this gives b >* ¢, while a < ¢, a contradiction. If @ <* b, then we similarly
conclude that b <* ¢ and ¢ <* d. This is a contradiction since b > d.

Thus we have a permutation model in which every set can be linearly
ordered but not every partial ordering can be extended to a linear ordering.
This constitutes the proof of the following theorem (at least in ZFA):

THEOREM 7.8. The Prime Ideal Theorem is independent from the Ordering
Principle.

Proof. To establish this independence result for set theory without atoms,
we have to produce a symmetric model. To do that, we simply use the
First Embedding Theorem (Theorem 6.1). The statement ‘4 has a partial
ordering which cannot be extended to a linear ordering’ is of the type
described in Problem 6.1, and thus is automatically true in the symmetric
model A", To show that 4" has linear orderings, we use Theorem 6.7. By
Theorem 6.7, A" has a one-to-one function F into Z(x)x ¥", and 2(k) is
linearly ordered; the permutation model ¥ is in this case also linearly
ordered. Thus we obtain a linear ordering of 4.

We conclude this section by the remark that the independence of the
Prime Ideal Theorem from the Ordering Principle in the ZF setting can be
established directly by the construction of a model similar to the basic
Cohen model (see Problem 8).

7.3. Independence of the Ordering Principle from the Axiom of Choice for
Finite Sets

In this section, we give an outline of the proof of the following theorem:

THEOREM 7.9. The Ordering Principle is independent from the Axiom of
Choice for families of finite sets.
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We exhibit a model in which every family of finite sets has a choice
function but not every set can be linearly ordered. As a matter of fact,
the model satisfies a stronger version of the Axiom of Choice than choice
from finite sets. The following is true in the model: Every family of well-
from finite sets. The following is true in the model:

Every family of well-orderable sets has a choice function.

In Problems 4.14 and 5.22, we gave examples of models, both permutation
and symmetric, which satisfy the choice from well-orderable sets. However,
both models satisfy the Ordering Principle too (see also Problems 7.9, 7.10).
If one analyzes the proof of the choice from well-orderable sets in those
models, one can find out that two properties are used: (a) every set has a
least support, and (b) every support is assigned one fixed enumeration.
Thus we could prove Theorem 7.9 if we had a group of permutations which
would satisfy (a) and (b), and if, in addition, the set 4 could not be linearly
ordered. All this is possible in view of the following lemma.

LeEMMA 7.10. There exists a group G of permutations of a countable set A
such that:

(). IfE,, E, are finite subsets of A and if n € ¥ is the identity on E, ~ E,,
then there exist Ti, Py, vy Ty, Pu € Z such that w = p,* 7, ...  p; * Ty and
n; € fix (Ey), p;efix (E,),i=1,...,n.

(ii). If E is a finite subset of A and if n € % is such that n""E = E, then
7 is the identity on E.

(iii). For every finite E < A, there are a, b, ce A and w, p € fix (E) such
that
niarbisc and p:crab.

We shall not give a proof of this lemma. The group with these properties
cannot be found among frequently used permutation groups. It has to be
constructed and the construction is rather involved. Let us only mention
that the hard part is to construct a group %" satisfying (i), (ii) and (iii"),
where (iii’) is like (i) but weakened by the assumption E = 0; then one
can take ¥ as a weak direct product of X, copies of %’. The group ¥’ is
a homomorphic image of the free group with R, generators, and the kernel
is the union of an infinite chain of subgroups which are constructed by
recursion. Throughout the recursion, one tries to secure the validity of
conditions (i), (ii) and (iii’) in the resulting homomorphic image. For
details, we refer the reader to the literature.

With Lemma 7.10 at hand, we shall have no problems in proving Theorem
7.9. First, we construct a permutation model ¥". We let the set of atoms 4
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be countable and let ¢ be a permutation group on 4 satisfying the conditions
7.10(i)-(iii). The model ¥~ is determined by % and the ideal of finite subsets
of A, i.e., an x is symmetric just in case there is a finite £ < A4 such that
fix (E) € sym (x).

By Lemma 7.10 (i), every x € ¥” has a least support. By (ii), if E is the
least support of x and nE = E, then nx = x. Thus the function which
assigns to each x e ¥~ the pair (E, X), where E is the least support and
X = {nx: me %} is the orbit of x, is one-to-one. Also, this function is in
7" (i.e., symmetric as a class) and the class of all orbits is in a one-to-one
correspondence (also in ¥7) with On. So ¥~ has a one-to-one function F
from the universe into On x I, where I is the set of all finite subsets of 4.
If Xe ¥ is well-orderable, then there exists a one-to-one fe ¥  from X
into the ordinals, and we have sym (y) 2 fix (X) = sym (f) for each y e X.
Thus the union of the least supports of all elements of X is a finite set E, and
the function F restricted to X has values in On x Z(E). Now notice that by
Lemma 7.10(ii), I has a choice function in ¥~ and this choice function
induces a well-ordering of P(E), canonically for each E € I. Consequently,
each Onx 2(E) has a canonical well-ordering in #”, and this enables us
to choose an element from each well-orderable X. Thus in #~, each family
of well-orderable sets has a choice function.

Now we use condition 7.10(iii) to show that 4 cannot be linearly ordered.
Assume that < is a linear ordering of 4 and that E is a support of <. Let
a,b,ce A, and let 7, pe F be as in condition (iii). Then both a < & and
b < alead to a contradiction. E.g., if a < b, then b = na < 7b = c and so0
a < ¢; hence b = pa < pc = a, a contradiction.

To establish the result for ZF, we use the First Embedding Theorem and
the model ¥~ above to get a symmetric model A4~ of ZF. The statement
‘A cannot be linearly ordered’ transfers to .#” and we only have to show
that in A", every family of well-orderable sets has a choice function. By
Theorem 6.6, we can make 4" a support model. Then the proof goes as
outlined for the basic Cohen model in Problem 5.22.

The first step is to show that .4~ has a one-to-one function F from the
universe into On x I x J, where J is a family of finite sets of sets of ordinals
and 7is the family of finite subsets of the set 4. The proof is as in Theorem
6.7. Specifically, the assignment ¢ satisfying (6.28) is unique, since we have
a choice function on I and therefore have a fixed enumeration of each
finite E < A. Consequently, each x €.4” is uniquely determined by (e, E)
and Y, ..., Y, @1, ..., @y, Y€ M and this gives a one-to-one function F
of A" into Onx Ix J.
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If Xe A" is well-orderable, then since A" is a support model, the
argument used in Problem 5.22 shows that there exist finite £ = 4 and
e = | {a: a e 4} such that whenever y € X and (E|, e, ) is the least support
of y, then E; < E and ¢, & e. For each well-orderable X, let E and e be
minimal with that property. Then the one-to-one function F restricted to X
has values in On x Z(E)x 2(e), which has a canonical well-ordering for
each E and each e. This gives us the way to pick an element in X for each
well-orderable X.

7.4. The Axiom of Choice for Finite Sets

In Chapter 5, we showed that the existence of a choice function for every
family of two element sets is unprovable in ZF. In this section, we investigate
the relationship between the Axiom of Choice for Finite Sets,

every family of finite sets has a choice function,
and the statements
C, every family of n-element sets has a choice function,

for different » € .
The main results of this section are:

THEOREM 7.11. The Axiom of Choice for Finite Sets is unprovable even if
we assume that C, is true for each n;

and furthermore, Theorems 7.15 and 7.16, which give a necessary and
sufficient condition for C, being provable from a conjunction of C,, ..., C,.
The independence result will be established by means of a permutation
model, but it will be shown how to transfer the results into ZF.
We postpone the proof of Theorem 7.11 and give first two examples to
show the relationship between various C,.

ExampLE 7.12. C, implies C,,.

Proor. We are given a family % of four-element sets and are looking for
a choice function f; we assume that we have a choice function g for two-
element sets. Let 4 € #; we give a rule (using g) for which element of 4
to choose. There are six two-element subsets of 4. For every ae 4, let
g(a) be the number of all pairs {a, b} = 4 such that g({a,b}) = a.
Obviously g(a) is not the same for all a € 4; thus if g is the least such g(a),
the set B = {a:g(a) = g} has 1, 2 or 3 elements. If B has one element,
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B = {a}, then we let f(4) = a. If B has three elements, then 4 — B has one,
A—B = {a} and we let f(4) = a. If B has two elements, then we let

f(4) = g(B).
ExampLE 7.13. C, does not imply Cs, i.e., C5 is unprovable from C,.

First we construct a permutation model ¥~ in which every family of pairs
has a choice function and there is a family of triples without a choice
function. Assume that the set 4 of atoms is a countable union { J;.,7,
of triples T, = {a,, b,, ¢,}. Let ¢ be the group generated by the following
permutations 7, of A:

Tin: @y > b, > €, > @,
n,x =x forall x¢T,.

(¥ is the weak direct product of X, cyclic groups of order 3.) The model ¥~
is determined by 4 and the ideal of finite subsets of 4. Thus for each X e ¢,
there exists a finite £ = A4 such that sym (X) 2 fix (E).

[t is easy to see that the family {7,: n € w} does not have a choice function.
For assume that some fe ¥~ chooses one element from each T,, and that
E < A is a support for f. Let n be such that T, n E = 0; then =, € fix (E)
so that n,f = fand #n,T, = T,, but n,x # x for each xe T,,.

To show that the Axiom of Choice for pairs holds in ¥”, we prove that
whenever S'e 7 has two elements then:

(7.6) for some x € S, sym (x) 2 sym (S).

First we show that if % e ¥ and if every Se & satisfies (7.6), then F#
has a choice function in #". (This holds in every permutation model and we
shall use it several times.) % is a disjoint union of orbits {nS: 7 € sym (&)},
Se . Let us choose one S in each orbit and for that S, choose x e S
such that sym (x) 2 sym (S); call this x = £(S). It follows from (7.6) that
whenever 7(S) = p(S), then n(x) = p(x), and so we may define f for all
setsin & by f(nS) = =(f(S)), resym (F). Obviously, sym (f) 2 sym (&F).

To show that (7.6) holds in our model for every S with two elements,
let $={x,y} and let H = sym (S). If we let K =sym (x) nsym(S),
then note that if n, p € H then nx = pxif and only if 7+ K = p - K. Hence
cither K = H or [H: K] = 2, where [H : K] is the index of K in H, the
number of cosets. Thus it suffices to show that [H : K] is not 2 for any
H < K © 9; then (7.6) holds for every S = {x, y}.

Let K = H = % and assume that [H : K] = 2. Let n € H be such that
K, m- K are the two cosets of K in H. It follows from the definition of ¥
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that there is n, such that n is the identity on each T,,n > n,. Let
H* = {pe H: p is the identity on each T,, n > ny}, and K* = K~ H*.
Note that K* and nK* are the two cosets of K* in H* and so we have
[H* :K*] = [H:K] = 2. However, H* < {pe ¥ :p is the identity on
each T,, n > n,}, and the latter group has order 3. The index [H* : K*]
should therefore be a divisor of 3" which it is not. A contradiction.

To construct a model of ZF in which C, holds and C; fails, we use the
First Embedding Theorem to get a symmetric model A4”, and C; fails in
the model because the statement ‘{T,: n € w} has no choice function’ will
transfer from ¥~ to A4". We show that we can use Theorem 6.6 to make A~
a support model, and that the statement C, transfers to .4#” by Theorem 6.7.

To be able to apply Theorem 6.6, we have to change the definition of a
support. In #7, the supports will not be all finite subsets of 4, but we restrict
ourselves to sets of the form E =T,, U ... u T, . With this restriction,
one can easily see that if nefix (E; n E,), then = = p-o for some
p e fix (E,), o € fix (E,). Now we can apply Theorem 6.6 to show that every
x € A" has a least support (e, E), where e is a finite set of sets of ordinals
andE=T, v..uT,.

By Theorem 6.7, there is in A" a one-to-one function F from .4 into
Pk)x ¥, and P(x) is linearly ordered. We define a function G on all
finite sets in A" as follows: If S is a finite set, S = {z,, ..., z,}, then let
(31, 01) = F(zy), ey (Pn, 0,) = F(z,) and let eg = {yy, ..., ¥,}. The set es
is finite and has a canonical enumeration es = {x,, ..., x,} such that
X; < ... <X We let G(S) = {(my,vy), ..., (m,,v,)}, where m; is the
image of y; under the correspondence x; — 1, ..., x, — k. It is obvious that
the values of G are in ¥~ and that G(S') has the same number of elements
as S for every finite S e 4",

Now it is clear that for any n, if C, holds in ¥~ then C, holds in A",
because G assigns to n-element sets in 4", n-element sets in #”. In particular,
since C, holds in #~, we have C, in A",

Example 2 illuminates the methods which are used in independence results
concerning the Axiom of Choice for finite sets. We will now prove the first
general result of this section.

ProOF OF THEOREM 7.11. We shall construct a permutation model ¥~ which
satisfies C, for each » but has a family of finite sets without a choice function.
This will establish the independence result for the ZF set theory in view of
the transfer method explained in Example 7.13, which works in this case as
well.
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Assume that the set of atoms A is countable and let 4 = (2o P,,
where P, = {4}, ..., a} }, p, being the n'™ prime number (p, = 2, p; = 3,
p, = 5, etc.). Let % be the group generated by the following permutations
m, of A:

T, dy P Ay b . > dp ),

(7.7) n,x =x forall x¢P,.

(% is the weak direct product of cyclic groups of order p,.) The model ¥~
is determined by & and the ideal of finite subsets of A4.

We will follow the arguments in Example 7.13. To begin with, one can
easily see that the family of {P,:n e w} does not have a choice function.
To show that for every n, every family of n-element sets in ¥~ does have a
choice function, we shall prove an analogue of (7.6). For new, let
G, =fix(Pyu ... U P,); 9, is the weak direct product of cyclic groups of
order p,, k > n. It suffices to show that whenever S e ¥ has n elements,
then

(7.8) for some x € S, sym (x) 2 sym (S) N 9,.

As in Example 7.13, if (7.8) is true and # is a family of n-element sets
in 7, then we can construct a choice function f on % such that
sym (f) 2 sym (F)n %,.

To show that (7.8) holds, we will actually show that (7.8) holds for
every x€S. Let xe S, let H=%,nsym(S) and K = H n sym (x).
As in Example 7.13, if K # H, then the index [H : K] is equal to the size
of the orbit {nx:n e H}. Since S has n elements, it is clear that it suffices
to prove the following lemma:

LeMMA 7.14. If K = H = 9, then either K = H or [H : K] > n.

ProoF. Assume that [H:K] < n Then H=Kun,-Ku .. um,_, K
and there is & such that all =, ..., m,_; are the identity on each P;, j > k.
Similarly as in Example 7.13, we have [H:K] = [H*:K*], where
K* < H* c {pe ¥,: p is the identity on each P;, j > k} and the latter
group has order p,, - ... - px. Thus [H : K] would have to be a divisor of
Pu+1 -+ " Dy, Which is impossible since we assumed [H: K] < n < p,4q.

Theorems 7.15 and 7.16 deal with the relationship of the statements C,,
for different n.

Let m, n be two natural numbers. We say that m, n satisfy condition (S)
if the following is true:
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s) There is no decomposition of n in a sum of primes,
n=p+ ...+ps,
suchthatp;, > mforalli=1,...,s.

(In particular, if # > m, then n is not a prime.)

THEOREM 7.15. If m, n satisfy condition (S) and if C, holds for every k < m,
then C, holds.

Proor. The proof follows closely the proof of C, —» C, in Example 7.12.
We shall prove the theorem by induction on #. Let m be fixed, let m, n
satisfy condition (S) and assume that the implication of the theorem is true
for every I < n. Since » satisfies (S), n is not a prime and so # is divisible
by some prime p < n. Necessarily, p < m, since otherwise we would have
n =p+ ... +p, contrary to (S). We shall describe a way to choose from
sets with n elements. Let 4 be an n-element set. Consider the set P of all
p-element subsets of 4; it has (7) elements. A given choice function g chooses
one a€ A in each X eP. For every ae A4, let g(a) be the number of all
X eP such that g(X) =a, and let g be the least such g(a). We let
B = {ae A: q(a) = q}. Since (3) is not divisible by #, it follows that both B
and A—B are nonempty. Let |B| =/, and |A—B| = I,. We claim that
either m, I, or m, I, satisfy condition (S). Otherwise, /; = p;+ ... +p, and
I, =p,+1+ ... +p,, where p,, ..., p, are primes bigger than m, and then
n =p+ ... +p,, contrary to the assumption. By the induction hypothesis,
either C;, holds and we choose an element in B, or if C,, fails, then C,
holds and we choose an element in 4— B.

THEOREM 7.16. If m, n do not satisfy condition (S), then there is a model of
set theory in which C, holds for every k < m but C, fails.

Proor. Again, we shall construct a permutation model ¥~ and the result
transfers to ZF, as explained in Example 7.13. Let m, n be two natural
numbers which do not satisfy condition (S). That is,

n=p+ ... +pg

where py, ..., p, are primes, all bigger than m.

Assume that the set of atoms is countable and let 4 = | )2, N;, with
N;=P, U..UP and P; = {aj;, ..., a¥4}. Let & be the group generated
by the permutations

< ql 2 Py 1
LA R AN T

m;x =x forall xe A—P;;.



112 MODELS WITH FINITE SUPPORTS [cH.7, §5

The model ¥ is determined by % and the ideal of finite subsets.

As in Theorem 7.11 or Example 7.13, one can easily see that the family
{N;: i e o} does not have a choice function, and so C, fails in ¥". To show
that C, holds in ¥~ for every k < m, it suffices to show that whenever
S e 7 has k elements, then

(7.9) sym (x) 2 sym (S)

for each x € S. Again, as in Theorem 7.11, it suffices to show that if H = ¢
and K < H, then either K = H or [H:K] > m. As in Lemma 7.14,
one can prove that the index [H : K] must be a divisor of some product of
the primes p,, ..., p,, and consequently, [H : K] > m, since all the primes
DP1» ---» Ds €Xceed m.

7.5. Problems

2 into two classes, there exists an infinite

1. For every partition of [w]
homogeneous set H < o.

[Hint: Letf: [w]* — {0, 1} be a partition. Let D be a nontrivial ultrafilter
over w. Define f:w — {0,1} as follows: f'(n) =1 if and only if
P, = {m > n: f(n,m) = 1} € D; assume that P = {n: f'(n) = 1} € D (the
proof is the same in the other case). Let i, = min (P), h; = min (P N P, ),
hy = min (P P, " Py), etc.; H = {hy, by, ...}.]

2. Let r, k be given. For every partition of [w] into k classes, there exists
an infinite homogeneous set H < w.

[Hint: Let f: [w] — {1, ..., k} be a partition. Let D be nontrivial ultra-
filter over w. Definef”: [w] ™ — {1, ..., k} asfollows: f'({ny, ..., n,_1}) = i
if and only if {m>n,_:f({ny,....,n,_y,m}) =i}eD, then define
f ol ™2 > {1, ..., k} similarly, etc.; finally, let i € {1, ..., k} be such that
{n:f¢"Y(n) = i} € D. Every finite set X < w such that f(x) =i for all
x € [XT can be extended to a larger X’ with the same property and that
gives an infinite homogeneous H.]

*3, Let r, k be given. For every z there is some w such that whenever
|W| = wand [WT is partitioned into k classes, then there is a homogeneous
set H < W with at least z elements.

[Hint: Use the Compactness Theorem and Problem 2. Consider the
theory with k r-ary predicates P; (i = 1, ..., k) and infinitely many constants
¢, n =0,1, ..., and consider the sentence saying that the P;’s constitute a
partition of r-tuples and that no z elements form a homogeneous set, and
the infinitely many sentences ¢, # ¢, (n # m). If the theorem is false,
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then any finite number of our sentences has a model, and by the Compactness
Theorem, the set of all these sentences has a model. This defines a partition
of [{c,}i=0]" which does not have a homogeneous set of size z; this con-
tradicts Problem 2.]

*4, Letr;, ry, k be given. For every z, there is some w such that whenever
|W| 2 wand [W]*'x [W]? is partitioned into k classes, then there are
Z,,Z, <= W, |Z, =|Z,] =z such that [Z,]" x [Z,]* is included in one
class.

[Hint: Use Problem 3. There is w; such that if |W;] > w, and [W;]"!
is partitioned into k classes, then there exists Z, = W,, |Z,| = z such that
[Z,T* is included in one class. Let k; be the number of k-partitions of
ri-tuples in a w;-element set. By Ramsey’s Theorem, there is w, such that
if |W,| > w, and [W,]* is partitioned into k, classes, then there exists
Z, < W,, |Z,] =z such that [Z,]? is included in one class. Now take
w = max (w,, w,).]

*S. Let k,Lr,,...,r, be given. For every z, there is some w such that
whenever [W]| =2 w and [W]'x ... x [W]" is partitioned into k classes,
then there are Z;,...,Z, € W, |Z,| = ... = |Z,| = z such that [Z,]" x
. x [Z,]" is included in one class.
[Hint: Use induction on / and Problem 4.}

**6. Let .4~ be the model of ZF obtained by the First Embedding Theorem
from the linearly ordered Mostowski model. Then the Prime Ideal Theorem
holds in A",

Notice that both this model .4~ and the basic Cohen model establish the
independence of the Axiom of Choice from the Prime Ideal Theorem.
Notice also that the Selection Principle (which is a stronger version of the
Ordering Principle) holds in the basic Cohen model while it fails in A",

7. Let (P, <) and (Q, <) be countable universal homogeneous partially
ordered sets. Then P and Q are isomorphic.

[Hint: Let P = {po, Py, ---}» @ = {40,915 ---}. Define an isomorphism
by a zig-zag argument, taking in turn p, and ¢, and finding an appropriate
counterpart, using Lemma 7.5.]

*8. Let the forcing conditions p € P be finite 0, 1-functions defined on subsets
of w x w. As in the basic Cohen model, define canonical names x,, ..., x,, -...
Endow o with a universal homogeneous partial order < and let % be the
group of all automorphisms of RO(P) induced by <-automorphisms of
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the set {xy, ..., X,, ...}; let & be generated by fix (e), e finite. Let A" be
the symmetric model given by 4 and % . 4" satisfies the Ordering Principle,
but the Prime Ideal Theorem fails in A". Moreover, the Selection Principle
holds in A7, and the partial ordering < of the set {x,, x5, ..., X,, ...}
cannot be extended to a linear ordering.

[Hint: Asin Section 5.5, one proves that every x € 4" has a least support,
and that there is a one-to-one function F in 4" from the universe into
On x I, where I consists of finite sets of reals. This yields the Selection
Principle. Assume that < can be extended to a linear ordering <. Let < be
a name for <, with support e and let p, (with support e) force that < is
a linear ordering. Choose xi, ..., x¢ outside e such that x, < x¢ and
otherwise <-incomparable, and such that p = p, forces x; < x, < x3.
Let pyo =p: (e v {x1, X2}), P23 =p: (e {xp,x3}). Let 7, pefix(e)
be such that n(x,) = x4, 7(x,) = x5 and p(x3) = x,. Then 7p; , U pp, 3
forces xg < x5 < x,, contrary to x, < Xg.]

Both this model A4 and the model from Section 7.2 establish the indepen-
dence of the Prime Ideal Theorem from the Ordering Principle. Notice that
the Selection Principle holds in 4" but fails in the other model.

9. The model from Problem 8 satisfies the Axiom of Choice for families
of well-orderable sets.

[Hint: The same proof as in Problem 5.22.]

10. Let A" be the model of ZF obtained by the First Embedding Theorem
either from the linearly ordered Mostowski model, or from the model in
Section 7.2. Then A" satisfies the Axiom of Choice for families of well-
orderable sets.

[Hint: The same proof as in Section 7.3; use the fact that each finite £
has a fixed enumeration given by the linear ordering of 4.]

11. If ¥ is a permutation model of ZFA and if ¥~ satisfies the Axiom of
Choice for families of finite sets, then ¥~ satisfies the Axiom of Choice for
families of well-orderable sets.

[Hint: Let ¥ be given by a group % and a filter #. Let & € ¥ be a family
of well-orderable sets, let 4 = |} {S: Se &} and let fe #" be a choice
function on finite subsets of 4 U P(4). Let H = sym (f) n sym (¥)e Z.
It suffices to show that if S € & then there is x € S such that

(7.10) sym (x) 2 H n sym (S);
for sufficiency, see (7.6) in Section 7.4. We show that (7.10) holds for each
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xeS. If not, then there is me Hnsym(S) such that mx # x. Let
X={n"xk=.,-3-2-10123..}; Xis a subset of S. If X is
finite, then X = X and ny # y for each ye X, a contradiction since
(f(X)) = () (=X) = f(X). If X is infinite, let X; = {z**x:k = ..., =2,
~1,0,1,2,...}and X, = {n%**'x:k = ..., =2, —1,0,1,2,...}. Since S'is
well-orderable in ¥#7, both X, and X, are in ¥". We have nX; = X, and
nX, = X;, a contradiction since =n(f{X;, X,}) = (nf)(n{X;, X,}) =
A, o)

**12, There is a model of ZF which satisfies the Ordering Principle (and
hence the Axiom of Choice for families of finite sets) and which has a
countable family of countable sets without a choice function.

**13, There is a model of ZF which satisfies the Axiom of Choice for
families of countable sets but does not satisfy the Axiom of Choice for
families of well-orderable sets.

Let S be a set and let T be a set of finite sequences t = {8, 1, -+, S,y Of
elements of S such that (a) ¢' < €T, implies ' €T, (b) for each n € w,
T has an element of length », and (c) if £ € T, then there are only finitely
many (possibly none) elements of S such that t"s € T. The set T partially
ordered by inclusion is called an w-tree.

14. The Axiom of Choice for finite sets implies that every w-tree has an
infinite chain.

[Hint: Construct t, < ¢, < ... = ¢,
many extensions in 7..]

» € ... so that each ¢, has infinitely

An antichain in a partially ordered set consists of mutually incomparable
elements.

15. The model used in the proof of Theorem 7.11 has an w-tree which has
no infinite chain and no infinite antichain.

*16. If m and n satisfy condition (S), then n < 8m?.

[Hint: The proof uses two facts from number theory. Let n > 8m?>.
We find a decomposition of » into primes greater than m. By Bertrand’s
Postulate, there are primes p and g such that m < p < 2m < q < 4m.
By another number theoretical fact, there are integers &, n such that
n=¢-p+n-q If £, > 0, then we have a decomposition n = p+ ...
+p+q+ ... +q. Let n < 0. There is 4 such that 0 < n+Ap < p; let
n =n+ig, & =¢—29. Wehaven = &' - p+n’ - q and n° > 0; show that
&' > 0. This must be so because ' - ¢ < pg < (2m)(d4m) < n.]
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17. C, —» C, is provable if and only if n = 1,2 or 4.
[Hint: Example 7.12 is the if part. For the only if part, use Theorem 7.16
and Problem 16, and verify the cases n < 32 = 8- 22.]

Let Z be a finite set of positive integers and let C, denote the conjunction
of C,, me Z. We say that Z, n satisfy condition (8) if for every decomposi-
tion of » into a sum of primes, n = p; + ... +p,, at least one p; belongs
to Z.

18. If Z, n satisfy condition (S), then C, implies C,.
[Hint: The same proof as in Theorem 7.15.]

19. (C; and C;) implies C,.
[Hint: Verify condition (S).]

Let S, be the group of all permutations on {1, ..., n}. A subgroup ¢ of S,
is without fixed points if each i < n is moved by some 7 e . We say that
Z, n satisfy condition (D) if for every subgroup ¥ of S, without fixed
points there is a subgroup H of ¢ and a finite sequence H,, ..., H, of proper
subgroups of A such that the sum of indices [H : H]+ ... +[H : H] is
inZ.

**20. Condition (D) is sufficient for the implication C; — C,.

*#21. If Z, n do not satisfy condition (D), then there is a model of ZF
in which C; holds and C, fails.

22. It is not provable that (C;, C; and C,3) implies C, 5.
[Hint: Apply Condition (D).]

Consider the following Cofinality Principle: Every linearly ordered set
has a cofinal well-ordered subset.

23. The Cofinality Principle together with the Order Extension Principle
imply the Axiom of Choice.

{Hint: Show that every set can be well-ordered. Let S be a set; consider
the family & of pairs (X, W), where X < S is well-ordered by W, and the
partial ordering of & given by (X,, W) < (X,, W,)ifand onlyif X; = X,.
There is a linear ordering < of # extending < and a cofinal well-ordered
sequence py < py < ... < p, < ... (& < 1), of elements of Z. 1t is obvious
that the set ¥ = | ) {X: (X, W) = p, for some a < A} can be well-ordered.
Show that ¥ = S. If ae S—7Y, then Y U {a} can be well-ordered by some
W and hence for some a, (Y u {a}, W) < p, = (X, U). This is a contra-
diction because X « ¥ U {a} and < extends <.]
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**24, There is a model of ZF which satisfies the Cofinality Principle but
does not satisfy the Order Extension Principle.

*¥25 The Prime Ideal Theorem is independent from the Hahn-Banach
Theorem.

We shall outline the independence proof for ZFA:

*26. In the second Fraenkel model (of ZFA), the Prime Ideal Theorem
fails while the Hahn—-Banach Theorem holds.

[Hint: The Prime Ideal Theorem fails because the Axiom of Choice for
pairs fails. For each n, let F, be the class of all xe ¥  such that
Py U ... U P, supports x. Let E, p, ¢ € ¥ be, respectively, a real vector
space, a sublinear functional on E and a linear functional on a subspace of E,
¢(x) < p(x). Let n be such that E, p, ¢ €¥,. Using choice, extend the
restriction ¢|V,to ayy < p on E n V,; we have y € V,,. Show that y extends
toayonEsuchthatyeV,,x < p.Ifxe ¥V, then [x] = {nx: n e fix (P, U
... U P,)} has at most 2* elements, [x] = {x;,....,Xs},and x; + ... +xn€V,.
Let x(x) = ¢y (27*(x;+ ... +x,)). Then x extends ¢ because both y, p €V,
and agree on £ N V,.]

*#27, There is a model of ZF in which the Prime Ideal Theorem fails, but
every partial ordering can be extended to a linear ordering.

7.6. Historical remarks

The independence of the Axiom of Choice from the Prime Ideal Theorem
was proved by Halpern [1964] for ZFA (the present proof is somewhat
different from Halpern’s proof), and by Halpern and Levy (1967] for ZF,
using a combinatorial result of Halpern and Lauchli [1966]. Ramsey’s
Theorem (Problems 1-3) is due to Ramsey [1929]; the generalization in
Problems 4 and 5 is due to Rado [1954]. The result in Problem 6 is due to
Pincus [1969, 1973a]. The independence of the Prime Ideal Theorem from the
Ordering Principle was proved by Mathias [1967], using the model con-
structed in Problem 8; the observation in Problem 9 is also his. The model
we used appears in Pincus [1969]. The results about universal homogeneous
structures are due to Jonsson [1960]. The independence of the Ordering
Principle from the Axiom of Choice for finite sets was proved by Liuchli
[1964] for ZFA, and transferred to ZF by Pincus [1968]. The result of
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Problem 11 is due to P. E. Howard.! The results of Problems 12 and 13
were announced by Pincus.

The independence result in Theorem 7.11 was proved by Levy [1962] for
ZFA and transferred to ZF by Pincus [1969, 1973b], whose is also the observa-
tion in Problem 15.> Example 7.12 in Section 7.4 is due to Tarski. Conditions
(S) and (D) were formulated by Mostowski [1945], who proved the indepen-
dence result of Theorem 7.16 (for ZFA) and the sufficiency of Condition
(D) (Problem 20); the result of Problem 16 is also his. The proof of the
sufficiency of condition (S) given here is due to Szmielew [1947]. The
independence result in Problem 21 was announced by Gauntt [1970]. 34
For additional results concerning the Axiom of Choice for finite sets, see
the papers of Wisniewski and Zuckerman. The results of Problems 23 and 24
are due to Morris [1969].° The independence of the Prime Ideal Theorem
from the Hahn-Banach Theorem was proved by Pincus [1972b]. The
independence of the Prime Ideal Theorem from the Order Extension
Principle (Problem 27) is due to Felgner [1971b].

! The result of Problem 11 contradicts the results announced by Levy [1963b]. Un-
fortunately, the construction presented there cannot be completed.

2 The transfer to ZF was also claimed by Marek [1966] but the outlined method appears
to be unsatisfactory and has not been published.

3 A contradicting result was announced and later withdrawn by Truss [1970].

4 The example in Problem 22 is a counterexample to another condition of Mostowski,
who conjectured its sufficiency and singled out this example as a test case.

5 The independence result contradicts the claim of Felgner [1969] that the Cofinality
Principle implies the Axiom of Choice. An error has been found by Morris (see Felgner’s
corrections to [1969]).



CHAPTER 8

SOME WEAKER VERSIONS OF
THE AXIOM OF CHOICE

8.1. The Principle of Dependent Choices and its generalization

The Principle of Dependent Choices was formulated in Section 2.4:
If R is a relation on a nonempty set S such that for every x € S there exists
y €S with xRy, then there is a sequence (x,:n =0, 1, 2, ...> of elements
of S such that

XoRx(, X;Rxy, ..., X,Rx,.{,

We have also shown in Section 2.4 that the Principle of Dependent Choices
implies the Countable Axiom of Choice and this in turn implies that every
infinite set has a countable subset (in other words, every cardinal number is
comparable with X, i.e., |X| < 8, or | X| > X, hold for any X). It will be
shown in this chapter that neither of these implications can be reversed.
In addition, we will generalize each of the three statements and investigate
the relationship among them.

In the present section, we introduce the statements DC,, AC, and W,
where x is an aleph, and prove some implications among these statements.
In the next section, we present models showing that the implications proved
in the present section are in a way best possible.

Let k be an aleph. Consider the following statements:

DC,. Let S be a nonempty set and let R be a binary relation such that for
every o < K and every a-sequence s = {x;: & < a) of elements of S
there exists y € S such that sRy. Then there is a function f:x — S
such that for every a < x, (f|a)Rf (a).

AC,. Every family & of nonempty sets such that |Z| = x has a choice
Sfunction.

W,.. Forevery X, either | X| € kor | X| 2 k.
119
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Obviously, ACy, is the Countable Axiom of Choice, and Wy, says that
every infinite set has a countable subset. Also, it is not difficult to see that
DGy, is a reformulation of the Principle of Dependent Choices.

THEOREM 8.1.

(2). Ifk < 4, then DC, implies DC,, AC, implies AC,, and W ; implies W,

(b). DC, implies both AC, and W,.

(c). (V)DC, is equivalent to AC; (Vk)W, is equivalent to AC.

(d). If x is singular, then (N4 < x)DC; implies DC,, and (Vi < k)AC;
implies AC,..

(e). If x is a limit cardinal and x, = cf (), then AC,, and (VA < k)W,
implies W, In particular, ACy, implies Wy, .

Proor. (a). Let k < 4. Tt is clear that AC, implies AC,, and W, implies
W... Let S be a nonempty set and R a relation which satisfies the assumptions
of DC,. One can extend R to apply to a-sequences for all &« < 1 (e.g.,
pick y, € S and let sRy, for each a-sequence s if k < a < A). Then use DC,
to get g: A — S and take f = g|«k.

(b). Assume DC, and let & = {X,: « < x} be a family of nonempty
sets. We shall find a choice function on Z'. Let S = | J,< X, and if « < x
and s is an a-sequence in S, then let sRy just in case y € X,,. The assumptions
of DC, are satisfied and so we have f: k — S such that (f|a)Rf(«) for every
o < k. Obviously, f determines a choice function on Z.

To show that DC,_ implies W, let X be a set such that | X| « x. We use
DC, to show that |X| > k. Let S = X, and if « < x and s is an a-sequence
in S, let sRy if and only if p ¢ rng (s). Since |S| <« k, such y always exists
and so the assumptions of DC,, are satisfied. The function f which we obtain
from DC, is one-to-one, which proves that | S| > «.

(c). If W, holds for every x, then every set can be well-ordered and so
AC holds. By (b), (Vk)DC, implies (Vk)W,..

(d). Let x be singular and let x, = cf (k). Let x = lim {&: & < Ko},
where o, is an increasing sequence of alephs. First we show that (VA < x)DC,
implies DC,.. Let S be a nonempty set and let R be a relation such that for
every o < k and every a-sequence s in S, there exists y € .S with sRy. We
want to find f: k¥ — S such that (f|a)Rf(«) for every a < k. Note that since
we assume (VA < x)DC;, we can find, for any 1 < k, a function g: 4 —» S
such that (gla)Rg(x). Let T be the set of all a.-sequences s in S, for all
& < Ko. We shall define a relation R between y-sequences in T, for y < x,,
and elements of T. If y < k4 and ¢ is a y-sequence in T, then let s, be the
transfinite sequence in S obtained by concatenation of the terms of T
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s, is an a-sequence in S for some o < k. If € < x,, t is a £-sequence in T,
and if ze T, then we let Rz if and only if z is an a,-sequence in S and if
sy (zln)Rz(n) for all n < .. By the remark we made about (VA < k)DC,,
there is always such ze T, and so R satisfies the assumptions of DC,,.
Thus we have g:x, » T with (g|¢)Rg(&) for all & < k,. It is now clear
that if f is the concatenation of g(&)s, f is a x-sequence in S and satisfies
(flo)Rf () for every o < k.

To show that (VA < x)AC, implies AC,, let & = {X,: « < x} be a
family of nonempty sets; as before, let x =lim {a,: ¢ < x,}. Let
& = {S;: ¢ < Ky}, where each S, is the set of all choice functions on
{X,: « < a}. Since AC; holds for every 1 < k, each S, is nonempty. By
AC,,, we choose one element in each S, and then combine them to obtain
a choice function on Z.

(e). Let x be a limit cardinal, let k, = cf (x) and assume AC,, and
(VA < k)W,. Let k = lim {a,: & < Ko}, where «, is an increasing sequence
of alephs. Let X be a set such that [X] <« x. We want to show that [X| > k.
For every & < ko, let S; be the set of all pairs (¥, W) such that ¥ < X,
|Y] = oz and W is a well-ordering of Y of type «,. Since |X| <« «; and
W,, holds, we have |[X| > «, and so S, is nonempty. By AC,, we can
choose one (Y, W) in each S,. Then it is easy to see that the union of the
Y’s has cardinality x and so |X] = x.

THEOREM 8.2. The statement (Nk)AC, implies the Principle of Dependent
Choices.

Proor. Let S be a nonempty set and let R be a relation on S such that for
every x € S there exists y € S such that xRy. We want to show that there is
a sequence {x, :»# € ) with x,Rx,, , for all n. First note that there is no
function f from S into ordinals with the property that f(¥) < f(x) whenever
XRy. For, if f is such a function, let x € S be such that f(x) has the least
possible value; then there is y € S with xRy and so f(y) < f(x).

We shall show that if AC, holds for every k, then there is a sequence
{x,:n € w) with x,Rx,,, for all n, by contradiction. Assuming that there
is no such sequence, we will construct a function f from S into ordinals such
that f(p) < f(x) whenever xRy. Let X be a well-orderable subset of S.
Every subset Y of X contains an x such that xRy for no y € Y; otherwise
we could use a well-ordering of X to construct a sequence {x,: n € @) with
Xy Rx, 4 for all n. Thus the inverse of R is a well-founded relation on X and
there is a unique ordinal o and a unique function fyx: X’ - « such that
Jx(¥) < fx(x)if and only if xRy for all x, y € X. Now we define f as follows:
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f(x) = sup {fx(x): xe X and X is a well-orderable subset of S}. It is clear
that f is a function from S into ordinals and that f(y) < f(x) whenever
xRy. To show that f(y) < f(x) whenever xRy, it suffices to show that for
every x € S there is a well-orderable set X = S such that f(x) = fx(x).

Let x € S and let f(x) = a. For every & < a, let S, be the set of all pairs
(X, W) such that X is a well-orderable subset of S, Wis a well-ordering of X,
and fx(x) > £. Each Sy is nonempty, and by ACy,, we can choose one (X, W)
in each S;. If Y is the union of the X’s, then Y can easily be well-ordered,
using the W’s, and it is easy to see that fy(x) > f4(¢) for all the X’s. Thus

fi(x) = a
8.2. Independence results concerning the Principle of Dependent Choices

In this section, we present four models which provide us with counter-
examples to complete the study of interdependence started in Section 8.1.
In Theorems 8.3, 8.6, 8.9, 8.12, we construct certain permutation models
and outline how to transfer the results from ZFA to ZF. The first two cases
are applications of the Second Embedding Theorem: The negative statements
transfer automatically, and the positive statements, in this case DC_ and
W,., transfer from the permutation model into the symmetric model by a
proper choice of a feasible normal filter. The transfer of Theorem 8.9
involves the statement (Vx)AC, and needs a further refinement of the
Second Embedding Theorem.

We already mentioned that the implications in Theorems 8.1 and 8.2 are
in a certain sense best possible. Let us be more specific:

(1). If k is regular, then there is a model in which DC; (and hence also
AC, and W,) holds for every 4 < « but both AC, and W, (and also DC,)
fail (Theorem 8.3). If x is singular, then there is a model in which W,
holds for every 4 < x but W, fails (Theorem 8.6). This shows that (a) and
(d) of Theorem 8.1 are best possible.

(2). For every x there is a model in which both AC, and W, hold but
DC,, fails (Theorem 8.12). For every x, there is a model in which W, holds
and ACyg, fails (Theorem 8.6). There is a model in which (Vx)AC, holds
and Wy, fails (Theorem 8.9). This shows that the implication in Theorem
8.1(b) cannot be reversed, that ACy, — Wy, cannot be improved and that
unlike DC, and W, in Theorem 8.1(c), (Vk)AC, does not imply the Axiom
of Choice.

(3). Theorem 8.2 is also best possible because (Vik)AC, does not imply
DCyg, (Theorem 8.9), and for every «, there is a model in which AC, holds
and DC,, fails (Theorem 8.12).
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THEOREM 8.3. Let R, be a regular aleph. There exists a model in which:
(i) DC,; holds for each A < R;

(ii) ACy, fails; there is a family of x pairs without a choice function;

(iii) Wy, fails; thereis a set A suchthat|A| > Aforall A < R, but |A| 3= R,.

Proor. First we exhibit a permutation model ¥~ and then we outline the
embedding of ¥ in a symmetric model A"

Assume that the set 4 of all atoms has cardinality X, and that 4 is a
disjoint union of R, pairs 4 = { J,<x_P;, P, = {a,, b,}. Let ¥ be the group
of all permutations = of 4 with the property that for every y < X, either
ra, = a, and nb, = b,, or na, = b, and b, = a,. Let F be the filter on
% generated by the groups

fix (E) = {ne%:nx = xforall xe E},

where E < A, |E| < X,. The filter & is apparently normal and determines
a permutation model ¥". Every xe€ ¥~ has a support E = 4 such that
|E| < 8, and fix (E) < sym (x).

To show that DC; holds in ¥ forevery A < R,,let Se ¥ and let Re ¥~
be such that for every y < A and every y-sequence s in S there exists x&€ S
such that sRx. We are looking for a function fe ¥ such that (f|y)Rf(y)
forally < A.

LemMA 84. If f < R, and g is a function on B with values in ¥, then ge ¥".

ProoF. For every & < f, g(&) € ¥ has a support E, such that |E,| < X,.
Let E = | Js<pE;. Clearly, |E| < X, and E is a support for each g(¢), ¢ < B.
Consequently, if = € fix (E), then ng = g and so sym (g) 2 fix (E), which
means that g € ¥".

Now we can finish the proof of DC,; in #". By Lemma 8.4, for every
y < 4, each y-sequence sin S belongs to 7~ and so R satisfies (in the universe)
the assumptions of DC,. Thus there exists f: 1 — S such that (f]y)Rf(y)
for ally < 1. By Lemma 8.4 again, f belongs to ¥~ and so DC,; holds in ¥".

It is easy to see that the enumeration (P,: y < &,> is in ¥~ and so the set
of pairs {P,:y < X,} has cardinality X, in #". This set does not have a
choice function in ¥ since if £ is a choice function, then there isno E < A,
|E] < X,, such that fix (E) < sym (f): For every |E| < R,, there exists
7y <R, and ne ¥ such that nefix (E) and na, = b, and hence nf # f.
Thus AC,, fails in ¥".

Similarly, one can see that there is no one-to-one function f from X,
into A: If f: X, — A is one-to-one and |E| < X,, then there exists 7 € fix (E)
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and y < R, such that n(f(y)) # f(v) and so nf # f. Hence Wy_ fails in ¥".

To get a symmetric model A~ of ZF in which Theorem 8.3 (i), (ii), (iii)
hold, we use the Second Embedding Theorem and the feasible filter described
in Problem 6.12. _

Let us use the notation from Chapter 6. % is a model of ZFA+AC,
A (the ground model) is the kernel of %, ¥~ = % is the permutation
model described above. We choose some large regular cardinal x and define
A[G] as in the first Embedding Theorem, with 4 = {x,: ¢ < x}, as in
(6.2). Then we have the embedding ~ of % in A[G]. We define ¢ as in
(6.6), and let F be the filter on & generated by

{(H-He F} u {fix (e): e = Axx and |e] < R,}.

Z is a feasible filter and we may use the Second Embedding Theorem
to show that ACy_ and Wy fail in the corresponding symmetric model A",

The proof of (VA4 < 8,)DC, in 4" is along the same lines as in ¥~ and is
based on the following fact:

LemmMa 8.5. If f < R, and g € #[G] is a function on B with values in N,
then ge N,

Proor. First note thatsince B < kandsoifp, = p, S ...ps ..., <B,
are forcing conditions, then p = ( J< gP¢ is a forcing condition, and so,
as in Lemma 5.12, every B-sequence of elements of .# which is in .#[G]
is in 4. A similar argument shows (see also Lemma 6.5) that there exists
a function f: B — A2, fe .M, such that g(&) = ig(f(£)) for each ¢ < B.
Even better, since g has a name g € HS, the function f'can be found such that
f: B — HS. For each &, f(£) has a support (E;, eg), where Ex = 4 and
e S | Jaead, and both |E,| < R andle] <®,. LetE = Ue<pEr.e =e<pe,
and let fe.#® be such that [f(&) = £(£)] =1 for every & < B. Since | E| < ¥,
and le|] < 8,, (E, e) is a support of f and so fe HS. We have g = z(f)
and hence g € A"

Now, if Se A" and Re A" is a relation satisfying the assumptions of
DCy, in A7, then by Lemma 8.5, R satisfies the assumptions in 4 [G].
Using the Axiom of Choice in .# [G], we get a function f: X, — S, fe A#[G]
such that (f[y)Rf(y) for every y < ®,. By Lemma 8.5, f belongs to .4".
This completes the proof of Theorem 8.3.

THEOREM 8.6. Let R, be a singular aleph. There exists a model in which:
(i) DC; holds for each A < cf (R,);
(it) W, holds for each A < R,;
(ili) Wy, fails and AC g ) fails.
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A

(Thus for every k, there is a model in which W, holds and ACy, fails; it
suffices to take X, > x such that cf (X,) = X,.)

Proor. Again, we exhibit first a permutation model ¥~ and then outline
how the result transfers to ZF.

Let the set 4 of all atoms have cardinality X,. Let % be the group of all
permutations of 4, and let % be the normal filter on ¥ given by the ideal
of sets of atoms of cardinality less than R,. That is, & is generated by the
groups fix (E'), where |[E| < R,. Let 7" be the permutation model determined
by #.

It is easy to see that DC; holds in ¥~ for all 1 < cf (X,). This follows
from the fact that if § < cf (R,) and ¢ is a function from B to ¥, then
g € 7. The proof of this fact is the same as in Lemma 8.4. That DC; holds
in ¥ for all A < cf (8,) is deduced from that as in Theorem 8.3.

It is equally easy to see that W, fails in ¥". The set 4 is not comparable
by the cardinality to X,. The proof is a routine use of permutations of A.

Once we show that W, holds for every A < X,, then by Theorem 8.1(¢),
we will have immediately that ACx,, fails. This is because Wy fails.
Thus it remains to show that for every 4 < ¥,, W, holds in ¥".

Let 1 < R, and let X e ¥". We will show that |X| < 1 or [X]| > A. Let
E, be a support of X, E, < 4, |E | < K,.

Case (i): For every x € X, E, is a support of x. Then fix (X') € % and by
(4.2), X can be well-ordered in ¥".

Cuase (ii): Let x € X be such that E, is not a support of x. Let £ < 4
be such that [E| <R,, EnE, =0 and E, u E is a support of x. Let
{Es: & < A} be a family of mutually disjoint subsets of 4 such that for each
<A E;nE, =0and|E] = |E|. Foreach ¢ < 4, let n, be a permutation
of A4 such that m efix(E;) and #n/E = E; let x, = m(x). Let
Y = {x;: & < A}. Since 7; € fix (E,) < sym (X), we have x; € X for each ¢,
and so Y= X. Let E' = EU (Js<;E;. Clearly, |E'l <X, and E is a
support of Y so that ¥ € ¥". Actually, Y is well-orderable and the function
J: A~ Y defined by f(&) = x, is in ¥~ because E’ is a support of f. Thus if
we prove that fis one-to-one, we will have |[X| > |Y| = A

We show that m.x # m,x whenever ¢ # n. If m,x = n,x, then since
n/(Eq U E) = Ey U Ecand 7, (E, U E) = E, U E,, we conclude that both
Ey v E; and E, u E, are supports of x,. It will follow from the following
lemma that E, = (E, U Ex) n (E, U E,) is a support of E, and so
E, = n; 'E, is a support of x = m; 'x,. This is a contradiction.
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LeMMA 8.7. Let E,, E, be subsets of A, |Ej| <R, |E,| <R,. If
nefix (E; n E,), then n is a product of permutations ., ..., n,, each of
them either in fix (E,) or fix (E,). Consequently, if x € ¥, and E, and E, are
supports of x, then E, n E, is a support of x.

Proor. After the several lemmas of this kind, this should be a routine
exercise for the reader (n = 3 is sufficient).

To transfer this result to ZF, we use the Second Embedding Theorem.
We choose a regular cardinal k, large enough to make sure that, say,
P*(A) = P°(4)" under the embedding, and let & be the feasible filter
described in Problem 6.12. That is,

d = {x,:¢ <k}
for each ae 4, and & is the filter on ¥ generated by

tix(E), Ec A, |E| <R,
and
fix(e), ec Axk, le] <X

(% is defined as in (6.6).)

Let A be the symmetric model. We will show that Theorem 8.6 (i), (ii),
(iii) hold in .

That W,_fails in .47 is an immediate consequence of the Embedding
Theorem.

To show that DC; holds for each 4 < cf (R,), we notice that if § < cf (R,)
and g € A4 [G] is a function from g to A”, then g e A" (as in Lemma 8.5).
Then the assertion follows.

Thus it remains to be shown that for every 4 < R, W, holds in 4"
Let 4 < R, and let X e 4". We will show that either |X| > A or there is
Ye ¥ such that |X| = |Y] in A". Since W, holds in ¥~, we will be done.

Let 4 consist of all Boolean pairs ((e, E)®, x)? such that (¢, E) is a
support of x; i.e., fix {€) N fix (E) < sym (x). 4 is a symmetric class and
s0 its interpretation 4 is a class of A4". Fore & U A= {xa§: acAd, &<k},
le] < R, and E < 4, |[E| < R,, we denote by A(e, E) the class (in A") of
all x € A" such that ((e, E), x) € 4. Let X be a name for X and let (e,, E,)
be a support of X. We distinguish two cases:

Case (i): For every x € X there exists E such that x € 4(e,, E). As usual,
there is a function e in .4~ such that for each x e 4",

X = e(t, -l))’
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where ¢ is an assignment and Y is a symmetric name. In this context, an
assignment is a pair ¢ = (¢, ,) such that ¢, is a one-to-one function on
some e and f, is a one-to-one function on E, and for some ne @,
t,(x) = i(nx) and #,(a) = i(na).

Let us fix some ¢, such that e, = rng (¢,) and for every x € X, consider
the pair (¥, w(x)), where » is the least element of HS such that there exists 7,
with x = e((t,, £,), ¥) and w(x) is the set of all ¢, such that x = e((z,, 2,), ¥);
let Y be the set of all these pairs. Notice that the correspondence between
X and Y is one-to-one, so that |X| = [Y]in A" and ¥ € %. Actually, each ¢,
represents a well-ordering of a subset of 4; and since #°(4)” = P#°(4)",
it can be concluded that Ye ¥

Case (ii): There is some x € X such that x¢ 4(ey, E) for any E. We will
show that X has a subset of cardinality 4. The method we use is similar to
the proof of Theorem 6.6. Let x be a name for x and let x € A(e, E) for some
e 2 ep. Asin (6.19), we have:

if ye A(e, E) and p It ¢(»), then p: el ¢(¥),

and so it suffices to find ¥ = {y,: & < A} € A" such that: If p IF x ¢ A(e,, E),
and p = p : e, then there is ¢ 2 p such that g It y, € X for every £ < 4, and
q Ik ye # y, whenever & # 5. There exist permutations 7, € g, ¢ < Asuch
that 7, is the identity, n.(a) =aforeachae 4, n e fix (¢p) and e N m,e = ¢,
whenever £ # #; moreover, e* = |} {n.e: £ < 1} has cardinality < ®,. Let
Ye=mexand Y = {y;: £ < A}. We have Yed (eu e*, E). If p is as above,
let ¢ = | ) {mep: & < 4}; q is a condition, ¢ 2 p, and q | 7:x € X for every
¢ < A because 7; € fix (eo) N fix (£, ), so that 7,X = X. We will be done
if we can prove that g I n,x # m,x whenever £ 7. For this, we use a
lemma whose proof follows closely either Theorem 6.6 or Lemma 5.23.

Lemma 8.8 If x, has a support (ey, E,) and x, has a support (e,, E,) and if
gk x; = X,, then there is z with support (e, N e,, E; N E,) such that
glbx, =z

Now, if g, is a stronger condition than g and forces 7, x = =, x for some
¢ #m, then g, IFn,xed(e,, E) and = 'q, Ik x € A(ey, E). However,
m, 'q, 2 p, a contradiction.

THEOREM 8.9. Let X, ., be a successor aleph. There exists a model in which:
(i) DCy, holds;
(ii) both DCy,,, and Wy_, _ fail;
(iii) AC, holds for every A.
(In particular, (VA)AC; does not imply DCy, or Wy, .)
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Proor. First we exhibit a permutation model ¥~ and then outline the
transfer into ZF.

Let the set 4 of atoms have cardinality 8, ,. Let % be the group of all
permutations of 4 and let % be the normal filter on ¥ given by the ideal of
sets of atoms of cardinality at most 8,. Let ¥~ be the permutation model
determined by . Each x€ ¥~ has a support E & A4 such that |E| < &,.

It is easy to check that functions from w, to ¥ belong to ¥ and so
DCy, holds in ¥". It is even easier to see that the set 4 has no subset of
cardinality 8, ,, and so Wy_, , fails in #”; consequently, DCy_, , fails in ¥".

To show that AC; holds in ¥~ for each A, let & = {X,:y < A} be a
family of nonempty sets, Z € ¥". We find a choice function fe ¥~ on Z.
Let £, be a support of & and let E, be a subset of 4 such that E;, n E, =0
and |E,| = R,. We will show that for each y < J there is x € X, such that
x € 4(E, u E,). If we choose one such x for each y, then the choice function
f will have support E, U E; (because X, € 4(E,) for each y) and so fe ¥".
Lety < A, and let y be an arbitrary element of X,. There is some £ such that
yeA(E). There exists a permutation ne % such that = efix (E,) and
n'E < Eyu E;. Hence nyenX, = X,, and since E, U E; 2 n'E is a
support of ny, we can take x = my.

Now we briefly sketch the transfer of the above results into ZF. There is
no problem with the transfer of — Wy ,, and DCyg_. It seems, however,
that the Second Embedding Theorem is too weak to enable to transfer
(V2)C;. We introduce a further refinement of the Embedding Theorem.

In the Second Embedding Theorem, one chooses a large regular cardinal
Kk > |A|, and lets @ = {x,:: & < x} for each a € A, where x,, are subsets of
k (obtained from a generic subset of 4 x k). In the present proof, we will
use a slightly different embedding. If s < k, |s| < 8, consider for each
a€ A and ¢ < x the following subset x,;, of x

1 € X, <> either n € x,: and s
or n¢x, and nes.

The canonical name for each x,; is of course obtained from the canonical
name for x,, by interchanging 0’s and 1’s at every # € 5. Now we let for each
ae A,

(8.1) = {x,:¢<xand s Sk, |s] <R}

We shall define the group ¢ alittle differently from (6.6). Let X be a subset
of (Axr)xK, |X| < X,. By ox we denote the automorphism of B which
interchanges 0’s and 1’s at every point of X. More exactly, if p is a condition,
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let (oxp)(a, &, n) = 1—p(a, &, n) whenever (a, &, n) € X and (oxp)(a, &, 1) =
p(a, & n) otherwise. (Compare with Problem 5.24.) Now for each p € %,
we let (as before) [p] be the group of all permutations w of 4 x x such that
n(a, &) = (p(a), &') for some & (cf. (6.5)), and we let ¥ be generated by
U {[pl: pe ¥} and {ox: X = (AxK)xK, |X| < R,}. Then we let F be
the filter on ¥ generated by fix (E), E< 4, |E| < X,, and fix (e),
e € Axk, |e|] < X, where

(8:2) fix(e) = {me G: n(x,s) = X,y for every (a, &) € e and every s}.

(Note that (8.2) means that oy € fix (e) if and only if X n (exx) = 0.)
The filter & is a normal filter on % and 4 has a symmetric name. If one goes
through the proof of the First Embedding Theorem, one can verify that
the same result holds in the present context. In particular, one can choose
k > R, so large as to get #°(4)” = P°(4)". The failure of Wy_,  transfers
from ¥" to A easily, and so does DCy,, due to the choice of % (if
g: w, > N, ge MH[G], then ge A").

It remains to show that AC; holds in A" for every . Let 4 be fixed and
let Z = {X,:y < A} be a family of nonempty sets in .#". We are looking
for a choice function fe /" on Z. Let 4 be the support relation, with
E < Aand e € Axxk (convention: e = {x,:(a, &) ee, s S K, [s| < R}).

LemMA 8.10. There exists Ey = A, |Ey| < R, with the following property:
For every y < A there exists an x € X, such that for some e, x € A(e, Ey).

Proor. For each y, let Y, be the set of all pairs (E, W) such that £ < A,
W is a well-ordering of E and there exists an x € X, such that for some
e,xe€A(e, E). The sets Y, are nonempty for each y < A and since
Y = {¥,:y < A} e Z°(4)”, it follows that ¥ € ¥". Thus there is a choice
function on Y. Take the union of all the chosen E’s; this set E, can be
well-ordered (using the chosen W’s) and since it is a subset of 4, it follows
that E, € ¥ and |Ey| < R,. Obviously, this E, will do.

Let £ be a name for Z and let (e, E,) be a support of &; we may
assume that E, satisfies the assertion of Lemma 8.10. Let ¢, = 4 xx be
such that e; ney = 0 and that for each aeE,, |e; n ({a} xk)| = R,.

LEMMA 8.11. For everyy < A, there exists an xe X, such that xe A(e, U ey, Ey).

ProOF. Let ye A(e, Eg)and let p 1ty e X,. We may assume thatp =p :e.
We shall find a stronger condition g which forces y € 4(eo U e, Ep). There
is me % such that wefix (ey), n(a) = a for all ae A and e S ¢y U €.
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However, p and np may not be compatible. Let X be the set of all places
where p and znp disagree; let ¢ = 6. Then p and onp are compatible. Since
X n(epxk) =0, we have o efix (¢o) and so oZ = Z. Also, we have
ony =7, and so

onp |- omy e X,.

Since ony € A(e, U e, Ey), we have
puonplk (Axe X, )xe d(ep U e,, E).

Now we fix an assignment ¢ with range e, U e, and E, and define (in A4")
a choice function f on Z as follows: f(y) = x, where x = e(¢, ) with y
being the least such name (such y exists by Lemma 8.11).

THEOREM 8.12. Let k be a regular cardinal. There exists a model in which:
(i) the Principle of Dependent Choices fails;
(ii) AC; holds for each A < x;
(iii) W holds for each 4. < k.
(In particular, ACy, does not imply DCy,.)

ProoF. Assume that |4| = k and identify the elements of 4 with finite
sequences s = {&,, &, ..., ,_,» of ordinals smaller than x. The set A4 is
partially ordered by the extension of sequences, and we let ¢ be the set of
all automorphisms of (4, ); that is, n(s) has the same length as s, and
s < ¢t implies n(s) < n(¢). Let I be the following ideal of subsets of A:
Aset E< Aisin Iif:
(i) 1E| < x;
(if) s = tand t € E implies s € E;
(iii) E has no infinite branch; i.e., there is no f* @ — « such that flne E
for all n.
Let 7 be the filter on ¥ generated by {fix (E): E€I}. Let #” be the permuta-
tion model given by Z.

It is easy to see that the principle of dependent choices fails in ¥”. The
relation s < 7 on A satisfies the assumptions of the principle but there is no
infinite sequence {s,:new}e ¥ of elements of A such that s, = sy <

.. © 8, © .... This is because for every E e[ there exists mefix (E) such
that ns, # s, for some n.

To show that AC; holdsin ¥  forevery A < k,let Z = {X,:y < A} e ¥
be a family of nonempty sets, for some . < k. We want to find a choice
function fe?” on Z. Let Ecl be a support of Z. Notice that
sym (X,) = fix (E) for each y < A. For each y < 4, choose some y, € X,
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and some E, € I such that E, 2 E and y, € 4(E,). By recursion on 7, one
can find automorphisms n,€ % such that =, €fix (E) for each y, and
n,(E,) N ns(E;) = E whenever y # J (exercise). Let x, = n,(y,) for each
y < A. Let

E' =) {n,(E):y < 1}.

The reader can easily verify that E’ € I. It follows that E’ is a support of
each x,, and that x, = =y, e 7, X, = X,. Hence the function f defined on
Z by f(X,) = x, is in A(E") and so belongs to ¥".

To show that W, holds in ¥~ for every 4 < k, we proceed as in the earlier
theorems of this section. Let 4 < x, and let X e ¥~ with a support E,.
Either E; is a support for every x € X and then X can be well-ordered,
or we take x € X with a support E 2 E, such that x ¢ A(E,) and find 4
automorphisms 7,, ¢ < A, such that n, € fix (E;) and 7,(E) nn,(E) = E,
whenever £ # n. Then n,x € X for each £ and the furction f: £ + 7, x has
support | {m:E: £ < i}. To show that m,x # =,x whenever ¢ # 7, one
uses the, by now notorious, lemma which says that if E; and E, are both
supports of some z, then E, n E, is also a support of z. (Compare with
the proof of W, in Theorem 8.6.)

To transfer this result to ZF, one can use the methods outlined in the
proof of Theorems 8.3, 8.6, 8.9.

8.3. Problems

1. There'is a model in which AC, holds for every 4, but for finite # there
is a family of n-element sets without a choice function.

[Hint: Show that in the model in Theorem 8.9 the family of all n-element
subsets of 4 has no choice function. ]

*2. Assume 2% = R, . There is a model in which (i) AC, holds for all 4,
(ii) Wy, holds, (iii) Wy, fails, and (iv) DCy, fails.

[Hint: Let |4| = ®,, and order 4 as the real numbers. Let ¥ be the
group of all order-preserving permutations, and let & be given by the ideal
of intervals (—o0, a). Let ¥~ be the permutation model. Proofs in ¥
(i) The same idea as in Theorem 8.9. (ii) The same idea as in Theorem 8.6.
(iii) |4 > R, in ¥” but not < R,. (iv) Let R be the following relation on
A: sRx if and only if x > sup (s). If s € ¥7, then s is bounded, but there is no
increasing w;-sequence of elements of 4 (in ¥~ or otherwise) and so R
is a counterexample. ]

3. Wy, implies that every countable family of finite sets has a choice function.
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*4. There is a model which satisfies Wy, and which has a countable family of
countable sets without a choice function.

[Hint: Let {A;:iew} be a disjoint family of countable sets and let
A =|)Z04;. Let 4 be the set of all permutations of 4 which preserve
each A;; let & be the filter given by the ideal I generated by finite unions of
A;s. In the permutation model ¥, {4;:ie w} is a countable family of
countable sets without a choice function. To show that ¥~ satisfies Wy,
proceed as in Theorem 8.6. If X'e ¥", X € A(E,), then either X < A(E,)
and X is well-orderable or there is xe X, x¢ A(E,) and we let ¥ =
{nx: nefix (Ey)}. Y has at least two elements and is well-orderable. To
show that Y is infinite, argue as follows: otherwise, there is a homomorphism
of the symmetric group S, of all permutations of w onto some S,, and S,
has a normal subgroup of finite index. This is impossible due to a group-
theoretical truth saying that S, has only normal subgroups of infinite
index.]

5. There is a model of ZF in which the Ultrafilter Theorem (see Section 2.3)
fails but every infinite set has a nontrivial ultrafilter.

[Hint: In the model 4" of Theorem 8.3, with X, = 8, the Axiom of
Choice fails for a family of pairs and so the Prime Ideal Theorem fails. On
the other hand, every infinite X €.4" has a countable subset, and since
countable subsets of w are the same in 4" as in the ground model .# which
satisfies the Axiom of Choice, an ultrafilter on w in .# yields a nontrivial
ultrafilter on X in A"}

8.4. Historical remarks

The generalized version of the Principle of Dependent Choices was
formulated by Levy [1964], who also proved Theorem 8.1 and the ZFA
versions of Theorems 8.6 and 8.9 and Problem 2. Theorem 8.3 is due to
Mostowski [1948] (the ZFA version) and Jech [1966¢] (the ZF version).!
The transfer of W, in Theorem 8.6 and of (VA)AC; in Theorem 8.9 is due
to Pincus {1969]. Theorems 8.2 and 8.12 were proved by Jensen [1967]. The
result in Problem 1 was announced by Gauntt [1967]; the result in Problem 4
is in Pincus [1969].

! As for the announcement of Marek [1966], see footnote 2 in Chapter 7.



CHAPTER 9

NONTRANSFERABLE STATEMENTS

9.1. Statements which imply AC in ZF but are weaker than AC in ZFA

Judging from the results of Chapters 5-8, the reader might get the wrong
impression that every independence result obtained in ZFA can be trans-
ferred into ZF. The transfer was sometimes easier, sometimes harder, but
always possible. This is, however, not always the case. In this chapter,
we consider several consequences of the Axiom of Choice which are its
equivalents in ZF but do not imply it if atoms are permitted.

Let AC denote the Axiom of Choice and consider the following statements:

MC. Axiom oF MULTIPLE CHOICE. For every family S of nonempty sets,
there exists a function f on S such that f(X) is a nonempty finite
subset of X for each X € S.

A. ANTICHAIN PRINCIPLE. Each partially ordered set has a maximal anti-
chain (i.e., a maximal subset of mutually incomparable elements).

L. Every linearly ordered set can be well-ordered.

P. The power set of every well-ordered set can be well-ordered.

We will show that all these statements follow from AC in ZFA, are equivalent
to AC in ZF, and AC is independent from each of them in ZFA.

THEOREM 9.1
(a). InZFA,AC->MC > A > L - P.
(b). In ZF, P implies AC.

Prook. (a). AC — MC is obvious.

MC — A: Let (P, <) be a partially ordered set. By MC, there is a
function f such that for each nonempty X = P, f(X) is a nonempty finite
subset of X. Let g be the following function: for each nonempty X < P,
g(X) is the set of all <-minimal elements of f(X); g(X) is a nonempty

133
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finite antichain. Using g, we construct a maximal antichain in P by trans-
finite recursion: We let 4, = g(P), and for each «, 4, = g(X), where X
is the set of all x € P which are incomparable with all ae | ) {4;: p < a}.
The union of all 4,’s is a maximal antichain in P.

A — L: Let (Q, <) be linearly ordered. To show that Q can be well-
ordered, it suffices to obtain a choice function on the power set of Q. Let
P be the set of all pairs (X, x), where X is a subset of Q and x € X; define
a partial ordering < on P by:

(X,x) < (Y,y)ifand only if X = Yand x < y.

By A, (P, <) has a maximal antichain in 4. It is easy to see that A defines
a choice function on Z(Q).

L — P: If X is a well-ordered set, then the power set of X can be linearly
ordered (lexicographicaily). By L, Z(X) can be well-ordered.

(b) Assume that the power set of every well-ordered set is well-orderable.
To show that AC holds, it suffices to show that for every limit ordinal «,
the set V, of all sets of rank less than a can be well-ordered. Let o be a
fixed limit ordinal; we will show that there exists a sequence {(Wj: f < «)
such that for each g < «, W; is a well-ordering of V. This will clearly be
sufficient. Let x be the least ordinal (actually a cardinal) such that there is
no one-to-one mapping of k into V,. By P, #(k) can be well-ordered;
let us fix a well-ordering W of Z(x). We define W, by recursion on f < a:
W, =0, and if § is a limit ordinal, then we define W, on V; = (J,<; ¥,
in the obvious way from W,’s, y < . If f =y+1, then ¥V, = Z(V,).
The set V, is well-ordered by W, and is therefore in a one-to-one corre-
spondence with some ordinal A < x. Then we use this one-to-one corre-
spondence and the well-ordering W of Z(x) to get a well-ordering W of
2V,).

9.2. Independence results in ZFA

In this section we show that none of the implications in Theorem 9.1(a)
can be reversed. For each of the implications we present a permutation
model in which the implication fails.

THEOREM 9.2. There are permutation models ¥, ¥ ,, V"5, ¥, suchthat:
(i) in ¥";, MC holds and AC fails;
(i) in ¥, A holds and MC fails;
(i) in ¥"5, L holds and A fails;
(iv) in ¥4, P holds and L fails.
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Proor. First notice that P holds in every permutation model. By (4.2),
a set X can be well-ordered in ¥ if and only if fix(X) € #. Thus if X can be
well-ordered in ¥7, then fix(X)e %, and since fix(#(X)) = fix(X),
it follows that (X ) can be well-ordered in ¥”. Now we present the four
models.

(i). Let ¥, be the second Fraenkel model of Section 4.4, where
A =Py, P, = {a,, b,}, ¥ consists of all permutations which preserve
each P, and % is given by the ideal of finite subsets of 4.

The Axiom of Choice fails in #”;. To show that MC holds, we exhibit
a function F which to each nonempty X € ¥, assigns a nonempty finite
subset, and F is symmetric; i.e., F(nX) = n(F(X)) for every ne 4. For
each nonempty X € ¥7,, consider the set o(X) = {nX: = € ¥}. Choose one
X in o(X), choose some x € X, and let

(0.1 F(X) = {nx: nesym (X)}.

It is rather easy to see that if 7X = X, then n{F(X)) = F(X). Thus we can
define unambiguously

F(pX) = p(F(X))

for each pX € o(X). If we do this for every o(X ), we get a symmetric function
F such that F(X) is a nonempty subset of X for each nonempty X, and
always there is an x € X such that (9.1) holds.

It suffices to show that F(X) is finite. There is an »n such that nx = x
for every = € fix (P, L ... U P,). Consequently, if = and p are two permuta-
tions in & and if = and p agree on P, U ... U P,, then nx = x. Thus the
size of F(X') is at most the number of equivalence classes under the equiv-
alence n ~ p if and only if na, = pay, ..., na, = pa,. Since this is 2"*1,
F(X) is finite.

(ii). Let ¥7, be the basic Fraenkel model of Section 4.3, where 4 is
countable, ¥ is the group of all permutations of 4 and % is given by the
ideal of finite subsets of 4.

To show that MC fails in #",, we show that the power set of 4 in ¥,
does not have a multiple choice function. If f'is a function on £”(4) and
E is a support of £, then Z = f(4—E) is not a nonempty finite subset of
A—E. This is because for every nonempty finite X = 4—E there exists
7€ % such that 7 € fix (E), nf = fand nX # X.

To show that A holds in ¥7,, it suffices to show that in ¥”, every non-
empty family P of sets has a maximal <-antichain, i.e., a maximal subfamily
Z such that for any x, y € Z, x < y implies x = y. This is sufficient because
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every partially ordered set (P, <) can be represented by (P’, <), where P’
consists of all sets {y:y < x} for x € P. The key property of ¥”, used in
the proof is the following lemma:

LemmA 93. If xe ¥, and m € 9 is such that x < nx, then X = T7X.

Proor. Let xe ¥, and we ¥, and assume that x = nx. We shall find
k > land p € ¢ such that p = p~! and px = 7*x. Since x < nx, we will
have x € px = n*x and px = p~'x < x, so that n*x = x; consequently,
X = X.

Let E be a support of x. For every a € A4, let

cl@) ={rla:i=..,~-2,-1,0,1,2,...}

and let D be the union of all ¢(a), a € E, which are finite. D is a finite set
and nD = D, so that 7 is a permutation on D. Hence if n is a multiple of
the size of each c(a), a € D, then 7" € fix (D). If a € E— D, then eventually
7" is outside E. Thus there exists ¥ > 1 such that n*a = a for each ae D
and n*a ¢ E whenever a € E—D. We define p by pa = n*a and p(n*a) = a
for each a€ E, and pa = a otherwise. Obviously, p = p~*, and since p
and n* agree on E, we have px = n*x.

Let Pe ¥, be a nonempty family of scts. We will construct a maximal
<-antichain Z € ¥~, in P. Consider the collection of all antichains Z in P
such that sym (Z) = sym (P). It is easy to check that this collection satisfies
the assumptions of Zorn’s Lemma and so there is 2 maximal Z in this
collection. Since sym (Z) = sym (P), we have Ze¥",. Now it suffices
to prove that Z is a maximal antichain Z € ¥, in P. This will clearly follow
from the following lemma:

LEMMA 9.4. If Z is an antichain in P such that sym (Z) 2 sym (P)and if
z e P is incomparable with each xeZ, then there exists an antichain
Z' 2 Z v {z} such that sym (Z') 2 sym (P).

Proor. Let Z' = Z U {nz: = e sym (P)}. Obviously, sym (Z') = sym (P).
To show that Z’ is an antichain, note first that each nz (% € sym (P)) is
incomparable with each xe Z: If, e.g., nz € x, then z = " 'nz < 77 'x,
a contradiction since 7~ 'xeZ. The nz’s are mutually incomparable,
7,z S m,z implies z S n] 'n,z, which implies 7,z = n,z by Lemma 9.3.
Thus Z' is an antichain.

(iii) Let ¥"; be the following permutation model. Let 4 be countable
and let < be a universal homogeneous partial ordering of A (see Section 7.2
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for the details). Let ¢ be the group of all automorphisms of (4, <) and let
& be the normal filter given by the ideal of finite subsets of 4. Every X e 77,
has a finite support £ & A. In the proof we will use the following properties
of (A4, <), established in Section 7.2.

LemMMA 9.5

(a). If (E, <) is a finite partially ordered set, E, < E and if e, is an
embedding of (E,, <) into (4, <), then there is an embedding e of (E, <)
into (A, <) which extends e,.

(b). IfE, and E, are finite subsets of A and i is an isomorphism of (E,,<)
and (E,, <), then i can be extended to an automorphism of (4, <).

(c). Ifboth E, and E, are supports of X, then E, N E, is also a support of X.

To show that A fails in ¥”5, we show that (4, <) does not have a maximal
antichain in ¥";. By Lemma 9.5(a), every finite antichain in A4 can be
extended, and so a maximal antichain would have to be infinite. On the
other hand, if Z is an antichain and E is a support of Z, then Z < E.
This is because if a ¢ E then by Lemma 9.5(a), (b), there exist € ¥ and
be A such that a < b, nx = y and nefix (E); thus ae Z would imply
beZ.

To show that L holds in ¥75, note first that by virtue of Lemma 9.5(c),
every X € ¥"; has a least support and that the function assigning to each
X e ¥ 5 its least support is in the model. Secondly, we recall that for each
finite £ < 4, the class A(E) of all X € #"; supported by E is well-orderable
in the model since fix (4(E)) = fix (E).

Let (Q, <) be a linearly ordered set in ¥";. We will show that Q < 4(E)
for some finite £ and thus is well-orderable in #"5. Let S be the set of all
least supports of elements of Q. We will show first that S can be linearly
ordered in #"; and then that S is finite. Thus we will have Q = A(E) where
E = | S and we will be done.

For each E € S, let Qp be the set of all those x € O whose least support is
E; {Qg: Ee S} is a partition of Q. Divide S into equivalence classes such
that E; ~ E, if and only if (E,, <) and (E,, <) are isomorphic. For each
equivalence class C, < S, choose (in the universe) an Ee C and a well-
ordering Wy of Qg; then let #™ = {sW : ne ¥, one E in each equivalence
class}. The set #” is symmetric and thus in the model. For each E € S, the set

W ={WeW: Wis a well-ordering of Q;}

is finite. Thus we can assign (in ¥";) to each E € S the finite set

Ty = {z € Qp: z is the W-least element of Oy for some We# 5}
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and then we let z; be the <-least element of Tg. The function which to each
Ee S assigns zz € Q is one-to-one and this yields a linear ordering of S.

Let < be a linear ordering of S and let E, be a support of (S, <). We
show that each E € S is a subset of E,. If E is not a subset of E,, then by
Lemma 9.5(a), (b), there exist 1€ % and E’ # E such that nE = E’,
nE’ = E and = € fix (E,). Hence E cannot be in S because that would imply
E'e S, and either E < E’ or E’' < E would contradict the fact that
n(<) = <. Thus S is finite.

(iv). Let #7, be the ordered Mostowski model of Section 4.5. By the
remark at the beginning of this proof, P holds in ¥,. On the other hand,
L fails in ¥”, because AC fails and ¥, satisfies the ordering principle.

9.3. Problems

All the statements considered in Chapter 9 are stronger than the statement
P. Compare with the following result.

1. Let y(X) be a formula which allows only quantifiers of the type Vx ey,
Ix ey, Vxe Z(y) and Ixe P(y). If AC is provable from (VX )Y(X) in
ZF, then in ZFA (VX y(X) implies P.

[Hint: If (YX)y(X), then the kernel .# satisfies (VX )y(X). Since A is
a model of ZF, .# satisfies AC. If X is a well-orderable set, then there is a
one-to-one mapping of X into .# and consequently, a one-to-one mapping
of #(X) into A . Since AC holds in .#, (X ) can be well-ordered.]

Consider the following two statements:

IntecTION PRINCIPLE: For every set S and every proper class C there is a
one-to-one mapping of S into C.

PROJECTION PRINCIPLE: For every set S and every proper class C there is a
mapping of C onto S.

2. In ZFA, the Injection Principle implies the Projection Principle, which
in turn implies the Axiom of Choice. In ZF, the Axiom of Choice implies
the Injection Principle.

[Hint: If the Projection Principle holds, then for every set S there is a
mapping of On onto S, and AC follows. In ZF+ AC, prove the Injection
Principle using ¥ = \ Jycon Va1

There is an alternate axiomatization of set theory, which considers
classes as objects of the theory. A transitive model of the class-set theory
is given by a transitive class (the universe of the model), and a collection of
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subclasses of that transitive class which serve as the classes of the model.
In particular, if ¥~ is a permutation model then the classes of the model
are those subclasses of ¥~ which are symmetric, ie., C = ¥ and
sym(C) = {ne¥:n"'C}eF.

The permutation models can be generalized to the case of a proper class
of atoms. Assume that 4 is a proper class. In that case, every x belongs
to some #*(D) where « € On and D is a subset of the class A. A permutation
n of A is a permutation of some subset D of A4 (it is understood that na = a
for atoms outside D).! Consider a class % of permutations of 4 which is
a group, and a class I which is an ideal of subsets of 4 (e.g., the ideal of all
finite subsets). We can call x symmetric if there is E e I such that nx = x
whenever 7 leaves E pointwise fixed. Then the class ¥~ of all hereditarily
symmetric elements is a transitive model, and its classes are the symmetric
classes.?

3. There is a model with atoms in which the Axiom of Choice holds and
the Projection Principle fails.

[Hint: Let A be a proper class, let 4 be the group of all permutations of
A, and let I be the ideal of finite sets; let ¥~ be the model. Every set of atoms
in ¥ is finite, so that every X € ¥  has only finitely many atoms in its
transitive closure and thus is well-orderable. On the other hand, the class
of all atoms cannot be mapped onto w by a function in ¥~ (i.e., symmetric).]

*4, There is a model with atoms in which the Projection Principle holds
and the Injection Principle fails.

[Hint: Let A be a proper class and enumerate the atoms by w-sequences
of ordinals. Consider the permutations = of 4 which satisfy:

(9.2) ifa,be®On, new, and aln = bln, then (na)ln = (nb)|n.

(Let 7 be a permutation of a subset D of 4 satisfying (9.2) and then define #
outside D by (9.2) if necessary, and by (na)(n) = a(n) otherwise. Let % be
the class of all such z.) For each n, let H, consist of all those 7 € ¢ such that
(ra)ln = aln for all ae 4. Call X symmetric iff there exist a finite E = 4
and € w such that X = X whenever nefix (E)n H,. Let ¥~ be the
model. In ¥, every set of atoms is finite and every set has only finitely

1 More generally, # may be a class but definable from a set (that will be the case in
Problem 4).

2 Notice that the notion of symmetric and hereditarily symmetric sets can be precisely
expressed in the language of ZF-}-atoms, and the key factor is that each set has only a
set of atoms in its transitive closure.
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many atoms in its transitive closure. There is no one-to-one mapping in ¥~
of w into A. To show that every class in ¥~ can be mapped onto every set,
argue as follows: The Axiom of Choice holds in ¥". 1t suffices to show that
every proper class in ¥~ can be mapped onto On, for On can be mapped
onto any (well-ordered) set. The class A can be mapped onto On by an
H,-symmetric map: F(a) = a(0). Similarly, every class 4, = {ae A:a 2 s},
where s is a finite sequence of ordinals, can be mapped onto On. If Cis a
proper class in #”, consider the class B of all 4 N TC(X) for X e C (TC(X)
is the transitive closure). Elements of B are finite sets of atoms and | J B is
either finite, in which case C is well-orderable, or contains 4, for some s.
Then C is mapped onto finite sets of ordinals, thus onto On.]

9.4. Historical remarks

The material in this chapter appears in the article of Felgner and Jech
[1973]. The fact that P implies AC in ZF was observed by Rubin and
Rubin [1963]. The antichain principle A was formulated by Kurepa [1953]
and the independence of AC from A appears in Halpern [1962, 1972]. The
independence of AC from MC is due to Levy [1962]. The observation in
Problem 1 is due to Pincus [1969]. Problems 3 and 4 answer a question from
the book of Rubin and Rubin [1963]; the first model is due to Felgner,
the other to Jech.



CHAPTER 10

MATHEMATICS WITHOUT CHOICE

10.1. Properties of the real line

In Chapter 2, we gave several examples where the Axiom of Choice is
used in mathematical proofs. In the present chapter, we will show that the
Axiom of Choice is indispensable in those proofs. We will provide examples
of models of set theory where the Axiom of Choice fails and so do the
theorems which otherwise can be proved with the help of the Axiom of
Choice.

Chapter 2 itself gives several examples of mathematical statements which
are equivalent either to the Axiom of Choice or the Prime Ideal Theorem.
Since neither is provable in ZF, the statements in question are not provable
in ZF either. Here we give some additional examples, mostly related to the
properties considered in Chapter 2.

THEOREM 10.1. There is a model of ZF which has an infinite set of real
numbers without a countable subset.

This was of course proved in Chapter 5; the basic Cohen model is the one.
Here we are rather interested in the comsequences. Thus consider the
following statement:

(10.1) There is an infinite set of reals without a countable subset.

COROLLARY 10.2. There is a set S of real numbers and a real number a ¢ S
such that a is in the closure of S but there is no sequence {x,}.. of elements
of S such that a = lim,_, ,, x,,.

(Compare with Example 2.4.3(a).)

Proor. Let D be a D-finite infinite set of reals. The set D must have

an accumulation point; for if all d € D are isolated, then let {[,:n = 0, 1, ...}

be a fixed enumeration of open intervals with rational endpoints and assign
141
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to each d € D the least n such that I, n D = {d}; this makes D countable.
Let a be an accumulation point of D and let S = D — {a}. Since S is D-finite,
every convergent sequence in S is eventually constant.

COROLLARY 10.3. There is a function f from the reals into the reals and a
real number a such that f is not continuous at a, but whenever {x,};., is a
sequence with lim,_, , X, = a, then lim,_, o f(x,) = f(a).

(Compare with Example 2.4.3(b).)

Proof. Let S and a respectively be the set and the real number from
Corollary 10.2. Let f be defined by f(x) = 1if xe S and f(x) = 0if x ¢ S.
Then f(a) = 0, f is not continuous at a and every sequence {x,},~, con-
verging to a is eventually outside S.

CoRroLLARY 10.4. There is a set T of real numbers which is neither closed
nor bounded but every sequence of points in T has a convergent subsequence.
(Compare with Example 2.4.3(c).)

Proor. Take the set S from Corollary 10.2, and let T be its image under
a homeomorphism which transforms the interval (infS, sup S) into
(— o0, +o0). Every sequence in 7 has only finitely many distinct terms.

CoROLLARY 10.5. There is a subspace of the real line which is not separable.
(Compare with Example 2.4.4.)

ProOF. Any D-finite infinite set of reals (with the natural metric) will do.
(Notice that the subspace still has a countable open base.)

THEOREM 10.6. There is a model of ZF in which the set of all real numbers
is a union of countably many countable sets.

PrOOF. We will construct a symmetric model of ZF with the required
property. Assume that the ground model # satisfies the Generalized
Continuum Hypothesis. Let P be the set of all finite sets p of triples (n, i, o),
such that:

(10.2) () new, iew, aew,;
(i) (n, i, a)ep and (n, i, B) € p implies « = B.

Let p be stronger than g just in case p = g. (There is the following way to
look at P: each p is a union of finitely many p,’s, where p, is a function from
a finite subset of ® into w,.) Let B = RO(P) and let .#” be the Boolean-
valued model. Let G be a generic subset of P and let #[G] be the corre-
sponding generic extension of 4.
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Let 4 be the group of all permutations of w X w with the following
property:
(10.3) if n(n, i) = (m, ), then n = m.

Thus for each e ¥ there exist permutations 7, of w (ne€ @) such that
(10.4) n(n, i) = (n, m,i).

Every # € ¢ induces an automorphism of (P, <) as follows:

(10.5) np = {(n, m,i, «) : (n, i, «) € p}.

Consequently, = may be considered an automorphism of B. For every
new, let H, be the group of all # e & such that m, is the identity for all
k < n. Let & be the filter on ¥ generated by {H,: n € w}. It is easy to verify
that & is a normal filter.

Let A~ be the symmetric submodel of #[G] determined by #. We are
going to show that the set of all reals in .#” is a countable union of countable
sets. Let x be a real (a subset of w) in .#". Then there is a name x of x such
that dom (x) = {m: me w} and sym (x) 2 H, for some n € w. For each
ne w, let B, be the set of all ue B such that nu = u whenever n e H,.
B, is a complete subalgebra of B.

Lemma 10.7. If ue B,, then
u=)Y {(p:n):peP and p < u},
where
p:n={(kia)ep: k <n}.

Proor. It suffices to show that if p < u, then p: n < w. If it is not so, and
if there is some g 2 p : n such that ¢ < —u, then one can easily find 7 € H,
such that ng and p are compatible, which is a contradiction because nu = u,
p<uandng € —u.

It follows that for every n and every n € ¥, if u € B,, then nu € B,, since
by Lemma 10.7, B, consists exactly of all possible sums

(10.6) Y {p:peS}, S<P, p=p:n foral pes.
Every real x € 4" has a name x such that
(10.7) dom (x) € {m:mew}, rng(x)< B, forsome ne w.

For each n, let S, be the set of all x which satisfy (10.7) and let R, € #” be
as follows:
dom(R,) =3S,, Rfx)=1 forall xeS,.
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By (10.6), if x€ S, and = e ¥, then nx e S, and so nR, = R, for each n.
Consequently, the function

(10.8) nv R,

where R, is the interpretation of R,, is in the model .#". Also, the set
|J {R,: n e w} contains all reals in ", so that if we prove that each R, is
countable in 47, we will have a decomposition of the reals into countably
many countable sets in A",

Lemwma 10.8. |R,| = R, for every n.
Proor. This follows from (10.6) and the fact that 2** =R, ;.
LemMA 10.9. Every R, (in M) is countable in N".

Proor. Let new. Let fe . #[G] be a function with the following name

[ 0®) =ty =Y {peP: (i, 0)ep}  (icw acn,).

Obviously, if n € H,,,, then nu,;, = u,;, forallie w, ¢ € w,, and so fe A",
By the genericity of G, fis a mapping of © onto w,.

Now it follows by (10.7) that each S, is countable in .4 and so each R, is
countable in .#". This proves that in A4, the set of all real numbers is a
countable union of countable sets.

It follows from Theorem 10.6 that without the Countable Axiom of
Choice it is impossible to define satisfactorily Lebesgue measure, or even
Borel sets.

Also, in the above model, ¥, is a limit of a countable sequence of countable
ordinals, see Problem 3. (As a matter of fact, the singularity of X, follows
directly from the decomposition of the reals into countably many countable
sets, cf. Problem 2.)

THEOREM 10.10. There is a model of ZF which satisfies the Principle of
Dependent Choices and in which every set of real numbers is Lebesgue
measurable.

We will not give the proof of this theorem, which involves a rather com-
plicated forcing construction. Let us only mention that the model is con-
structed under the assumption of an inaccessible cardinal.

As outlined in Chapter 2, the Principle of Dependent Choices enables
to prove all the ‘positive’ properties of Lebesgue measure. In the model,
every set of reals differs from a Borel set by a set of measure zero. Also,
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every set of reals differs from a Borel set by a meager set, and consequently,
every set has the Baire property. For details, we refer the reader to the
literature.

10.2. Algebra without choice

Here we present three counterexamples to algebraic theorems discussed
in Examples 2.2.2, 2.2.3 and 2.2.5.

TueoreM 10.11. There is a model in which a vector space exists which has
no basis.

Proor. We construct a permutation model with the required properties.
Then the First Embedding Theorem can be used to get a model of ZF.

Assume that the set of all atoms is countable, and endow 4 with operations
+ and - in such a way that 4 becomes an infinite-dimensional vector space
over the field of rational numbers. Let & be the group of all automorphisms
of 4 and let % be the filter given by finite subsets of A. Thus x is symmetric
just in case sym (x) = fix (E) for some finite E = A.

Let ¥~ be the permutation model. In ¥", 4 is an infinite dimensional
vector space over the field of rational numbers. However, 4 does not have
a basis in 7.

Let Be ¥ be a linearly independent subset of 4; we show that B is finite.
Let E be a finite subset of 4 such that sym (B) = fix (E). Let [E] be the
subspace of A generated by E. Assume that B is infinite; since [E] is finite-
dimensional, there exist distinct x, y € B outside [E]. Let # be an auto-
morphism of 4 which leaves [E ] pointwise fixed and 7(x) = x+y (show that
there is such m). We have n e fix (E) < sym (B) but nx ¢ B. Thus B is
finite and A4 has no basis in ¥".

THEOREM 10.12. There is a model in which a free group F exists such that not
every subgroup of F is free. In particular, there is a free group whose com-
mutator subgroup is not freely generated.

ProoOF. Again, we present a permutation model with the understanding
that the result can be transferred to ZF by means of the First Embedding
Theorem.

Let 4~ be the basic Fraenkel model; that is, ¢ is the group of all permuta-
tions of the countable set 4 of atoms and # is given by the ideal of finite
sets. Let F be the free group whose free generators are the elements of 4.
We recall that every element of F can be uniquely written in the form
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aflai! ...al’,
where the a; are in 4 and no a appears adjacent to an a~*. Let C be the
commutator subgroup of F; C is the subgroup generated by the elements
of the form
xy. x 1 y - 1’

where x, y € F. We will show that C is not a free group in #".

Contrariwise, assume that there exists a set O < C of free generators of
C such that Q € ¥". There is a finite set E & A such that #Q = Q whenever
n e fix (E). Let u and v be two distinct elements of 4, both outside E and
let & be the permutation of A defined by nu = v, nv = u, and na = a other-
wise.

Note that every permutation of 4, in particular n, acts as an automorphism

on the free group F. Let us consider the following element of C:
c=uvu 7},
and let
c=gq;...q"
be the unique expression of ¢ in terms of the free generators from Q. Since
nc = ¢~ 1, we have

—g

¢t =a(g})...n(g) =g, ... 41
We have nQ = Q, which means that nq € Q for every g € Q, and by the
uniqueness of expression in terms of free generators it follows that

7'Z:ql = qp, A chn = ql
and
£ = —&y, .-y £, = —E&;,

which implies that » = 2k and that

(10.9) c=b-n(b™),
where

(10.10) b =qf ... qF.
Let

(10.11) b=al..ar

be the unique expression in terms of generators from A. By (10.10), b
belongs to C and since C is generated by commutators xyx~ 'y ™1, it follows
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that for every a € A, in particular for u or v, the sum of its exponents in

(10.11) is 0. We will derive a contradiction. By (10.9), we have
wu~ v = a} ... &ra(a,™) ... w(ag ™)

which necessarily leads to

a, =u, a, =v, v =v, =1
and
nas = ds, ey WA, = Q.
But then none of aj, ..., a, is equal to ¥ and the sum of exponents of u

in (10.11) is not 0, a contradiction.

THEOREM 10.13. There is a model in which a field exists which has no
algebraic closure.

ProOF. We shall present a permutation model ¥". As for the transfer into
ZF, we note that the First Embedding Theorem is not directly applicable,
but the following argument will do the trick. First we observe that if F < C
are fields and C is algebraic over F, then if 1 is a cardinal and C can be
mapped onto A then F[x] can be mapped onto 1. [To see this, let ¢ map C
onto A and for every pe F[x], let Y(p) = {o(r): r is a root of p}. The
range of Y is a family S of finite subsets of A, and since C is algebraic over
F, the union of Sis A. Hence |S| = A.]

Now let " and Fe ¥ be as constructed below. Let x be regular,
k > |P°(F[x])|. We construct a model A4~ using the First Embedding
Theorem. F[x] cannot be mapped onto «, either in ¥” or in . If Ce A~
is an algebraic closure of F then (in .#") C cannot be mapped onto k. How-
ever, by Problem 7, C would have to be isomorphic to some C’ € 7.

Let 7~ be the basic Fraenkel model; that is, ¢ is the group of all permuta-
tions of the countable set A of atoms and # is given by the ideal of finite
sets. Let Fe ¥~ be any field of characteristic ¥ 2 which contains 4 as a
subset. (E.g., let F be the field of fractions of the polynomial ring R[A],
where R is the field of real numbers.) We will show that in ¥”, no
algebraically closed field of characteristic # 2 contains A as a subset, and
hence F does not have an algebraic closure. Let C € 7~ be an algebraically
closed field of characteristic # 2. Let i and —i be the two quadratic roots
of —1in C. There is a finite E < A such that every = € fix (E) preserves C
(not only as a set, but it preserves the operations + and - on C as well)
and also z(i) =i, n(—i) = —i; notice that each = efix (E) acts as an
automorphism on C.
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Let » and v be two distinct elements of 4 outside E and let = be the
permutation of 4 defined by nu = v, nv = u, na = a otherwise. We will
show that the assumption u € C leads to a contradiction. Assume that
u e C; 7 is an automorphism of C and so if we let z = (u—v)* (that is,
zis a quadratic root of u—v in C), then we have 7z = (au—mnv)* = (v—u)* =
+i-z. Both nz =i-z and nz = —i-z leads to a contradiction; e.g., if
nz = i -z, then

and so —1 = i%? = 1, a contradiction since C does not have characteristic 2.

10.3. Problems

1. If there is a D-finite infinite set of reals, then there exists a countable
family of sets of reals without a choice function.

[Hint: Let D be D-finite and consider the family {(r, s) n D: r, s rational
numbers}.]

2. If the set of all reals is a countable union of countable sets, then w, is a
limit of a countable sequence of countable ordinals.

[Hint: Prove, without using the Axiom of Choice, that there is a mapping
f of 2% onto R,. E.g., f can be defined on #(Q) (Q = the rationals) as
follows: f(X) = the order type of X if X is well-ordered, f(X) =0
otherwise.]

3. In the model 4" of Theorem 10.6, ()" = ()%

[Hint: (8,)" > (8,)* by Lemma 10.9. To show that X, is a cardinal
in ", prove that there is nof'e HS which is a name for a function from w
onto X: If fe HS, then for some n, sym (f) 2 H,. Using Lemma 10.7,
we would get X, mutually incompatible conditions of the form p :n, a
contradiction since there are only X, such conditions.]

4. In ZF, the following statement implies the Axiom of Choice:

(10.12) For every real vector space V, if S is a subspace of V then there is
a subspace S’ of V suchthat S S’ = {0} and [SU S'] = V.

[Hint: Prove that (10.12) implies the Axiom of Multiple Choice (see
Chapter 9), which implies the Axiom of Choice in ZF. Let & be a family
of nonempty sets; use (10.12) to find a multiple choice function on <.
For every Xe &, let L(X) be the vector space of all linear forms
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a;x,+ ... +a,x, with indeterminates from X and real coefficients; let
Ly(X) be the subspace of L(X) of all a;x,+ ... +a,x,, such that
a,+ ... +a, = 0. Let V be the weak direct product of all L(X), Xe &
(i.e., all sums v, + ... +v, with v;€ X;€ &) and let ¥, be the weak direct
product of all Ly(X), Xe &%. By (10.12), there exists Vg = ¥ such that
Vo Vg = {0} and [V, L V4] = V. For any xe X e &, let x = v+1" be
the unique decomposition of xe V into ve ¥, and v’ € V3. Claim: if
x,yeX, x =v+v’, y = w+w', then v' = w'. (This is because v'—w'e
Vo n ¥§.) Thus we have a function which for each X € & chooses w € ¥
such that x—we V, for every xe X. It follows that the linear form w
contains at least one x € X with a nonzero coefficient. Thus let f(X) be the
nonempty finite set of all x € X which have a nonzero coefficient in w.]

*5. There is a model in which a vector space exists which has two bases of
different cardinalities.

[Hint: First some algebra: Let V,, V, be two 6-dimensional real vector
spaces and let a;, f;, y; and «,, fi,, 7, be automorphisms of ¥, and V,,
respectively, such that both {1, a;, ,7,} and {1, a5, B,,7,} is the four-
group. Then there is an isomorphism p between V', and V', which is invariant
under the automorphisms a, #, y (i.e., p(a;x) = ay(px), etc.). Let the set
A ofatomsbe countable, let 4 = B, U B, B, = | J7L0A4;1, B, = (J7204)2,
where the 4;; are 6-element sets. Consider the following permutations of
6 elements:

o = (12)BHE)E). @ = (12)(34)S)6).
B, = 1)4)S)6) B, = (12)3)(4)(56),
v = (1O@)ENE). 72 = (DR)(34)(56).

For each j, « is the permutation of 4;, U A4;, which acts as «, on 4;, and
as «, on A4;,; similarly for f and y. Let % be the group of all permutations =
of A such that for each j, n preserves both 4;, and 4;;, and actson 4;; U 4,
as either of 1, «, B or y. Let # be the filter given by finite supports. Let ¥~
be the permutation model. Let ¥, and V, be the vector spaces over the
field of real numbers with respective bases B, and B,. For each j, if V;, and
V;, are the subspaces generated by 4;, and 4;,, there exists an isomorphism
p; of V;; and V;, invariant under each «, § and y; thus p; € #". Hence V,
and ¥, are isomorphic in the model. However, B, contains a countable
subset in ¥~ whereas B, does not.]

*6. There is a model in which Urysohn’s Lemma fails (see Problem 2.26).
[Hint: Let the set A of atoms be countable and linearly ordered as the
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rational numbers. Consider the order topology on A. Let & be the set of all
order-preserving permutations of 4. Let I be the ideal of all subsets E of 4
satisfying (a) E has only finitely many accumulation points, and (b) every
infinite subset of E has an accumulation point. Let % be the filter generated
by {fix(E): E€l}. Let ¥~ be the permutation model. Show that in ¥,
A is a T,-space and every continuous real-valued function on A4 is constant. ]

*7. Let ¥~ be the basic Fraenkel model, let « be a regular cardinal and let
A" be the symmetric model obtained by the First Embedding Theorem
(atoms = subsets of #(x)). If Xe4", then (in .47) either there exists
Y € ¥~ such that | X| = |Y} or X can be mapped onto «.

[Hint: Follow the proof of Theorem 8.6. Case (i) is handled precisely as
there. In Case (ii), use the Support Theorem. E.g., in the simplest case
when e, = 0, let x € X have nonempty support with the least element z (in
the natural ordering of #(x)); let @ € A be such that z € 4. Let ¢(») be the
least element of the support of y in & for each y € X; ¢ maps X onto a. (In
general, get a mapping of X onto d—e,.) The set @ can be mapped onto «,
e.g., Y(z) = min z maps @ cofinally into x (use genericity).]

10.4. Historical remarks

The consequences of a D-finite infinite set of reals appear in Sierpinski
[1918), Jaegermann [1965] and Jech [1968a]. Theorem 10.6 was proved by
Feferman and Levy [1963]. The model in which every set of reals is Lebesgue
measurable was constructed by Solovay [1965, 1970]. The permutation
models in Theorems 10.11-10.13 and Problems 5 and 6 are due to Lauchli
[1963]. For the transfer of Theorems 10.11 and 10.12 and of Problems 5 and
6 into ZF see Jech and Sochor [1966b]. Problem 7 and the transfer of
Theorem 10.13 is due to Pincus [1972a].! The result in Problem 4 is from
Bleicher {1964].

! Pincus also pointed out that the transfer of Theorem 10.13 is not immediate from the
Embedding Theorem, as claimed in Jech and Sochor [1966b].



CHAPTER 11

CARDINAL NUMBERS IN
SET THEORY WITHOUT CHOICE

11.1. Ordering of cardinal numbers

In set theory with the Axiom of Choice, every infinite set is equivalent
to an aleph and the alephs are well-ordered. Without the Axiom of Choice,
however, one cannot prove that the ordering [X| < |Y| is a linear ordering;
one can only prove that it is a partial ordering. In Section 2.5, we established
the following properties of |[X| < |Y]:

@) 1X1 < IX];

(ii) if | X| < {Y] and |Y| < |Z], then | X| < |Z];

(iii) if |X] < Y] and |Y]| < |X|, then |X| = |Y].
Thus |X| < |Y| is a partial ordering. We will show that every partial
ordering can be represented, in a model of ZF, by the ordering |X| < |Y]
of cardinals.

THEOREM 11.1. Let A be a model of ZF+AC. Let (I, =) be a partially
ordered set in M . Then there is a symmetric extension N of # which satisfies
the following:

There exists a family of sets {S;: i e I} such that for all i,je I,
(11.1) i< Jje S < ISl
Proor. By the First Embedding Theorem, it suffices to construct a permuta-
tion model of ZFA which satisfies (11.1) (and assume that (, <) is in the
kernel). The Embedding Theorem is then applied to embed the permutation
model in a symmetric model of ZF which will also satisfy (11.1).

Thus consider set theory with atoms, and let (Z, <) be a partially ordered
set in the kernel. Notice that if we assign to each i € I the set {je I:j < i},
then we have an embedding of (I, <) in (#(I), ). Hence it suffices to
represent the partially ordered set (#(I), <) in the permutation model.

Assume that the set 4 of atoms has cardinality j4| = |I]-®,. Let
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{a;,: i€ l, new} be an enumeration of 4. For each p < I, let
S, ={a, iep newl

We shall construct a permutation model ¥~ such that:
(i) {Spclie?;
(i) the function 4 defined by A(p) = S, forp < Iisin ¥;

(iii) p < g if and only if ¥"F |S,| < |S,].

Let % be the group of all permutations 7 of 4 such that n(S;) = Sy for
each ie [ ie., if na;, = a,,, then i = j. Let & be the filter on ¥ given by
the ideal of finite subsets of A. Each xe ¥  has a finite support E < 4
such that sym (x) = fix (E).

It is easy to see that sym (S,) = & for each p < [ and that sym (k) = ¥;
hence (i) and (ii) hold. If p < g, then S, = S, and so |S,| < |S,| in ¥,
and it remains to show that if p & g, then [S,] £ |S | in ¥".

Let p & g, and assume that there is a one-to-one mapping ge ¥~ of S,
into S,. Let E = A be a finite support of g. Let i € p—gq and let n, m be two
distinct numbers such that neither a;, nor a;,, is in E. Let 7 be the permutation
of A defined by na;, = a,,,, na,,, = a,,, and na = a otherwise. Since = € fix (E),
we have ng = g. Let a = g(a,,); since i¢ g and ae S,, it follows that
na = a. And we have

9(ain) = g(nai,) = (ng)(na;,) = na = a,

contrary to the assumption that g is one-to-one.

11.2. Definability of cardinal numbers

One can compare sets by their cardinality, i.e., define the relations
|X| < [Y] and [X| = |Y] without defining the symbol |X|. In the presence
of the Axiom of Choice, every infinite set is equivalent to an aleph, and so
one can let |X| be the appropriate aleph. Without the Axiom of Choice,
one can still define | X'|, namely by

(11.2) |X| = {Y:|Y| = |X| and Y is of least rank}.

This definition also works in ZFA; that is, if the collection of all atoms is a
set, for then (11.2) is a set. However, if one admits in the theory ZFA
a proper class of atoms, as we did in Chapter 9 (see the remarks preceding
Problem 3), then one cannot use (11.2) to define the cardinal number |X|
of X. As a matter of fact, there is no way to define |X| as an operation on
sets if one admits the existence of a proper class of atoms:
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THEOREM 11.2. There is a permutation model with a proper class of atoms
in which there is no function C, defined for all X, with the property:

(11.3) C(X) = C(Y) if and only if |X| = |Y].

We recall the convention that classes of a permutation model ¥~ are the
symmetric subclasses of ¥”. It is easy to see that if € is a definable (from a
parameter p) operation in ¥~ then the class

C={X,¢X)):Xe?}
={(X,Y)e?V: ¥V F $(X,Y,p)}

(where ¢ is the defining formula) is a symmetric subclass of ¥~ because
YV E PR) = ¥ E P(ak),

for every x € 7" and every = € % (¥ is the group used in the construction
of 77). Thus Theorem 11.2 shows the impossibility of defining the operation
[X| in ZFA with a class of atoms.

ProoOF. We deal with a proper class of atoms and so we have to be a little
careful when talking about permutations of atoms, extending the permuta-
tions to the entire universe, a group of permutations etc. As in Problems
9.3 and 9.4, one can manage if one considers only permutations which are
the identity outside a set of atoms.
Let us divide the atoms into a class of pairs,
A=UPw Paz{aaaba}’

aeOn

and let us consider all permutations = with the properties

(11.4) (i) = moves only a set of atoms;
(i) if ma, € Py, then nb, € Py; in other words, P, = Py.

We define symmetric sets as follows: X is symmetric if there is a finite set E
of atoms and a set S of ordinals such that X = X whenever

(11.5) (i) na = a for every a € E;
(ii) =P, = P, for every o € S.

The model ¥ consists of all hereditarily symmetric elements (cf. Footnote 2
in Chapter 9).

The conditions (11.4) and (11.5) guarantee that all atoms are in ¥~ and
so are the pairs P, and any sets of those pairs. A simple argument in the
spirit of permutation models shows that if 7 is an infinite set of ordinals,
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then the set | ) {P,: « € T} cannot be well-ordered in ¥”, and moreover,
if Ty, T, are disjoint infinite sets of ordinals, then | ) {P,: «eT;} and
U {P,: e T,} are not equivalent in ¥". This will be used to show the
nonexistence in ¥~ of a function C which would satisfy (11.3).

Let us assume that C is a function from ¥~ to ¥, that C is a symmetric
class and that C satisfies (11.3) in ¥”. There exists a finite set E of atoms and
a set S of ordinals such that if = satisfies (11.5), then C(nX) = n(C(X))
for every X. Let T, be a countable set of ordinals disjoint from S and such
that X; = | ) {P,: a € T,} is disjoint from E. Look at the set Z of all atoms
in the transitive closure of the set C(X,). If Z n X; = 0, let T', be a countable
set of ordinals disjoint from both S and T'; and such that X, = () {P,: xeT,}
is disjoint from both E and Z. Let = be a permutation which maps X,
onto X, and vice versa, and which is the identity otherwise. We have
C(X,) = C(nX,) = n(C(X,)) = C(X,), contrary to the fact that X, and
X, are not equivalent in ¥". f Zn X, #0,let ueZn X, e.g., u = a,.
Let B # « be such that P,nZ =0, and B¢ S and P, E=0. Let ©
be a permutation which exchanges P, and P,, and is the identity otherwise.
Clearly, X, and nX, have the same cardinality in ¥", whereas n(C(X,)) #
C(X,) because 7a, is not in the transitive closure of n(C(X;)). In any case
we have a contradiction and so such a function C does not exist.

One of the reasons why one uses the alephs to define cardinality of sets
if the Axiom of Choice holds is that for every o, X, = 0, = {{: ¢ < w,}
and so the cardinality of X, is X,. In other words, the cardinal numbers are
representatives of the equivalence classes consisting of sets of the same
cardinality.

Without the Axiom of Choice, nothing of that kind is possible. Precisely,
we have the following theorem:

THEOREM 11.3. There is a model of ZF in which there is no function C with
the following properties: for all X and Y,

(11.6) (i) C(X) = C(Y) if and only if | X| = |Y]|,
(i) [C(X)| = |X].

PRroOF. We use the symmetric model obtained from the ordered Mostowski
model by applying the First Embedding Theorem. Thus let ¥~ be the
Mostowski model of Section 4.5, let A be the set of all atoms in ¥, and
let A4 be the kernel of #”. Let A~ be a symmetric extension of .# in which
¥ can be embedded so that (#°(4))" = (#°(4))”. The set 4 is identified
with a set of disjoint sets of subsets of some regular cardinal x; let
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U = | {a: ae 4}. By the results of Section 6.2, A" is a support model
and A" has a one-to-one function F from A" into IxJx On, where I is
the set of all finite subsets of 4 and J is the set of all finite subsets of U.

LEMMA 11.4. The set A has the following properties in ¥~ (and consequently,
inAN):

(a). A does not have a countable subset.

(b). Every subset of A is a union of finitely many intervals and points.

(c). Every partition of A has only finitely many members with more than
one element.

(d). If X and Y are subsets of A of the same cardinality, then X =Y up
to a finite set (ie, (X—=Y)u(Y—X) is finite); more generally, if
X, Y,...Y, € A and |X| = Y|+ ... +|Y;), then X =\ )i=, Y, up to a
finite set.

(€). There is no function f defined on natural numbers such that for every
n,f(n) < A and|f(n)| = n.

ProorF. This is an exercise in permuting.

LemMa 11.5. If X and Y are infinite sets in N and if X € U and Y € A,
then there is no one-to-one function fe N of X onto Y.

ProOF. Let p Ik f be a one-to-one function of X onto Y; let (E,¢) be a
support of f,e = U. There are xe U—e, a€ 4 and g < p such that
q IFf(x) = a. It is easy to find a permutation = € fix () such that ra = a,
nx # x and such that ng and ¢ are compatible. Then g U ng I+ f(nx) = g,
a contradiction because [nx = x] = 0.

Now assume that 4" has a function C which satisfies (11.6). We will
derive a contradiction. As a matter of fact, to get the contradiction, it
suffices to assume that a function C with properties (11.6) is defined on the
set of all subsets of A. We will define a function f on w such that f(n) < 4
and | f(n)| = n for every n; that will contradict part (e) of Lemma 11.4.

Let n be fixed. Let X be a subset of 4 such that {4 — X{ = n, and consider
the set C(X') (which does not depend on the choice of X'). Using the one-to-
one function F of 4" into Ix Jx On, let W = F''C(X). For every z € J x On,
let W,={Eel:(E,z)e W}. Since |X|=|W| =) {|IW,]:z2eJxO0n},
it follows by Lemma 11.4(c) that all but finitely many W,’s are singletons.

First we show that there are only finitely many singletons among the ¥, ’s.
Otherwise, an infinite subset of 4 is equivalent to an infinite subset Z of
JxOn. Then |Z| =} {|Z,|: « € On}, where Z, = {ee J: (¢, x) € Z}, and
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by the same argument as above, only finitely many Z,’s are not singletons.
Also only finitely many Z,’s are singletons because otherwise we would get
a countable subset of 4. Hence at least one Z, is infinite (and equivalent
to an infinite subset of A). Now we have |Z,| = ) {|Z,l: i€ w}, where
Z,, = {eeZ, |e| =i}, and again it follows that at least one Z,, is infinite.
The set U is linearly ordered and so |Z,;] < |U|. Hence U’ has an infinite
subset S equivalent to an infinite subset of 4. Now |S| = ) {|S,|: xe U},
where S, = {Jje U'"':(x,7)e S}. Using Lemma 11.4(c) again, we get
an infinite subset of either U of U'™?, equivalent to an infinite subset of A.
In any case, we finally get an infinite subset of U equivalent to an infinite
subset of A4, contrary to Lemma 11.5.

Thus |X| = |W_ |+ ... +|W,,|+m, where [ and m are natural numbers,
W,,, ..., W, are subsets of I and z, < ... < z, in the ordering of Jx On.
By the same argument as in the preceding paragraph, it follows that we can
identify each W, with a subset of some 4°. Every subset S of A’ can be
represented by a finite sequence T, ..., T, of subsets of 4 and A'"! as
follows: let S| = Y {|T,|: a € A} where T, = {b: (a, b) € S} and use Lemma
11.4(c). When we do this i times with every W,,, we get a finite sequence
Y,, ..., Y, of subsets of 4 such that

(11.7) [ X| =Y |+ ... +|Yel+m.

By Lemma 11.4 (d), theset Y = ( J%., Y; is equal to X up to a finite set and
so £ = A—Y is finite. On the other hand, we get from (11.7) that | Y| < | X]|
and so |E| > n. Thus given n, we have constructed a finite subset £ of 4
with at least n elements (note that this construction is independent of
the choice of X and is uniform for every n e w). When we let f(n) = E,
then we get a function which by Lemma 11.4(¢) does not exist.

11.3. Arithmetic of cardinal numbers

If the Axiom of Choice is not used, the cardinal arithmetic lacks the
simplicity of the cardinal arithmetic with the Axiom of Choice. Many
formulas are no longer true, and those that remain true become very often
hard to prove. We present in this section several examples to illustrate some
typical results in this area.

Throughout this section, we will use the German letters p, q, ... to denote
infinite cardinal numbers, and we will deal with the arithmetic operations

p+a, p-q, Y, 2%,
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which are defined in the standard way (i.e., | X|+]Y| = |X v Y| for disjoint
X, Y, |X|- Y] = 1XxY], [X|" = |YX]| and 2% = |2(X)|). We will use
without saying such elementary properties as

()" =p"" or (p+q)* = p*+2pa+g* or P+q< P,
as well as the properties of alephs like 82 = X, etc. For every infinite
cardinal number p, let X(p) be the Hartogs number of p, i.e., the least ordinal

which cannot be embedded by a one-to-one mapping in a set of cardinality p.
For every p, R(p) is an aleph, viz. the least aleph R such that & << p.

LemMma 11.6. If p is an infinite cardinal and R is an aleph, and if

(11.8) p+R =p R,
then either p = R or p < R, In particular, if
(11.9) pHR(p) = p - R(p),

then p is an aleph.

Proor. Let p = [P| and let 4 be a well-ordered set such that 8 = [A4].
By (11.8), there exist two disjoint sets P, and 4, such that Px 4 = P; U 4,
and |Py| =P, |4,| = X. Either there exists p e P such that (p, a)eP,
for every ae 4 and then p > R because P, 2 {(p, a): ae A}. Or, for every
p € P let a, be the least a € A such that (p, @) € A,, and then p < X because
{(p, a,): pe P} = A,. In the particular case (11.9), p > R(p) is impossible,
and p < R(p) implies that p is an aleph.

We use the above lemma to establish the first result of this section:

THEOREM 11.7. If 9> = p for every infinite cardinal number p, then the
Axiom of Choice holds.

Proor. We will show that under the assumption of the theorem, every
infinite cardinal is an aleph. To do so, it suffices to show that

P+R(p) = p - R(p).

Since p+RX(p) < p - R(p), we have only to show that p+R(p) > p - ®(p).
This is proved as follows:

PHR(P) = (P+R(P))* = p>+2p - R(p)+(R(P))> > p - R(p).
The next result is of a similar nature:

THEOREM 11.8. Assume that 9* = q* implies p = q for all infinite cardinal
numbers b and (. Then the Axiom of Choice holds.
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PrOOF. Again, we show that every infinite cardinal number is an aleph.
Let p be an infinite cardinal and let q = p®°. It is enough to show that q
is an aleph. First notice that q*> = q because

¢ = (p0)? = p¥e =y = q.
Thus we have

(11.10) (q-%(q))* = q-8(q)-
Next we show that
(11.11) (a+8(q))* = q-R(q).

On the one hand, we have

(a+8(q))* = ¢*+20 - R(q)+(®(2))* > q- R(q),
and on the other hand,
(a+8(a))* = a°+2q - R(q)+(R(q))* = q+8(q)+q - ¥(q)
< q-R(Q)+q-R(q) = g 28(q) = q - R(q).
Hence (11.10) and (11.11) give us

(a+R(@))* = (q-%(q))?

and by the assumption of the theorem, we get

q+R8(q) = q-R(q)

and consequently, q is an aleph.

In contrast to the previous theorem, the following cancellation law is
provable without the Axiom of Choice.

THEOREM 11.9. If p and q are infinite cardinals and if 2p = 2q, then p = q.

ProoF. Let P, Q, M, N be mutually disjoint sets such that |P| = |M| =P
and |Q| = |N| = q. We have |P U M| = |Q U M|, and wish to show that
[P| = |Q|. There is a one-to-one mapping between P and M and a one-to-one
mapping between Q and N. We may as well assume that p is a one-to-one
function with domain Pu QU M U N such that p"P =M, p"M =P,
p"'Q = Nand p”"N = Q. Similarly, let ¢ be a one-to-one function such that
¢’(PUM)=0QuNand ¢’(QUN)=Mu P. We define a sequence 7;
of one-to-one functions on P, for all integers i, positive and negative:



cu.11, §31 ARITHMETIC OF CARDINAL NUMBERS 159

Ty =0, Ty =P
T, =p-0, T =0"p,
i3 =0°'p-°0, T3 =p 0P,

n,=p-6°p-a, M_,=06"p G- p,

and for every p € P, consider the sequence

(11'12) SP = {’ 77—2(1’)’ n—l(p)’ D, nl(p)’ nZ(P)’ }

If p, and p, are in P, then S,, and S, are either disjoint or have the same
elements, in which case either the sequences are identical or one is the inverse
of the other. If we look at the subsequence of S, formed by elements of P
and Q only, we can see that the elements of P and the elements of Q alternate.
Our intention is to pair up the elements of P with the elements of Q in each
S, and do it uniformly for every S. This will give us a one-to-one function
of P onto Q.

For a given S, pair up first all the pairs (p, g) such that p,ge S and
g = 7,(p). Remove these pairs, and in the remaining set, pair up all the
pairs p, g such that ¢ = n_,(p) (actually there are no such p, q). Then
pair up the pairs such that g = m,(p) and remove them, then take
g = m_,(p), etc. After infinitely many steps, either we have managed to
pair up all p’s with all ¢’s in S, or some elements are still left. Using common
sense, one should be able to see that at worst only one p or one g is left
unmatched. Then we have to start all over again, but this time, we have a
fixed element of S to start with. Assume that this element is a p (if it is a g,
then the argument is similar). Then S = S,, and p determines the order
of S:

S = {..., W_2P, W1 P, P, Wy P, T2, ..}

In the subsequence of S consisting of elements of P w Q, we match p with
its nearest neighbour on the right which is in Q, and similarly for the rest of
(PuQ)as.

Thus we have constructed a one-to-one mapping of P onto Q and hence

P=q

We will conclude this section with the proof that the Generalized
Continuum Hypothesis implies the Axiom of Choice. To start with, we
expect the reader to know the diagonal procedure of Cantor showing that

2> £ p,
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for any cardinal number p (viz., if fis a mapping of X into 2(X), then the
set {x € X: x ¢ f(x)} is not in the range of /). This can be improved somewhat
as follows:

Lemma 11.10. If p > 5, then 2° £ p2.

PrOOF. Let p be an infinite cardinal, [X| = p and let X = R(p) be the
Hartogs number of p. We shall assume that 2° < p?, and construct a one-to-
one sequence of elements of X, of length X, contrary to the definition of R.

Let f be a one-to-one mapping of #(X) into X x X, and for every infinite
ordinal g, let f, be a one-to-one mapping of o onto « x « (a refinement of
the theorem X2 = X, in Section 2.5 gives a canonical one-to-one corre-
spondence between « and a x « for every infinite ordinal a). We construct
the sequence {x,:a < R} as follows: First choose x,, ..., x, arbitrarily.
If n>5, let C, = {xq, ..., X,—¢}. Since |#(C,)| =2">n*> =|C,xC,|,
there is a subset U of C, such that f(U) ¢ C, x C,. Let U be the first such set
(i.e., U = {x,,, .- X}, Where {n, ..., m} is first in a given well-ordering
of finite sets of numbers) and if f(U) = (x, y), then let x, = x if x ¢ C, or
x, =y if x € C,; in any case, x, ¢ C,. If a is an infinite ordinal, « < R, let
C, = {x:: £ < a}. From fand f,, we get a one-to-one mapping g of « into
P(X): g(&) = f~ (x4, x;), where (1, {) = f(0). Let U = {x; € C,: x, ¢ g(¢)},
and let (x, y) = f(U). It follows that (x, y) ¢ C,x C,, and thus we can let
x, be either x or y.

The Continuum Hypothesis is the hypothesis that every infinite set of reals
1s either countable or else has the power of the continuum. In other words,
if q is a cardinal such that

R, < g < 2%,

then q =X, or q = 2% The Generalized Continuum Hypothesis says that
for all infinite cardinals p and q,

(11.13) ifp<a<?2®” then q=9p or q=2°

THEOREM 11.11. The Generalized Continuum Hypothesis implies the Axiom
of Choice.

ProOOF. Let p be an infinite cardinal number. We assume that (11.13)
holds for every g, and show that p2 = p. The result will then foliow from
Theorem 11.7. First, we claim that (without any assumption)

(11.14) p < 2p < 2P,
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This is because p < 2p and 2p < 2, and since 2p < p?, we have 2p # 2P
by Lemma 11.10. Now it follows from (11.13) that
(11.15) 2p = p.
From (11.15), it follows that p*> < 2?. This is because

PP @) =27 =2
and by Lemma 11.10, p? # 2°. Thus we have

p<pr <2,

and using (11.13) once more, we get

=y

11.4. Problems

A cardinal number is a Dedekind cardinal if it is the cardinal number of
an infinite D-finite set.

1. If p and g are Dedekind cardinals, then p+q and p - g are Dedekind
cardinals.

2.(a). A subset of a D-finite set is D-finite.

(b). An image of a D-finite set need not be D-finite.

[Hint: In the second Fraenkel model, 4 is D-finite but is a union of
countably many pairs, thus it can be mapped onto w.]

3. The union of a D-finite family of finite sets need not be D-finite.
[Hint: In the second Fraenkel model, 4 = {);2oP,. For each ac 4,
let S, = {a,n}, where n is such that aeP,. Then () {S,;ae 4} 2 0]

4. The union of a D-finite family of mutually disjoint D-finite sets is D-finite.

5(a). The set of all finite one-to-one sequences in a D-finite set is D-finite.
(b). The set of all finite subsets of a D-finite set need not be D-finite.
[Hint: The second Fraenkel model.]

6. If there is a Dedekind cardinal, then there is a set C of Dedekind cardinals
such that {C| = 2%, any »p, q € C are comparable, and C is isomorphic
(in the ordering of the cardinals) to the real line R.

[Hint: There is a family {4,: x € R} of subsets of w such that 4, < 4,
if and only if x < y. Let D be an infinite D-finite set, and let S be the set of
all finite one-to-one sequences in D. For xe R, let S, = {se S:|s| € 4,};
let C = {|S,|: xe R}.]
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**#%7_ Assuming that there is a Dedekind cardinal, are there two incompar-
able Dedekind cardinals?

Let |X| <« |Y| mean that Y can be mapped onto X (or X = 0). With
the Axiom of Choice, < « is the same as <. Without the Axiom of Choice,
< % is transitive, but h <x q and q <« P does not imply b = q:

8. If there is a Dedekind cardinal, then there exist cardinals p and g such
that p < gand p > = q.

[Hint: Let D be an infinite D-finite set, let S be the set of all finite one-to-
one sequences in D and let T be obtained from S by removing the empty
sequence. Then |T| < |S| (because S is D-finite) and |T'| > x |S| as can be
easily seen.]

9. If there is a Dedekind cardinal, then there are two cardinals p and q
such that p # q and 2° = 2°.

[Hint: Let S and 7 be as in Problem 8, let p = |S], g = |T|. Show that
|S| <« |T| implies |2(S)] < |P(T)|; hence 2 < 2% On the other hand,
q < p implies 27 < 2% and so 2° = 2%.]

10. If there is a Dedekind cardinal, then there is a cardinal p such that
2p > p.

[Hint: Let D be an infinite D-finite set, let g = |D|; let p = q+X,.
Claim: 2p > p. Otherwise, 2q+8, = q+R,. Let |C| = |D|, |4] = Ry, 4,
C, D disjoint, f a one-to-one mapping of 4 U C U D onto A U D. The image
f'D of D is included in D, except for a finite set, and the complement of
f"D ir D is infinite. That gives a one-to-one mapping of D onto a proper
subset of D, a contradiction. ]

**11. There is a model in which 2p = p for every infinite cardinal
number p while the Axiom of Choice fails.
(Compare with Theorem 11.7.)

12. Assume the Axiom of Choice for Finite Sets (ACF). If p and q are
Dedekind cardinals and p* = q then p = g.

(Compare with Theorem 11.8.)

[Hint: Let |P| = p, |Q] = q, let f be a one-to-one mapping of P x P onto
0O % Q. Let I be the set of all finite subsets E < Psuchthatf"(ExE) = Fx F
for some F< Q. If E,, E, eI then E; n E, €. Claim: For every xe P
there is Eel such that xe E. Otherwise, one can get an w-sequence
E, cE, c E, .. and by ACF a one-to-one sequence X;, X3, X3, ...
in P, a contradiction. For every x € P, let E, be the least £ e [ such that
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x € E. This constitutes a partition of P into finite sets, and Q has a similar
partition. For each E, there are finitely many one-to-one mappings of E,
onto its counterpart in Q; by ACF, we can choose one for each E, and
combine them to get a one-to-one mapping of P onto Q.]

Let p and q be cardinal numbers, and let b < q. The cardinal q is a
1-successor of p if for every m,

p<m<q implies m=p or m=q.
The cardinal q is a 2-successor of p if for every m,
p <m implies ¢q < n.
The cardinal q is a 3-successor of p if for every m,
m < q implies m < p.

13. Every cardinal p has a 1-successor.

[Hint: Let ¢ = p+X(p). Let m be such that p < m < q. There is p,
such that m = p+p,, and there are r and R, such that m = r+RX, and
r<p R, < 8(p).

Case (i): R, = R(p). Then R(p) =8, < m = p+Pp,, and since R(p) £ p,
we have 8(p) < p;, and so m = p+R(p) = q.

Case (ii): 8, < R(p). Then X, < p, and so p+X, = p; thus we have
m=1r+8, < p+R, =p.]

14. If every cardinal has a 2-successor, then the Axiom of Choice holds.

[Hint: Let p be an infinite cardinal, and show that p is an aleph. Let
R, = R(p). Since R,,, > K, it follows that R_,; > any 2-successor of R,
and hence R, ; is the 2-successor of X . If p+X, > X, then p+R, > R .,
a contradiction. Thus p+8, = X_, and so p is an aleph.]

**15. It is not provable in set theory without the Axiom of Choice that
every cardinal has a 3-successor.

*#16, If every cardinal has a 3-successor, then for every infinite p, 2p = p.

17. In the basic Fraenkel model, p? <X 2°, where p = |4|.
(Compare with Lemma 11.10.)

18. In the basic Fraenkel model, p < p* < p* < ...

**19. In the ordered Mostowski model, for every n € w there is a cardinal
number p such that p < p? < ... < p" = p**i
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The following three problems do not deal with the arithmetic of cardinals,
and are stated here for lack of a better place.

20. The following version of Ramsey’s Theorem is not provable without
the Axiom of Choice:
If A is an infinite set and [A]* = W, v W, is a partition of [4)* =
{{a, b}:a,b e A, a # b} then there is an infinite homogeneous subset H = A.
[Hint: The second Fraenkel (or Cohen) model. Let 4 = { Ji%oP,, and
let {a, b} € W, just in case a, b are in the same pair P,. A homogeneous set
would be an infinite choice function. ]

21. There is a model of set theory in which there exists a linearly ordered
set (P, <) such that |P| > ¥, and every initial segment of P is countable.

[Hint: Tt suffices to construct a permutation model. Let 4 be a disjoint
union of R, countable sets 4,, « < @,, and let each A, be ordered as
rational numbers. Let & be the group of all = such that for each o« < @,
nd, = A,, and n is order-preserving on A4,. Let F be generated by
{H,y < o}, where H, = fix (|} {4,: « <y}).Inthemodel,letP = 4 U w,
and order P such that A, precedes 4, if « < B, and each « precedes 4, and
follows all 44, f < a.]

A Boolean algebra B is atomic if for every u e B, u # 0, there is an atom
a such that a < u. An atom is an a € B such that a # 0 and there is no x
with 0 < x < a. An atomic Boolean algebra can be identified with a
subalgebra of (#(4), =), where A4 is the set of atoms of B.

22. For every atomic Boolean algebra B, there is a symmetric model A4~
of ZF such that B is isomorphic in 4" to the power set #*(A4) of some set 4.

[Hint: 1t suffices to construct a permutation model. Identify 4 with the
atoms of B. Let ¢ be the group of all = which move only finitely many
atoms. Let # be generated by the groups fix (E), E < A finite, and sym (U),
where U € A and U € B. To see that & is normal, note that 7 - sym (U) -
! 2 sym (U) o fix {a: ma # a}. A subset of A is in the model if and
only if it is in B.]

For every infinite countable ordinal «, let W, be the set of all one-to-one
mappings of w onto «. There are three mutually exclusive alternatives for
w:

(A). There is a choice function on the family #~ = {W,: 0 < « < wy}.

(B). There is no choice function on #” but w, is regular.

(C). w, is singular.
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The alternative (C) holds in the model of Theorem 10.6 (cf. Problem 10.3).
The alternative (B) holds, e.g., in the model of Theorem 10.10.

An uncountable aleph X, is inaccessible if it is regular and if 2% < &,
for every f < a.

23. If the alternative (B) holds, then w, is an inaccessible aleph in the
constructible universe L.

[Hint: Show that ¢, is a regular limit cardinal in L; since L satisfies the
Generalized Continuum Hypothesis, ®; is inaccessible in L. Since w, is
regular, it is regular in L. If it were a successor of some x in L, then in L,

which satisfies the Axiom of Choice, we could choose foreach o, ¥k < o < @y,
a one-to-one mapping of k onto «; combining those with a fixed mapping
of w onto x, we would be able to get a choice function on %", a contra-
diction. ]

*24. Let k be an inaccessible cardinal. Let A4~ be a symmetric model which
is constructed in the same fashion as the model of Theorem 10.6, except
that one takes x in place of X,,. We have (X,)" = x, and /4" satisfies the
alternative (B).

[Hint: Go through the proof of Theorem 10.6 to find the relevant proper-
ties of the model.]

*25. The model constructed in Problem 24 has a linearly ordered set
(P, <) with the property described in Problem 21, i.e., |P| > X, and every
initial segment of P is countable.

[Hint: In (10.8), we defined countable sets R, of reals of the model. In
the present model, we can similarly define countable sets of reals R, o < R,
such that R = {J {R,: « < R,}. Then let P = RU w,, and order P in
the same fashion as was the P of Problem 21.]

***26. Construct a model of ZF in which every uncountable aleph is
singular. Soloed + Gkl - IIM %]

11.5. Historical remarks

The representation of partial orderings by cardinal numbers (Theorem
11.1) is a result of Jech [1966a] (independently obtained by Takahashi
[1967]). The undefinability of cardinal numbers in set theory with a class
of atoms is due to Gauntt [1967] and Levy [1969]. Theorem 11.3 is in
Pincus [1969]. Theorems 11.7 and 11.8 were proved by Tarski [1924a]. For
Theorem 11.9, see Bernstein [1905] and Sierpiniski [1922]. Theorem 11.11
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was announced by Lindenbaum and Tarski [1926]; the first to publish a
proof was Sierpiniski [1947]. The proof presented here (and Lemma 11.10)
is due to Specker [1954].

The result in Problem 6 is due to Tarski [1965]; the open Problem 7 is
also due to Tarski, and so are the observations in Problems 8 and 9. For
Problems 8 and 9, see also Levy [1960] and Lauchli [1963], respectively;
for Problem 10, cf. e.g. Halpern and Howard [1970]. The model in Problem
11 was announced by Sageev [1973].1 Problem 12 is a special case of a general
result of Ellentuck about the cancellation laws for Dedekind cardinals; for
more details, consult Ellentuck [1965, 1968a—1970]. The three kinds of suc-
cessors were defined and the theorems about 1- and 2-successors (Problems
13 and 14) proved by Tarski [1954b]. The independence result about 3-
successors (Problem 15) is due to Jech [1966b]. Problem 16 is a recent
unpublished result of Truss [1973]. Problems 17 and 23 are due to Specker
[1957]; the result of Problem 18 is in Ellentuck [1966]. Problem 20 is due
to Kleinberg [1969]; the model in Problem 21 was constructed by Morris.
For Problem 22, see Weglorz [1969]. The alternatives (A), (B), (C) were
formulated by Church [1927]. The model in Problem 24 was constructed
by Hajek [1966].

1 Added in proof (April 1973): In a letter to the author, D. Halpern states that he and
P. Howard have constructed, independently of Sageev, a permutation model for 2p = p.



CHAPTER 12

SOME PROPERTIES CONTRADICTING
THE AXIOM OF CHOICE

12.1. Measurability of X,

In this last chapter, we give a brief introduction to a subject which has
in recent years attracted the attention of set theorists. We will consider
several properties, among them in particular the Axiom of Determinateness,
which contradict the Axiom of Choice. These properties turn out to be
related to so-called large cardinal axioms. The most popular large cardinal
is a measurable cardinal.

An uncountable aleph x is called a measurable cardinal if there exists a
nontrivial ultrafilter U over x which is x-complete, i.e. if x <k and X;e U
for each ¢ < «, then

N{Xsé<a}el.

We say that X < «x has measure 1 if X € U and X has measure 0 if X ¢ U.
If the Axiom of Choice holds, then a measurable cardinal is inaccessible;
this follows immediately from the following lemma:

LemMA 12.1. Let k be a measurable cardinal. Then:
(a) « is regular;
(b) for every cardinal A < x, we have x << 2*,

PrOOF. (a). By the k-completeness, a union of less than x sets of measure 0
has measure 0. Since U is nontrivial, singletons have measure 0, and so
every subset of k of smaller cardinality has measure 0. Since x has measure 1,
it cannot be a union of less than x smaller sets; thus « is regular.

(b). Assume that 4 < x and x < 2% We show that ¥ cannot be measur-
able. If it is, then there is a subset S = #(4) of cardinality ¥ and a non-
trivial xk-complete ultrafilter U over S. We construct a transfinite sequence
S.» @ < A, of sets of measure 1 as follows: S, = S, S, = [} {Se: & < o}

167
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if o is a limit ordinal, and S, ., = either {Xe S,: xe X} or {X€e S,: a ¢ X}
whichever has measure 1. By the k-completeness, the intersection

() {S.: o < A}

should have measure 1, but obviously, this intersection has at most one
element, a contradiction.

As a matter of fact, measurable cardinals are much larger than inaccessible
cardinals: if x is measurable, then x is the x'® inaccessible (in ZF +AC).

If the Axiom of Choice is not assumed, then a measurable cardinal need
not be inaccessible:

THEOREM 12.2. There is a model of ZF in which R, is a measurable cardinal.

Proor. We will construct a symmetric model in which R, is measurable,
under the assumption that the ground model has a measurable cardinal.
(This assumption is necessary; cf. Problem 1).

Let .# be the ground model (of ZF+AC) and let k be a measurable
cardinal. We will construct a complete Boolean algebra B, a group of
automorphisms %, and a normal filter & such that in the model A" given
by B, % and # (and a generic ultrafilter G), k is the least uncountable cardinal
and is measurable. To begin with, let us say that a subset A & B is symmetric
if fix (4) e &, where fix (4) = {ne F:nu = ufor all ue A}.

LemMA 12.3. Assume that every symmetric subset A = B has cardinality
less than k. Then x is a measurable cardinal in N

ProoF. Let U be a nontrivial xk-complete ultrafilter over x in .#. It suffices
to show that A" satisfies the following:

(i). If X = «x then either X or x—X has a subset Y such that Y e U.

(ii). If « < x and {X,: & < a} is a partition of k, then for some £, < a

thereisa Ye Usuch that Y = X, .
(Actually, (ii) implies (i).) We will prove (i) and leave the slightly more
general case (ii) to the reader.

Let Xe A", X < k; let X be a symmetric name of X. It is easy to see that
theset 4 = {[& € X]: « < x} is a symmetric subset of B. By the assumption,
we have |4| < x. Forevery ue 4, let X, = {a < w: [% € X] = u}. Clearly,
{X,: ue A} is a partition of x (in .#) into less than « parts; hence for some
up € A, we have X, € U. Now, if u, € G, then X,, = X, and if u, ¢ G, then
X, € k—X.
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We will now construct the model 4" Let (P, <) be the set of all finite
sequences of ordinals less than k, and p < g just in case p extends gq. Let
B = RO(P). Let ¥ be the group of all automorphisms of B induced by the
automorphisms of (P, <). We define the filter # as follows: For every
ZcP|Z| <k, letfix(Z)={neF:ap =pforalpeZ} Welet F be
the filter on ¥ generated by {fix (Z): Z = P and |Z| < k}. & is a normal
filter. Let G be a generic ultrafilter on B and let A4~ be the symmetric sub-
model of .#[G] determined by & .

If A < k, then A is countable in 4. To see this, let.f be the name such that

[f(7) =&] =X {peP:p(n) = a},
for every ne w, a < A. Clearly, f is symmetric, and its interpretation is a
mapping of » onto A.

Thus if we can show that every symmetric 4 < B has cardinality less than
K, then by Lemma 12.3, x is measurable in 4~ and we are done. Let 4 be a
symmetric subset of B. There exists Z < P, |Z| < x such that fix (4) 2
fix (Z). For every ued, let S,={peP:p<u}; if nefix(Z) then
n'’S, = S,. Let A < k be a cardinal such that p € wx A for all peZ.
We claim that if for some p € S,, p(r) > A for some #, then there is g€ S,
such that g(n) = A and g(m) = p(m) for m # n. To see this, let 7 be the
permutation of wxx which interchanges (n, p(n)) and (n, A) and is the
identity otherwise; 7 induces an automorphism of P, and if we let ¢ = np,
then ¢ € S, because 7 € fix (Z). Thus each of the sets S, is uniquely deter-
mined by its restriction to @ x (4 U {4}), and consequently, A4 has cardinality
at most 2%, which is less than k.

12.2. Closed unbounded sets and partition properties

Let x be a regular uncountable aleph. We say that a set C < « is closed
and unbounded in x if

(i) sup (C n a) e C for every a < k;

(ii) for each B < k, there is « € C such that o > B.

LEMMA 12.4. (a). The intersection of less than x closed unbounded subsets
of k is closed unbounded.

(b). The diagonal intersection of a family {C;: ¢ < k} of closed unbounded
subsets of k is closed unbounded:

A{Ca <k} ={a<kiae()Cg
E<a

ProoF. (a). We prove, by induction on y < k, that the intersection
C = {Cs: & < 7} of closed unbounded sets is closed unbounded. First we
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note that the intersection of two closed unbounded sets is closed un-
bounded: to show that C, n C; is unbounded, we construct a sequence
oty < Po <oy <Py <...<a,<f,<... suchthat a,eCy and B,eCy;
then lim a, = lim §,e€ C, n C;. Hence we may assume, by the induction
hypothesis, that C, =2 C; 2 ... 2 C; 2 .... Obviously, C is closed. To
see that C is unbounded, let f < . There exists a, € Cy, o, > B; similarly,
there exists o; € Cy, ®; > . In general, there exists a, € C;, exceeding
all o, n < {. If we let a = lim,_,, &, then a € C; for every £ because each
C, is closed. Hence a € C.

(b). Let C;, &€ < K, be closed unbounded. By (a), we may assume that
Co2C=2..2C;2 ... To show that C = A{C,: @ <k} is closed,
let « be a limit of an increasing sequence {a,: n < y}, with a, € C for each
n < 7. We have to show that a € C; for each £ < a. If £ < 4, then o =
lim {a,: 7 < yand «, > &} is a limit of a sequence in C;, and so a € C;.
To show that C is unbounded, let f < x. We construct a sequence
oy < 0y < ... < a, < ... suchthat a, > fand a,+, € C, . If «is the limit
of the a,’s, then a € C; for all £ < o and so a € C.

Since any two closed unbounded sets intersect in a closed unbounded set,
the collection of closed unbounded sets seems to be a good candidate to
generate a nontrivial k-complete ultrafilter over k. However, if the Axiom of
Choice holds, then it is not so because we can construct a set which neither
includes nor is disjoint from a closed unbounded set.

Let S be a subset of k. We say that S is stationary, if S has a nonempty
intersection with every closed unbounded subset of x. The nonstationary
sets are complements of sets containing a closed unbounded subset. If there
is a stationary set which has a stationary complement, then the filter
generated by the closed unbounded sets is not an uitrafilter.

THEOREM 12.5. Let k be a regular uncountable aleph.
(a). The set
S = {a < k:cf(a) = w}
is Stationary.
(b). If the Axiom of Choice holds, then S is a disjoint union of « stationary
sets.

It is easy to see that S is stationary. If C is closed unbounded, then the
'™ element of C has cofinality w. Before we prove the rest of Theorem 12.5,
we introduce one more notion. Let X' < x. A function f: k — « is regressive
on Xif f(o¢) < aforall e X, a # 0.
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LeMMA 12.6. Assume the Axiom of Choice. If f is a regressive function
on a stationary set S, < «, then there exists a stationary set S < S, and some
y < Kk such that f(a) =y for all v € S.

Proor. Contrariwise, assume that for eachy < «, the set {a € Sp: f(a) = 7}
is nonstationary and choose a closed unbounded set C, such that for each
aeS,nC, f(a) # 7. Let C be the diagonal intersection of the C,’s. It
follows that ae S; n C implies f(«) > «, a contradiction since S, is
stationary, C is closed unbounded and f is regressive.

PROOF OF THEOREM 12.5(b). For each « € S, let f,: @ — o be an increasing
function with lim, , , f,(n) = o. First we claim that there is n such that for
all y, the set

(12.1) {ee S:fu(n) > 7}

is stationary. If not, then for every n there exists some y, and a closed
unbounded C, such that f,(n) <y, for all aeC,nS. Then let y =
sup {y,:new} and C = () {C,: n€ w}; the set C N S is stationary, hence
unbounded, but for every a € C 1 S, f,(n) < y for all n, which is impossible
since a = lim,, , fo(n).

Thus, let n be such that for every y < k, the set (12.1) is stationary. We
let g be a regressive function on S defined as follows:

(12.2) 9(a) = f(n).

For each y, the set {a € S: g(«) > y} is stationary, and so by Lemma 12.6,
for each y < x there exists d > y such that the set

(12.3) S; = {a e S: g(a) =}

is stationary. Different ¢’s give disjoint S,’s and by the regularity of x
we get k disjoint stationary subsets of S.

Let us look again at the measurable cardinals. Let k be a measurable
cardinal and let U be a nontrivial x-complete ultrafilter over k. We say that
U is normal if whenever X;, ¢ < «, are sets of measure 1, then the diagonal
intersection

(12.4) AlXpé <k} ={a<k:ae() X}
§<a
has measure 1.

LeMMA 12.7. U is normal if and only if for every regressive function f: k — k
there exists a set X of measure 1 such that f is constant on X.
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ProoF. (a). First assume that U is normal and let f be regressive. If f
is not constant on a set of measure 1, then for every y < k, the set
X, = {a < k:f(«) # y} has measure 1, and the diagonal intersection
X = A{X,:y < k} has measure 1. However, f(a) > « for every ae X.

(b). On the other hand, assume that U is not normal and let
Xo2 X, 2 ... 2 X; 2 ... be sets of measure 1 whose diagonal intersection
is empty. For every a, let f(o) be the least & such that « ¢ X;. One can verify
that f'is regressive but not constant on a set of measure 1.

If D is a normal nontrivial k-complete ultrafilter over x, let us call D
simply a normal measure on k. One can show that if x is measurable then
Kk has a normal measure, but the proof requires a small amount of the
Axiom of Choice (see Problem 2). Now we show that closed unbounded
sets have normal measure 1.

LeEMMA 12.8. If D is a normal measure on k and if C is a closed unbounded
subset of k, then C e D.

ProOF. Assuming k—Ce D, let us define a regressive function f on
k—C as follows: if o € k—C, let f(a) be the largest y € C such that y < «.
Since Cis closed and « ¢ C, f() is defined. The function f'should be constant
on a set of measure 1, which is absurd since C is unbounded.

Now we will consider some partition properties. If 4 is a set of ordinals,
let

(12.5) [4)? = {(o, B): o, Be A and a < B}.
(Compare with the definition of [4]* on p. 99.)
Let « and A be alephs. The symbol
K- ()%
means that whenever [k]* = W, U W, is a partition of [x]? into two parts,
then there exists a subset H < « such that |[H| = 4 and H is homogeneous,
i.e.,
[H? € W, or [H]> € W,.
The property 8, — (®,)? is called Ramsey’s Theorem and can be proved
without the Axiom of Choice. (The proof suggested in Problem 7.1 does
use the Axiom of Choice but that can be eliminated.)
An uncountable aleph k is weakly compact if
k= (k)%
If the Axiom of Choice holds, then a weakly compact cardinal is inaccessible;
actually, there is an analogue of Lemma 12.1:
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LEMMA 12.9. Let k be a weakly compact cardinal. Then:
(a) x is regular;
(b) for every cardinal A < k, we have k 24,

PrOOF. (a). Assume that x is a disjoint union () {4,:y < A} such that
A <x and |4,] < k for each y < 4. We define a partition as follows:
(a, B) € Wy just in case o and B are in the same A, . Obviously, this partition
does not have a homogeneous set H < x of cardinality .

(b) Assume that x < 2* for some A < k and let A be the least such 4.
Let P be the set of all 0-1 functions on 4, and let < be the lexicographical
ordering of P. Let S be a subset of P of cardinality ; let S = {f,: @ < k}.
We define a partition of [x]* as follows: if « < B, then («, B) € W, just in
case f, < fz. A homogeneous set H yields an <-increasing (or decreasing)
k-sequence {A,: « < k} of elements of P. For every o < k, let g, be the
common initial segment of h, and A4, ;. For each o < k, g, is a 0-1 function
on some y < A and since the sequence {A,: « < x} is <-monotone, the g,’s
are pairwise distinct. Thus we have a subset of | ) {"2:y < 4} of car-
dinality k. This is impossible since « is regular and ['2| = «, for any y < A.

Without the Axiom of Choice, however, even 8, can be weakly compact
(see Problem 3).

The measurable cardinals are weakly compact. And let us mention that
it has been proved (in the presence of the Axiom of Choice) that a weakly
compact cardinal x is the x™ inaccessible cardinal and a measurable
cardinal « is the ¥™ weakly compact cardinal.

THEOREM 12.10. If 1 is a measurable cardinal, then x is weakly compact.

Proor. Let U be a nontrivial x-complete ultrafilter over k. Let
[x]> = W, u W, be a partition of [x]>. Let
A={a<k: X, eU}
where
X,={B<wxioa<f and (« B)e Wy}

Assuming that 4 e U, we construct H < k of cardinality x such that
[H)* € W,. (Similarly, if k—A4 € U, one gets H such that [H}* < W,.)
Let A be the least element of A, let #, be the least element 2 > h, such that
he A n X,,, and in general, let / be the least & > all 4z, B < «, such that

hedn () {X,,:p < a}.

Since U is k-complete and « is regular, A, is defined for every a < x and it is
easy to verify that [H]?> < W,.
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Now we introduce a generalization of the partition properties considered
above. Let 4 be a set of ordinals and let « be an ordinal. The set [4]*
consists of increasing a-sequences {dy, 4y, ..., @, ... }e<, Of elements of A.
If %, A are alephs and « an ordinal, then the symbol

(12.6) K= (4),

means that whenever [«]* = W, U W is a partition of [x]* intc two parts,
then there exists a subset H < x such that |H| = A and H is homogeneous,
1.e.,

[H*c W, or [HT < W,.

If « > o, then the partition property (12.6) contradicts the Axiom of
Choice:

LemMA 12.11. For any k, k — (8, contradicts the Axiom of Choice.

ProoF. If s, ¢ are two increasing w-sequences of ordinals less than x,
we let s ~ ¢ just in case s and ¢ differ in a finite number of terms. The
relation s ~ 7 is an equivalence relation, and using the Axiom of Choice,
we choose a representative ¢(s) in each equivalence class. Then we define
a partition of [k]” as follows: we let s € W, just in case s differs from o(s)
in an even number of terms. We leave it to the reader to verify that this
partition has no infinite homogeneous set.

Without the Axiom of Choice, the situation is somewhat different. On
the one hand, it is known that R, — (R,)® is consistent (relative to an
inaccessible cardinal, see Problem 5). On the other hand, the stronger
infinitary partition properties are known to be very strong and their con-
sistency is an open problem. In particular, there is a relation between these
properties and measurable cardinals. As an example, we present the
following theorem:

THEOREM 12.12. (). If R, — (R,)®, then every subset of w, either contains
or is disjoint from a closed unbounded subset of v, .

(b). If Ry — (R,)®T®, then the filter generated by closed unbounded
subsets of w, is a normal measure on @, .

PROOF. (a). Let 4 be a subset of w;. We define a partition of [w,;]” as
follows: p € [e3,]” belongs to W, just in case limpe 4. Let H S w, be an
uncountable homogeneous set. We let C be the set of all limit points of H,
i.e., the set of all « such that & = sup (H n «) (« need not be in H'). The set
C is obviously closed and unbounded. Now it is clear that if [H]° < W,,
then C = 4, and if [H]® € W, then C = v, — 4.
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(b). Let D be the family of all subsets of w; that contain a closed un-
bounded subset. By (a), D is an ultrafilter. To show that D is a normal
measure, we have to show that:

(12.7) if X, e D for each n, then () X, e D,

n=0

(12.8) D is normal.

The property (12.7) presents some difficulties and we postpone it for a
while. Assuming (12.7), it suffices to prove (12.9) to get (12.8):

(12.9) if f: o, - w, is regressive, then there is a closed unbounded set
C and § < w, such that f(a) < & forall ae C.

(Once we have (12.7), one of the sets {a:f(«) =y}, y < 4, must have
measure 1.)

To show (12.9), assume X, — (X,)®, and let f be regressive. For every
p € [0,1%, let p, be the first term of p = {py, Py, ...}. We define a partition
of [w,]° as follows: p e W, just in case f(lim p) < p,. Let H be a homo-
geneous set. First we claim that [H]® < W,. For if [H]® = W, then let
p = {Po, Py, .-} € H. Since f is regressive, we have f(lim p) < p, for some
n, and if we let ¢ = {p,, Pps1> .-}, We have g€ [H]” and f(lim q) < g,.
Thus [H]” < W,, so that f(lim p) < p, for every pe [H]”. Let ¢ be the
least element of H and let C be the set of all limit points of H. C is closed
unbounded and f(a) < § for every a € C.

To show (12.7), we consider the following partition property: The symbol

R, - (81)‘;30,
means that whenever F: [w,]° — “2 is a partition of [w,]® into 2% pieces,

then there exists a set H < w, such that |[H| = X, and F(p) = F(q) for
any p,q € [H]".

LEMMA 12.13. If 8, — (8,)°*°, then 8, — (%)%,

PrOOF Let F: [w,]° — “2 be a partition of [w,]” into 2% pieces; we will
use the property X, — [X,]**“ to find a homogeneous set for F. We define
a partition of [w,]°*? into two pieces W, and W, as follows: If p~g is an
(w+w)-sequence, we let p~g e W, just in case F(p) = F(g). Let H be a
homogeneous set for this partition. We claim that [H]**® < W,. Other-
wise, F(p) # F(q) whenever p~q € H; then break H into X, w-sequences
Pa» @ < @y, such that p,“pge [H]”** whenever « < f. We have F(p,) # F(pg)
whenever a # § and consequently, X, < 2%, This is impossible by Lemma
12.9 since R, is weakly compact.
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Thus F(p) = F(q) whenever p~g € [H]**“. Now, if p and p’ are both in
[H 1, then we easily find ¢ such that both p”¢ and p’"g are in [H]°** and
we have F(p) = F(q) = F(p’). Hence H is homogeneous for F.

To finish the proof of Theorem 12.12, we use the partition property
R, — (X;)7s, to prove (12.7). Let X,, n € w, be subsets of w,, each con-
taining a closed unbounded subset. Let X = () {X,: ne w}. We deﬁne a
partition F: [w,]° - “2 as follows: We let F(p) =1, t = {t,}s=0€”
where f, = Ojustin caselimp € 4,,. Let H € @, be homogeneous, |H| = K,.
We claim that if p € [H]®, then F(p) = {0, 0, ...}. This is because for each
n € w, there exists p € [H]” such that lim p € 4,. (To see this, let C, be a
closed unbounded subset of 4 and take any p € [H] whose limit is in C,.)
Now let C be the set of all limit points of H. It follows that C = A, for each
n and so A has a closed unbounded subset.

12.3. The Axiom of Determinateness

With each subset 4 of “w we associate the following game G ,: Players
I and II successively choose natural numbers:

I: a5 ay a, ... ,

11: by b, b, ..,
and if the resulting sequence {ag, b, a,, by, ...} is in A, then I wins;
otherwise I wins. A strategy o for the player I is a function defined on finite
sequences of numbers with values in w. A strategy o is a winning strategy
for I in G, if whenever I plays according to o, i.e. a, = (bg, -..s by—y ),
then I wins, regardless of what II plays. Similarly, we can define a winning
strategy for the player II. The game G, is defermined if one of the players
has a winning strategy.

Ax10M OF DETERMINATENESS. For every A = “w, the game G 4 is determined.

In this section, we are going to give a brief outline of some recent results
concerning the Axiom of Determinateness. To start with, we show that the
Axiom of Determinateness contradicts the Axiom of Choice.

THEOREM 12.14. If the set of all real numbers can be well-ordered, then
there exists A = “w such that G, is not determined.

Proor. Let X, be an aleph such that %o — X,. By transfinite recursion,
we construct sets X,,Y, € “w, « < X, such that:
DX csX,c...cX, ..., Yo=Y c..SY, S ..
(it) 1X,] < lal, 1Yl < [al;
(iii) X,n Y, = 0;
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with the intention that 4 = | J,<x, X, is undetermined. Since the number of
strategies is 2% et o,, & < X,, be an enumeration of all strategies. Let
a < R, and assume that we have defined X}, ¥, for all 8 < a. If a is a limit
ordinal, then we let X, = | Jz<,Xp, ¥, = Up<a¥p- If @ = B+1, we con-
struct X4z,; and Y,,, as follows: The set of all sequences a;[b] =
{aq, by, ay, by, ...} which result from a game where the player I uses the
strategy o, and the player 1I plays by, b,, ... arbitrarily, has cardinality
2% (the number of all possible sequences {b,, b;, ...} of the moves of the
player IT). Thus there exists b€ “w such that a,[b] ¢ Xj; we pick the least such
b (in the well-ordering of “w) andlet Yz, , = Y3 U {g,[b]}. Similarly, there
exists a € “w such that [alog ¢ Y;,,, where [alo, is the game resulting
from I playing a and II playing by 6,. We pick the least such a and let
Xp1 = Xz 0 {[alo,}.

Finally, when we let 4 = UKMX“, we get an undetermined game G :
each strategy o is one of the g,’s and it follows from the construction that
o, is not a winning strategy for either of the players in the game G,.

Some choice is possible even with the Axiom of Determinateness. Actually,
the axiom implies a weak version of the Axiom of Choice:

LeMMA 12.15. The Axiom of Determinateness implies that every countable
Jfamily of nonempty sets of real numbers has a choice function.

Proor. We prove that if & = {X,, Xy, ...} is a countable family of non-
empty subsets of “w, then Z has a choice function. If I plays a = {a,, a,, ...}
and Il plays b = {b, by, ...}, then we let II win just in case b e X, . The
player 1 does not have a winning strategy in this game because once I plays
a,, the player II can easily play b such that b € X,,,. Hence II has a winning
strategy o, and we define a choice function f on & by letting f(X,) be the
play b of II using ¢ against I playing {#, 0,0, 0, ...}.

This weak version of the Axiom of Choice has two consequences, which
are of some interest now. One is that o, is a regular cardinal, and the other
is that Lebesgue measure is countably additive. We mentioned both these
consequences in Section 2.4.

One of the remarkable consequences of the Axiom of Determinateness
is the following theorem:

THEOREM 12.16. The Axiom of Determinateness implies that every set of
real numbers is Lebesgue measurable.
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PrOOF. A nonmeasurable set has different inner and outer measures. In
fact, given a nonmeasurable set, one can construct a subset of the interval
[0, 1] with inner measure O and outer measure 1. Thus to show that every
set is measurable, it suffices to show that for every X = [0, 1], either X
contains a subset U of positive measure, or X is disjoint fromaset U < [0, 1]
of positive measure.

Let X < [0, 1]. We describe a game which can be coded as a game of
the type considered above and thus is determined. Let ry, 7,7, ... be a
sequence of positive real numbers such that

(12.10) I>rg>ri>r,> ..., .Zorj < 0.
i=

Players I and II successively choose closed subsets Sg, Si, S;, ..., of
{0, 1] such that:

(i) Se 285282

(ii) S, is a union of finitely many closed intervals with rational endpoints;

(iii) the diameter of S, is < (3)%;

(iv) the measure of S, is exactly ro - ry ... * 7.

The result of this game is a sequence {S,, S;, ...} converging to a single
point p. The player I wins if p € X; otherwise, II wins.

The game is determined. We show that if I has a winning strategy, then X’
contains a subset of positive measure; similarly, if II has a winning strategy,
[0, 11— X has a subset of positive measure.

Let ¢ be a winning strategy for the player I. Let » be an odd number,
and let S be some move of the player I at the stage n—1. We claim that there
is a finite family {T, ..., T;} of subsets of S (and satisfying (ii)-(iv)) such
that if S,, ..., S are such that each S; is the (n+1)™ move of I after T;
being the nth move of I, then S, ..., S, are pairwise disjoint and the measure
of S;u...uS, is at least 1—2r,,,; times the measure of S (which is
ro* ... Fy—y). The sets Ty, ..., T} can easily be constructed by recursion.
Let S,, ..., S, be the corresponding (n+1)® moves of I and we denote
{S1, -5 Sk} = Us.

Now we construct for each n a disjoint family %,, of closed sets as
follows: Let %, = {S}, where S is the initial move of I by the strategy o.
If U,, is defined, let W p+2 = |) {¥s: S € Uy} Lot

(12.11) UZ" = U {S: Se%zn},
and let

(12.12) U=

U,.

iDs
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If Se€ %,,, then S is the 2n™ move of the player I in some game in which I
plays according to ¢. Thus if pe U, p is a result of such a game, and so
peX. Hence U = X. We will show that U has a positive measure. It is
easy to verify that because of the way %,, was constructed, the measure of
each U,, is at least

(12.13) ro - (1=2ry) - ... - (1=2r,,).

By (12.1), the sequence (12.13) converges to a positive number, the measure
of U.

We conclude this chapter by presenting the following theorems which
suggest a relationship between the Axiom of Determinateness and large-
cardinal axioms.

THEOREM 12.17. The Axiom of Determinateness implies that X, is a measur-
able cardinal.

ProoF. The present proof is based on the theory of Turing degrees of func-
tions from ® to w, a subject belonging to recursion theory, and we will not
attempt to go deeply into it but rather state some facts about degrees
which we will use.

The basic notion is a relation ‘x is computable from y’, for any x, y € “w.
This relation is reflexive and transitive, and so one can define an equivalence
by letting x and y have the same degree if x is computable from y and y is
computable from x. The degrees are the equivalence classes. If d, e are
degrees, then we let d < e just in case any x € d is computable from any
y € e. The basic facts about degrees which we will use are the following:

(i). For every x € “w, there are at most countably many y € “w comput-
able from x.

(i). If {xg, X1, ...s X4, ...} is @ countable subset of “w, then there exists
x € “w such that every x, is computable from x.

(iii). For every x € “w, there exists y € “w such that x is computable
from y but y is not computable from x. The property (i) holds because
there are only countably many algorithms to use in the computation. The
property (ii) holds because there exists a one-to-one correspondence
between w and wx @, and so one can construct a single sequence x € “@
which codes the countable sequence of sequences {xq, X, ...} = “w. The
property (iii) is proved by a diagonal argument similar to Cantor’s proof
of the uncountability of the reals.



180 PROPERTIES CONTRADICTING AC [cH.12, 83

LemMma 12.18. The Axiom of Determinateness implies that if A is a set of
degrees, then there exists a degree d such that either every e > d is in A or
every e > d is in the complement of A.

ProoF. Let A’ be the set of all x € “o whose degree is in 4. Let G, be the
corresponding game. We claim that if I has a winning strategy, then there
exists a degree d such that every e > dis in 4; similarly if IT has a winning
strategy.

Let ¢ be a winning strategy for I. Since ¢ is a function from sequences of
numbers into numbers, we may consider ¢ an element of “w (under a
one-to-one correspondence of finite sequences of numbers with w). Let d
be the degree of ¢. Let e > d; to show that e € 4, it is sufficient to produce
a game {a,, by, ay, by, ...}, whose degree is in 4 and which is won by the
player I. Let b e ®w be such that the degree of b is e. The game o[b] in
which II plays b and I plays by o, is a win for I, and has degree e. This is
because b is computable from o[b] and a[b] is computable from b and o,
but since e > d, ¢ is computable from b and so ¢[b] is computable from b.

Using Lemma 12.18, we can define a countably complete ultrafilter U,
over the set D of all degrees. If 4 = D, we let A € U, just in case there is
some d € A such that every e > d is in 4. For every 4 = D, either 4 or
D—Aisin U;. If {4,: n€ w} is a countable family of subsets of D, and if
A, e U, for each n, then A = (2o 4, is in U,. This is because by Lemma
12.15, we can choose for each » some x, such that the degree of x, is in 4,,.
Then by property (ii), there exists x such that each x, is computable from x.
If we let d be the degree of x, it follows that every e > d is in each 4, and
so Ae U,.

Now we use the fact that there exists a mapping G of “w onto w, and
we define a mapping of D into w, as follows:

(12.14) F(d) = sup {G(x): the degree of x < d}.

By property (i), F(d) is a supremum of a countable set of countable ordinals,
and since X, is regular (by Lemma 12.15), F(d) is a countable ordinal. The
range of F is an unbounded subset of w,.

Finally, we define an ultrafilter on w, as follows:

(12.15) XeUifand only if F_(X)e U,

for every X & w,. It is easy to verify that U is a countably complete ultra-
filter. To show that U is nontrivial, it suffices to show that for each «,

(12.16) {deD:F(d) > o} e U,.
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To prove (12.16), let x € “w be such that G(x) = «. By the definition of
U,, the set of all d such that 4 > the degree of x is in U, . By the definition
of F, F(d) > « whenever d > the degree of x. This proves (12.16).

The last two theorems are stated here without proof. The methods used
in the proof are somewhat outside the scope of this book. Notice that
Theorem 12.20 implies both Theorems 12.17 and 12.19 by the results of
Section 12.2.

THEOREM 12.19. The Axiom of Determinateness implies that every subset
of w, either contains or is disjoint from a closed unbounded subset of w, .

THEOREM 12.20. The Axiom of Determinateness implies 8| — (X ).

12.4. Problems

*]1. If there is a measurable cardinal, then there is a transitive model of
ZF + AC which has a measurable cardinal.

[Hint: See Problem 3.13. For any set 4, L[A4] is a model of ZF+AC,
and L{4] = L[A], where A = A n L[A] and A € L{A]. If U is a nontrivial
k-complete ultrafilter over x, then U is a nontrivial xk-complete ultrafilter
over k in L[U].]

2. Assume the Principle of Dependent Choices. If x is a measurable cardinal,
then x has a normal measure.

[Hint: Let U be a nontrivial k-complete ultrafilter over k. For f, ge "«
let f~ gif {a:f(0) =f(a)}eU and f < g if {a:f(«) < g(@)} e U. The
relation ~ is an equivalence, and < is a linear ordering of the equivalence
classes. Since U is closed under countable intersections, there is no des-
cending w-sequence f, > f; > f, > .... By the Principle of Dependent
Choices, < is a well-ordering. Let f be the least function such that /' > ¢,
for each y, where ¢,(«) =y for all a. Let X € D just in case f_,(X) e U.
Verify that D is a normal measure.]

**3_If there is a weakly compact cardinal in the ground model, then there
is a symmetric extension in which X, is weakly compact.

**4. If x is weakly compact, then x is weakly compact in the constructible
universe L.

**5, If there is an inaccessible cardinal in the ground model, then there is
a symmetric extension which satisfies Rq — (®,)”. (In fact, this is true in
the model of Theorem 10.10.)
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*#*6. Show that the Axiom of Determinateness implies Ry — (X,)®.
Prove the consistency relative to some large cardinal axioms:
***7. Forevery A & w,, either 4 or w, — A has a closed unbounded subset.
8 R, - (R,)”.
FEEQ Ry~ (X))

**%10. The Axiom of Determinateness.

12.5. Historical remarks

Measurable cardinals were introduced by Ulam [1930], who proved
that a measurable cardinal is inaccessible. The notion of a normal measure
and its construction (Problem 2) is due to Scott [1961]. The construction
in Problem 1 is due to Levy. Theorem 12.1 and the result in Problem 3 are
in Jech [1968b]. For the results on closed unbounded sets see Fodor [1966]
and Solovay [1967a]. Concerning the partition properties, see Erdds and
Hajnal [1962] (Theorem 12.10), and Erdss and Rado [1956]. The result in
Problem 4 is due to Scott. Theorem 12.12 was proved by Kleinberg [1970].
The result in Problem 5 is due to Mathias [1968]. The formulation and
basic consequences of the Axiom of Determinateness can be found in
Mycielski [1964b]. Theorem 12.16 was proved by Mycielski and Swiercz-
kowski [1964]. Theorems 12.17 and 12.19 are due to Solovay [1967b];
the present proof of Theorem 12.17 is due to Martin [1968]). Theorem 12.20
was proved by Martin.
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A.1. Equivalents of the Axiom of Choice

Well-ordering Principle
Zorn’s Lemma
Tukey’s Lemma
Tychonoff’s Theorem

Weak Tychonoff’s Theorem
Prime Ideal Theorem for Lattices
pr=p

pP=0"-p=4q

A.2. Equivalents of the Prime ldeal Theorem

Uttrafilter Theorem

Consistency Principle

Compactness Theorem

Stone Representation Theorem

Tychonoff’s Theorem for H-spaces
Compactness of the generalized Cantor space
Py

A.3. Various independence results

Independence of the Axiom of Choice
Independence of C,
Prime Ideal Theorem + Axiom of Choice

Selection Principle » Axiom of Choice
133

Section 2.1
Section 2.1
Section 2.1
Section 2.2,
Problem 2.8
Problem 2.9
Problem 2.10
Section 11.3
Section 11.3

Section 2.3
Section 2.3
Section 2.3
Problem 2.12
Problem 2.14
Problem 2.17
Problem 2.24

Sections 4.3, 5.3
Sections 4.4, 5.4
Section 7.1,
Problem 7.6
Problem 5.21
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Ordering Principle + Axiom of Choice
Ordering Principle # Prime Ideal Theorem

Ordering Principle # Selection Principle

Selection Principle # Prime Ideal Theorem
Prime Ideal Theorem + Selection Principle
AC for well-ordered sets (ACW) +# Axiom of Choice

ACW - Ordering Principle
Ordering Principle # Order Extension Principle

Order Extension Principle # Prime Ideal Theorem
Ordering Principle » ACW
C, # AC for Finite Sets

_»Prime Ideal Theorem-
AC

“*Selection Principle

Independence of Wy,

Principle of Dependent Choices (DC) + Axiom
of Choice

Sections 4.5, 5.5
Section 7.2,
Problem 7.8
Problem 4.13,
Problem 6.11
Problem 7.8
Problem 7.6
Problem 4.14,
Problem 5.22
Section 7.3
Section 7.2,
Problem 7.8
Problem 5.27
Problem 7.12
Section 7.4

ACW
l

Ordering Principle — AC for Finite Sets » C,

Problem 4.4,
Problem 5.18

Problem 5.26

DCy, + (VK)AC, Section 8.2

(Vk)AC, » DCy, Section 8.2

ACy,» DC Section 8.2

Wy, 7 ACy, Section 8.2
_L(VK)AC,

AC DC — Countable Axiom of Choice (ACy,) = Wy,
DG, 7

Hahn-Banach Theorem + Prime Ideal Theorem
Weak Ultrafilter Theorem # Prime Ideal Theorem

Problem 7.25
Problem 8.5
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A.4. Miscellaneous examples

Dedekind-finite set
Amorphous set

w-tree with no infinite chains and antichains
Vector space without a basis

Free group with a subgroup that is not free
Field without an algebraic closure

No nontrivial ultrafilter over w

w, is singular

The reals as a union of R, countable sets
@, is measurable

Problem 4.4,
Problem 5.18
Problem 4.7,
Problem 6.5
Problem 7.15
Section 10.2,
Problem 6.10,
Problem 6.16
Section 10.2
Section 10.2
Problem 5.24
Section 10.1
Section 10.1
Section 12.1
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set 32
Tree 115
Trivial ultrafilter 16
Tukey’s Lemma 10
Turing degree 179
Tychonoff Product Theorem 11, 26

Ultrafilter 11, 15
Ultrafilter Theorem 16

SUBJECT INDEX 199

Universal homogeneous partial ordering
101

Upper bound 9

Urysohn’s Lemma 29

Weakly compact 172
Well-founded 41
Well-ordering 9
Well-Ordering Principle 9
Winning strategy 176

Zorn’s Lemma 9



LIST OF SYMBOLS

A Antichain Principle

AC Axiom of Choice

AC, (p. 119)

ACF AC for families of finite sets

ACW AC for families of well orderable sets

C, AC for families of n-element sets

cf (k) cofinality of x

cl(X) closure under Godel operations

(D) (p. 116)

DC Principle of Dependent Choices

DC, (p. 119)

dom(f) domain of f

fix(x) {n:my = yforall yex}

glb greatest lower bound

HOD hereditarily ordinally definable

HS hereditarily symmetric

L constructible universe

lub least upper bound

MC Axiom of Multiple Choice

OD ordinally definable

OEP Order Extension Principle

On class of all ordinals

P (p. 133)

real real number, set of natural numbers, function from
wtow

rng(f) range of f

RO(P) regular open algebra

s) (pp. 111, 116)
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sym(x)
TC
V=L

w.r.t.
ZF
ZFA

<«

=

X

{u, v}

(u, v)

{ag, ..., ay)
{x;:iel)
{xa}

[ X-Y
fixmy
X

flx

Xy

X1

2(X)

0

Z(S)

V.

4

LIST OF SYMBOLS

{n: nx = x}

transitive closure

Axiom of Constructibility
(p. 119)

with respect to
Zermelo-Fraenkel set theory
ZF with atoms

aleph
Hartogs number

support relation

diagonal intersection

(p. 172)

(p. 174)

product of permutations: 7, * 7, X = 7,(7X)
(infinite) Boolean product

rank in Boolean-valued models

(infinite) Boolean sum

set of all natural numbers

and
if and only if
Xis orey Xp

unordered pair
ordered pair

finite sequence
function on [

{x, :new}

function from X into ¥
fx)y=y

) :xex)
restriction of f to X
setofallf: X > Y
cardinality of X

set of all subsets of X
empty set, zero

(p. 45)
sets of rank less than «
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202

X{S;:iel}
wr
[4F

[H : K]
[E]
Fx]
R/I
Fi,...
MED
F(x)
'/”B
[¢]

‘gxa y}Bs (x> y)B
x

plto

pe

s(p)

A [G]

i=ig

x

Fy

>

LIST OF SYMBOLS

Cartesian product

(p- 99)

(pp. 173, 174)

index of subgroup

vector space generated by E
ring of polynomials
quotient

Godel operations

¢ holds in A

F performed inside A
Boolean valued model
Boolean value

Boolean pairs

embedding of .# into 4%
p forces ¢

(p- 72)

(p- 73)
generic model

interpretation
name for x





